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EXPANSION THEORY FOR THE TWO-SIDED BEST
SIMULTANEOUS APPROXIMATIONS

HYANG JOO RHEE

Abstract. In this paper, we study the characterizations of two-sided best
simultaneous approximations for ℓ−tuple subset from a closed convex sub-
set of Rm with ℓm1 (w)-norm. Main fact is, k∗ is a two-sided best simulta-
neous approximation to F from K if and only if there exist f1, . . . , fp in
F , for any k ∈ K

|
m∑
i=1

sgn(fji − k∗i )kiwi| ≤
∑

i∈Z(fj−k∗)

|ki|wi

for each j = 1, . . . , p and w ∈W.
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1. Introduction

Let X be a normed linear space and K be a closed convex subset of an n-
dimensional subspace of X. For any subset F of X, we define

d(F,K) = inf
k∈K

sup
f∈F
||f − k||

and the elements in K which attain the above infinimum are called the best
simultaneous approximations for F from K.

We first fix some notation. B is a set, Σ a σ-field of subsets of B, and µ a
positive measure defined on Σ. That is, µ(E) ≥ 0 for all E ∈ Σ. By Lp(B,µ),
1 ≤ p < ∞, we denote the set of all real valued µ-measurable functions f
defined on B for which |f |p is µ-integrable over B. We consider two functions
of Lp(B,µ) as equivalent if they are equal µ almost everywhere. Under this
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convention Lp(B,µ) with norm

||f ||p = (

∫
B

|f(x)|pdµ(x))
1
p

is a normed linear space and is a Banach space.
L∞(B,µ) is defined analogously with norm

||f ||∞ = ess sup
x∈B
|f(x)|

where the essential supremum, L∞(B,µ) is also a Banach space, in which case
we may identify the dual of L1(B,µ) with L∞(B,µ),

L1(B,µ)∗ = L∞(B,µ).

2. Characterization

For each f ∈ L1(B,µ), we define its zero set
Z(f) = {x|f(x) = 0}

and N(f) = B\Z(f). It is note that Z(f) is µ-measurable, and for f ∈ L1(B,µ),
set

sgn(f(x)) =


1, f(x) > 0

0, f(x) = 0

−1, f(x) < 0.

Let M be a subspace of L1(B,µ). We first present a condition for character-
izing best L1(B,µ) approximations from K.

Theorem 2.1. [1]. Let K be a subspace of L1(B,µ) and f ∈ L1(B,µ)\K. Then
k∗ is a best L1(B,µ) approximation to f from K if and only if

|
∫
B

sgn(f − k∗)kdµ| ≤
∫
Z(f−k∗)

|k|dµ

for all k ∈ K.

The above theorem is considered in the norm was given by

||f ||1 =

∫
B

|f |dµ

with µ a non-atomic positive measure, i.e., if to each E ∈ Σ with µ(E) > 0, and
each λ ∈ (0, 1), there exists an Eλ ⊂ E (Eλ ∈ Σ) for which µ(Eλ) = λµ(E).
Now we consider measures µ which are purely atomic. In fact we shall assume
that µ has exactly m atoms. This corresponds to approximation in the vector
space Rm. The previous notation is now both cumbersome and inappropriate.
We therefore redefine our problem in this new setting, introducing some new
notation.

Let
W = {w : w = (w1, . . . , wm), wi > 0, i = 1, . . . ,m}.
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We say that w ∈W is a weight. On Rm, we define the ℓm1 (w)-norm given by

||x||w =

m∑
i=1

|xi|wi

where x = (x1, . . . , xm) ∈ Rm.
In this article, we study the theoretical problem of both two-sided ℓm1 (w)-

approximation and two-sided simultaneous ℓm1 (w)-approximation from finite-
dimensional subspace.

Let U be an n-dimensional subspace of Rm. Given w ∈ W and b ∈ Rm, we
consider

min{||b− u||w : u ∈ U}
and the elements in U which attain the above minimum are called the two-sided
ℓm1 (w)-approximation for b from U . Since U is a finite-dimensional subspace of
a normed linear space Rm, there exists a u∗ ∈ U for which

||b− u∗||w ≤ ||b− u||w
for all u ∈ U. The characterization of the best approximations follows from
Theorem 2.1, which we now restate, translated to our present context.

Theorem 2.2. Given b ∈ Rm,w ∈ W, and a finite-dimensional subspace U of
Rm, then there exists a u∗ ∈ U is a two-sided ℓm1 (w)-approximation to b from
U if and only if

|
m∑
i=1

sgn(bi − u∗i )uiwi| ≤
∑

i∈Z(b−u∗)

|ui|wi

for all u = (u1, . . . , um) ∈ U.

We may assume that X be a normed linear space, let K is a closed convex
subset of an n-dimensional subspace of X. Then the condition of Theorem 2.1
can be replaced by another form as follows.

Theorem 2.3. [3]. Suppose that K is a closed convex subset of an n-dimensional
subspace of X and let F be a compact subset of X. Then k0 ∈ K is a best
simultaneous approximation for F from K if and only if there exist f∗1 , . . . , f∗

p ∈ F
and positive real numbers λ∗1, . . . , λ∗p with

∑p
i=1 λ

∗
i = 1 satisfying

(1) ||f∗i − k0|| = maxF ||f − k0||, i = 1, . . . , p,
(2)

∑p
i=1 λ

∗
i ||f∗i − k0|| ≤

∑p
i=1 λ

∗
i ||f∗i − k|| for any k ∈ K,

for some 1 ≤ p ≤ n+ 1.

Since each finite set is compact, we obtain the following corollary.

Corollary 2.4. Suppose that K is a closed convex subset of an n-dimensional
subspace of X and let F be a singleton subset of X. Then k0 ∈ K is a best
simultaneous approximation for F from K if and only if k0 ∈ K is satisfying

(1) ||F − k0|| = d(F,K)
(2) d(F,K) ≤ ||F − k|| for any k ∈ K.
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In the above corollary, let the normed linear space X be replaced by L1(B,µ).
Consequently, we obtain the Theorem 2.1.

Corollary 2.5. Suppose that K is a closed convex subset of an n-dimensional
subspace of L1(B,µ) and let F be a singleton subset of L1(B,µ). Then k0 ∈ K
is satisfying

(1) ||F − k0|| = d(F,K)
(2) d(F,K) ≤ ||F − k|| for any k ∈ K
if and only if

|
∫
B

sgn(F − k∗)kdµ| ≤
∫
Z(F−k∗)

|k|dµ

for all k ∈ K.

Specially, let the normed linear space X be replaced by Rm with ℓm1 (w).
Moreover, we obtain the Theorem 2.2.

Corollary 2.6. Suppose that K is a closed convex subset of Rm with ℓm1 (w)-
norm and f in Rm. Then k∗ ∈ K is satisfying ||f−k∗|| = d(f,K) and d(f,K) ≤
||f − k|| for any k ∈ K if and only if

|
m∑
i=1

sgn(fi − k∗i )kiwi| ≤
∑

i∈Z(f−k∗)

|ki|wi

for all k = (k1, . . . , km) ∈ K and w ∈W.

Proof. Suppose that k ∈ K is satisfying ||f − k∗||1 = d(f,K) and d(f,K) ≤
||f − k||1 for all k ∈ K. Then
||f − k∗||1 =

∑m
i=1 |fi − k∗i |wi

=
∑m

i=1 sgn(fi − k∗i )(fi − k∗i )wi

=
∑m

i=1 sgn(fi − k∗i )(fi − ki)wi +
∑m

i=1 sgn(fi − k∗i )(ki − k∗i )wi

≤
∑

N(f−k∗) |fi − ki|wi +
∑

Z(f−k∗) |ki − k∗i |wi

=
∑

N(f−k∗) |fi − ki|wi +
∑

Z(f−k∗) |fi − ki|wi

= ||f − k||1
for any k ∈ K and w ∈W. �

In corroboration of this theory, let F be a ℓ-tuple subset of X. The main
theorem of this article is the following.

Theorem 2.7. Suppose that F be a ℓ-tuple subset of Rm and K is a closed
convex subset of Rm with ℓm1 (w)-norm. Then k∗ is a two-sided best simultaneous
approximation to F from K if and only if there exist f1, . . . , fp in F , for any
k ∈ K

|
m∑
i=1

sgn(fji − k∗i )kiwi| ≤
∑

i∈Z(fj−k∗)

|ki|wi

for each j = 1, . . . , p and w ∈W.
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Proof. By Theorem 2.3, since k∗ ∈ K is a best simultaneous approximation for
F from K if and only if there exist f1, . . . , fp ∈ F and positive real numbers
λ∗1, . . . , λ

∗
p with

∑p
i=1 λ

∗
i = 1 satisfying ||fi − k∗||1 = d(F,K) and d(F,K) ≤∑p

i=1 λ
∗
i ||fi − k||1 for any k ∈ K. By the hypothesis, for each j = 1, . . . , p,

||fj − k∗||1 = d(F,K),
||fj − k∗||1 =

∑m
i=1 |fji − k∗i |wi

=
∑m

i=1 sgn(fji − k∗i )(fji − k∗i )wi

=
∑m

i=1 sgn(fji − k∗i )(fji − ki)wi +
∑m

i=1 sgn(fji − k∗i )(ki − k∗i )wi

≤
∑

N(fj−k∗) |fji − ki|wi +
∑

Z(fj−k∗) |ki − k∗i |wi

=
∑

N(fj−k∗) |fji − ki|wi +
∑

Z(fj−k∗) |fji − ki|wi

= ||fj − k||1

for any k ∈ K and w ∈W. Hence

|
m∑
i=1

sgn(fji − k∗i )kiwi| ≤
∑

i∈Z(fj−k∗)

|ki|wi

for each j = 1, . . . , p

Conversely if it satisfied the necessary conditions, then for each j = 1, . . . , p,
||fj − k∗||1 ≤ ||fj − k||1 for any k ∈ K from the above inequality. Then

sup
f∈F
||f − k∗||1 ≤ inf

k∈K
sup
f∈F
||f − k||1 = d(F,K).

Hence k∗ is a two-sided best simultaneous approximation to F from K. �

The case C1(X) is not a Banach space. It is however a dense linear subspace
of L1(X,µ). Suppose that F is a compact subset of C1(X) and S is a finite-
dimensional subspace of C1(X), throughout this chapter. Let

S(F ) =
∩
f∈F

S(F ) =
∩
f∈F

{s∗ ∈ S|s∗ ≤ f}.

If there exists a function s̃ ∈ S(F ) such that
max
f∈F
||f − s̃||1 = d(F, S(F )) = inf

s∈S(F )
sup
f∈F
||f − s||,

it is called a one-sided best simultaneous L1-approximation for F . Moreover, if
F consists of ℓ−elements only, then s̃ is called a one-sided best ℓ−simultaneous
L1-approximation for F [4]. Particularly, if ℓ=1, then s̃ is called a one-sided best
L1-approximation for F [1].

We will study exact conditions on a finite-dimensional subspace S of C1(X)
which imply that there exists a one-sided best simultaneous L1-approximation
for each compact subset F ⊂ C1(X) from S(F ) and we find the characteriza-
tions of the one-sided best simultaneous L1-approximation. Moreover, we have
a necessary and sufficient conditions on a subspace S of C1(X) in order that
for each compact set F , there exists a unique one-sided best simultaneous L1-
approximation from S(F ).
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The motivation is the one-sided best approximation of an element, which has
been studied by R. Bojanic, R. DeVore(1966), H. Strauss(1982), G. Nürnberger
(1985), A. Pinkus and V. Totik(1986). They proved, by looking at Gaussian-
type quadrature formula, the existence of f ∈ C[a, b] with more than the
best one-sided L1-approximation from πn. They also showed, for f continu-
ous on [a, b] and differentiable on (a, b), the uniqueness of the best one-sided
L1-approximation from πn. DeVore essentially generalized these results to T -
and ET2-systems [1].

Very little else was then done on the general theory except as it pertained to
Gaussian-type quadrature formula and f in the convexity cone of a WT -system
[1]. In Pinkus are to be found extensions of the first two above-mentioned results
of Bojanic, DeVore to splines with simple fixed knots. It is only in this decade
that a more systematic study of this theory has begun.
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