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DOUBLE WIJSMAN LACUNARY STATISTICAL
CONVERGENCE OF ORDER «
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ABSTRACT. In this paper, we introduce the concepts of Wijsman strongly
p-lacunary summability of order o, Wijsman lacunary statistical conver-
gence of order @ and Hausdorff lacunary statistical convergence of order «
for double set sequences. Also, we investigate some properties of these new
concepts and examine the existence of some relationships between them.
Furthermore, we study the relationships between these new concepts and
some concepts in the literature.
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1. Introduction

The concept of statistical convergence was introduced by Fast [13] and Stein-
haus [34], and later reintroduced by Schoenberg [32], independently. Then,
this concept has been developmend by many researchers until recently (see,
[5, 7, 8, 15, 17, 27, 35, 40]).

In [14], Freedman et al. established the connection between the strongly
Cesaro summable sequences space |o1| and the strongly lacunary summable se-
quences space Ny defined by a lacunary sequence 6. Then, using lacunary se-
quence concept, Fridy and Orhan [16] defined the concept of lacunary statistical
convergence. Recently, the concepts of lacunary statistical convergence of order
a and strongly p-lacunary summability of order o were studied by Sengiil and
Et [36]. For more detail, see [12].

In [26], Pringsheim introduced the concept of convergence for double se-
quences. Then, Mursaleen and Edely [19] extended this concept to statisti-
cal convergence. Also, using double lacunary sequence concept, the concept of
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lacunary statistical convergence was studied by Patterson and Savag [25]. Re-
cently, Colak and Altin [9] defined the concept of statistical convergence of or-
der « for double sequences. Also, the concepts of almost statistical and almost
lacunary statistical convergence of order « for double sequences were studied
by Savas [29, 30]. More developments on double sequences can be found in
[4, 6, 10, 11, 18, 20, 28, 39].

The concepts of convergence for number sequences were transferred to the
concepts of convergence for set sequences by many authors. The concepts of
Wijsman convergence and Hausdorff convergence are two of these transfers (see,
[1, 2, 3, 43]). Nuray and Rhoades [21] extended the concepts of Wijsman con-
vergence and Hausdorff convergence to statistical convergence for set sequences
and gave some basic theorems. Then, using lacunary sequence concept, the
concept of lacunary statistical convergence for set sequences was introduced by
Ulusu and Nuray [41]. Recently, using ideal concept, the concept of Wijsman
Z-lacunary statistical convergence of order o was studied by both Savag [31] and
Sengiil and Et [37], independently.

In [22, 23, 24], Nuray et al. introduced the concepts of Wijsman strongly
Cesaro summability, Wijsman statistical convergence, Wijsman strongly lacu-
nary summability and Wijsman lacunary statistical convergence for double set
sequences. Then, the concept of Hausdorfl statistical convergence for double set
sequences was studied by Talo et al. [38].

Lately, the concepts of Wijsman strongly p-Cesaro summability of order «,
Wijsman statistical convergence of order o and Hausdorff statistical convergence
of order « for double set sequences were studied by Ulusu and Giille [42].

2. Definitions and Notations

Firstly, we recall the basic concepts that need for a good understanding of
our study (see, [1, 2, 22, 23, 24, 26, 28, 33, 38, 42]).
A double sequence (x;;) is said to be convergent to L in Pringsheim’s sense if
for every € > 0, there exists N. € N such that |z;; — L| < ¢, whenever ¢, j > N..
Let X be any non-empty set. The function f : N — P(X) is defined by
f(i) =U; € P(X) for each i € N, where P(X) is power set of X. The sequence
{U;} = {U1, Us, ...}, which is the range’s elements of f, is said to be set sequences.
Let (X, d) be a metric space. For any point € X and any non-empty subset
U of X, the distance from = to U is defined by
plx,U) = ing d(z,u).
Throughout the study, (X, d) will be taken as a metric space and U, U;; be
any non-empty closed subsets of X.
A double sequence {U;;} is said to be Wijsman convergent to U if for each
reEX,
lim p(z,Us;) = p(x,U).

i,j—>00
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A double sequence {U;;} is said to be Hausdorff convergent to U if
Tim sup |o(z, Usj) — p(a, U)| = 0.

1,]—0Q xeX

A double sequence {U;;} is said to be Wijsman statistical convergent to U if
for every € > 0 and each z € X,

1
lim —
m,n—o0 TN

’{(i»j) i <n, g <m, |p(z,Usj) — p(z,U)| > 5}‘ =0.

The class of all Wijsman statistical convergent sequences denotes by simply
W(S2).

A double sequence {U;;} is said to be Hausdorff statistical convergent to U if
for every € > 0,

1
lim —‘{(27]) i <n,j <m, sup |p(z,U;;) — p(z,U)| > 5}‘ =0.
reX

m,n—00 MnN

A double sequence 0y = {(k, j,)} is called double lacunary sequence if there
exist two increasing sequence of integers such that

ko=0, h =k, —k,._1 — 00 and jo =0, Bu:ju—ju,1—>oo as r,u — o0.
We use the following notations in the sequel:

kpy = krjua P = hrhm I, = {(27]) tky—1 <i <k, and Ju—1<j < ]u}7

Throughout the study, 62 = {(k,j,)} will be taken as a double lacunary
sequence.

A double sequence {U;;} is said to be Wijsman lacunary convergent to U if
for each x € X,

Y o, Uy) = pla,U).

(4,3)€lru
Let 0 < p < co. A double sequence {U;;} is said to be Wijsman strongly
p-lacunary convergent to U if for each x € X,

lim
T, U—> 00

|p($, Ul]) - P(x, U>|p =0.
" (id)€Tru

The class of all Wijsman strongly p-lacunary convergent sequences denotes
by simply [WoNg]P.

A double sequence {U;;} is said to be Wijsman lacunary statistically conver-
gent to U if for every € > 0 and each =z € X,

{(6,5) € Lu : |p(@, Usy) — pla,U)] > e}‘ —0.

lim
,U—00

U
The class of all Wijsman lacunary statistically convergent sequences denotes
by simply W5Sy.
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Let 0 < a < 1. A double sequence {U,;} is said to be Wijsman strongly
Cesaro summable of order a to U or W[C$]-summable to U if for each z € X,

) 1 m,n
oo (mm)e ; In(e.Uis) = pla.U)| =0

The class of all W[C§']-summable sequences denotes by simply W[CS].

Let 0 < a < 1. A double sequence {U;;} is said to be Wijsman statistically
convergent of order a to U or W(S§)-convergent to U if for every ¢ > 0 and
each r € X,

m,lrngoo (mn)a

{(d): i <m.j < n, o, Uy) = pla,U)] = e} = 0.
The class of all W(S§)-convergent sequences denotes by simply W (Sg).

From now on, for short, we use p,(U) and p,(U;;) instead of p(z,U) and
p(z,Uij), respectively.

3. New Concepts

In this section, we introduce the concepts of Wijsman strongly p-lacunary
summability of order o, Wijsman lacunary statistical convergence of order o and
Hausdorff lacunary statistical convergence of order « for double set sequences.

Definition 3.1. Let 0 < o < 1. A double sequence {U;;} is Wijsman lacunary
summable of order o to U or W N§*-summable to U if for each z € X,

Wa NG
In this case, we write Uy; 2¥ Uor Uij — U(WQNGO‘).

Definition 3.2. Let 0 < a < 1. A double sequence {U;;} is Wijsman strongly
p-lacunary summable of order o to U or [WoN§|P-summable to U if for each
xz e X,

lim > pe(Ui) = p2(U)P = 0.

ru—oo A%
" (i5)€lru

alp
In this case, we write Uj; WY 1 o Uij — U([W2NgP). If p =1, then the

double sequence {U;;} is simply said to be Wijsman strongly lacunary summable
of order a to U and we write U MEL Oy Ui; — U([WaNg]).

The class of all [WoNg'|P-summable sequences will be denoted by simply
[WeNgJP.
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Example 3.3. Let X = R? and a double sequence {U;;} be defined as following:

{(a:,y) Ha-1)2 gyt = %} . if (4,5) € Iy, i and j are
Uij = square integers
{(0,1)} ;  otherwise.

Then, the double sequence {U;;} is Wijsman strongly lacunary summable of
order a to the set U = {(0,1)}.

Remark 3.1. For a = 1, the concepts of W)Ng'-summability and [WoNg|P-
summability coincide with the concepts of Wijsman lacunary convergence and
Wijsman strongly p-lacunary convergence for double set sequences in [22], re-
spectively.

Definition 3.4. Let 0 < o < 1. A double sequence {U;;} is Wijsman lacunary
statistically convergent of order o to U or WySg-convergent to U if for every
€ >0and each x € X,

. 1 .

lim o [{(0,9) € Iru : |pa(Us) = pu(U)] 2 £}| = 0.

,U—>00

WaSg
In this case, we write U;; 22U or Uij — U(WQS(‘;‘).

The class of all W5 S§-convergent sequences will be denoted by simply W25y
Example 3.5. Let X = R? and a double sequence {U;; } be defined as following:

{(@y): @+ +(y—j)? =1} ; if(i,j) € Lry, i and j are
Uij == square integers
{(1,-1)} ;  otherwise.

Then, the double sequence {U;;} is Wijsman lacunary statistically convergent
of order « to the set U = {(1,—-1)}.

Remark 3.2. For a = 1, the concept of W5S§-convergence coincides with the
concept of Wijsman lacunary statistical convergence for double set sequences in
[23].

Definition 3.6. Let 0 < o < 1. A double sequence {U;;} is Hausdorff lacunary
statistically convergent of order a to U or Hy(Sg )-convergent to U if for every
e >0,

. 1
lim Ta
7, U—00 hru

{(7”]) S 52}8 |pw(Uu) _pz(U)l > 5}‘ =0.

H3(Sg)

S
In this case, we write U;; —— " U or U;; — U (H2(Sg")).

The class of all Hy(S§)-convergent sequences will be denoted by simply
H>(Sg).

Remark 3.3. For o = 1, the concept of Hy(S§)-convergence coincides with the
concept of Hausdorff lacunary statistical convergence for double set sequences,
which has not been studied till now.
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4. Inclusion Theorems

In this section, firstly, we investigate some properties of the new concepts
that we introduced in Section 3 and examine the existence of some relationships
between them.

Theorem 4.1. If 0 < a < 8 < 1, then [WaoNgP C [WgNg]p for every double
lacunary sequence 0o = {(ky, ju)}-

Wy NG P
Proof. Let 0 < o < 3 <1 and suppose that Uy [ 4] U. For each x € X, we

have

1 1
N Y 1peUs) = pe (U < P Y peUs) = pu(U)PP.
T )l T )l

W, NP 1P
Hence, by our assumption, we get U;; [ 24] U. Consequently, [WoNgP C

[WaNJP. O
If we take 8 =1 in Theorem 4.1, then we obtain the following corollary.

Corollary 4.2. If a double sequence {U;;} is Wijsman strongly p-lacunary sum-
mable of order a to U for some 0 < a < 1, then the double sequence is Wijsman
strongly p-lacunary summable to U, i.e., [WoNgP C [WaNg]P.

Now, without proof, we shall state a theorem that gives a relation between
[WoNg P and [WoNg9, where 0 < o <1 and 0 < p < g < 0.

Theorem 4.3. Let 0 <o <1 and 0 <p < g < oco. Then, [WaNZ? C [WoNgP
for every double lacunary sequence 02 = {(kr, ju)}-

Theorem 4.4. If0 < a < <1, then Wa Sy C Wgsf for every double lacunary
sequence 02 = {(kr, ju)}

W, Sg
Proof. Let 0 < a < 8 <1 and suppose that Uj; =% U. For every ¢ > 0 and
each z € X, we have

| L6.9) € I 02(Us) = pu(U)] 2 £}

TUu

1
< —

(e
hru

{(:5) € Lru+ |paUs) = pa(U)] 2 €},
. WQS{; 8
Hence, by our assumption, we get U;; — U. Consequently, W2S§ C W)S, .
O

If we take 5 =1 in Theorem 4.4, then we obtain the following corollary.

Corollary 4.5. If a double sequence {U;;} is Wijsman lacunary statistically
convergent of order o to U for some 0 < a < 1, then the double sequence is
Wigsman lacunary statistically convergent to U, i.e., WaSg C W5 Sp.
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Theorem 4.6. Let0 < a < 8 <1and0 < p < co. If a double sequence {U;;} is
Wijsman strongly p-lacunary summable of order o to U, then the double sequence
is Wigsman lacunary statistically convergent of order  to U.

Proof. Let 0 < a < # < 1 and we suppose that the double sequence {U;;} is
Wijsman strongly p-lacunary summable of order o to U. For every ¢ > 0 and
each x € X, we have

> 1paUsj) = pa(U)P = > |p=(Uij) — px(U)P
(4,)€lru (4,)€Lru
|pa (Uij)—pa(U)|2e

+ > lp2(Uij) — pa(U)[P
(1,§)€Lru
|pw(U1j)_pm(U)|<5

> > lpa(Uij) — pa(U)[P
(i,4)Elru
‘Pm(Uij)fpx(U)‘Zs
> " [{(6.5) € Lru: 1po(Usy) = pa(U)] 2 £}
and so
1 el
o > pe(Uy) = pa(U)P > o {(0,) € Lru : |po(Uij) — po(U)] > 5}‘
TUu (l,])Glru Tu
eP .
> I {(i,4) € Lw : |p2(Uij) — p2(U)| = 6}‘
Hence, by our assumption, we get that the double sequence {U;;} is Wijsman
lacunary statistically convergent of order 3 to U. O

If we take 8 = a in Theorem 4.6, then we obtain the following corollary.

Corollary 4.7. Let 0 < a <1 and 0 < p < co. If a double sequence {U;;} is
Wijsman strongly p-lacunary summable of order . to U, then the double sequence
is Wijsman lacunary statistically convergent of order o to U.

Theorem 4.8. If 0 < a < < 1, then Hy(Sgy) C HQ(S(E) for every double
lacunary sequence 0 = {(ky, ju)}-

Hy(Sg
Proof. Let 0 < a < 8 <1 and suppose that U;; iﬁ))

have

U. For every € > 0, we

1

i

{:9) € I 50p |p2(Uy) = pu(U)] > <}

1
< —

[e3
hru

{(5:4) € Lru: sup [pa(Uig) = p:(U)] 2 }|.
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. H(Sy) o
Hence, by our assumption, we get U;; — U. Consequently, Ho(S§) C
Hy(Sy). O

If we take =1 in Theorem 4.8, then we obtain the following corollary.

Corollary 4.9. If a double sequence {U;;} is Hausdorff lacunary statistically
convergent of order o to U for some 0 < a < 1, then the double sequence is
Hausdorff lacunary statistically convergent to U.

Theorem 4.10. Let 0 < a < 3 < 1. If a double sequence {U;;} is Hausdorff
lacunary statistically convergent of order o to U, then the double sequence is
Wigsman lacunary statistically convergent of order 8 to U.

Proof. Let 0 < a« < 8 < 1 and suppose that the double sequence {U;;} is
Hausdorff lacunary statistically convergent of order o to U. For every € > 0 and
each z € X, we have

1 .
I {(i,5) € Lu < |p2(Usj) — pu(U)] = 6}‘

1 .

< o [{G.) € Tru s 50D 12 (Usy) = pu(U)] 2 e
hru rzeX
1 .

< oo |[{6.9) € Lo = sup |p (Usy) = (V)] 2 5}‘.
U rzeX

Hence, by our assumption, we get that the double sequence {U;;} is Wijsman
lacunary statistically convergent of order 5 to U. (]

If we take f = a in Theorem 4.10, then we obtain the following corollary.

Corollary 4.11. Let 0 < o < 1. If a double sequence {U;;} is Hausdorff
lacunary statistically convergent of order o to U, then the double sequence is
Wijsman lacunary statistically convergent of order o to U.

Now, secondly, we study the relationships between the new concepts that we
introduced in Section 3 and some concepts in the literature.

Theorem 4.12. Let 0 < o < 1. If liminf, ¢% > 1 and liminf, ¢§ > 1 for any
double lacunary sequence O = {(ky, ju)}, then W[C$] C [WaNg].

Proof. Let 0 < o < 1 and suppose that liminf, ¢ > 1 and liminf, ¢¢ > 1.
Then, there exist 7 > 0 and p > 0 such that ¢ > 1+nand ¢& > 1+ pu for all r
and u, which implies that

a k&
by o Q+m)A+p o Fe-pe-y o 1

h, — i h, T onu
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For each x € X, we can write
1
ho Z p2(Uij) — pa(U)|

" (6,5) €T

| e
~ ha Z 1p2(Unmn) — pz(U))]
T m n=1,1
1 kr—l»ju—l
T ha Z 1pe(Umn) — pz(U)
™ m,n=1,1

ke (10 Rl
ZhZU (ka Z |pz(Umn)_Pz(U)|>

T m,n=1,1

k? Du—1) 1 kr—1,ju—1
- he (ka Z |pac(Umn) - pa:(U)|> .

(r—1)(u—1) m,n=1,1

1f Uy; "8 U, then for each z € X

kr,ju kr—1,Ju—1
1 1
o > 1pe(Umn) = po(U)| = 0 and TR > 1pa(Umn) = p2(U)| = 0.
T mon=1,1 (r=1)(u—1) m,n=1,1

Thus, when the above equality is considered, for each x € X we get
1

o Z |p2(Uij) — p=(U)| — 0,
T (4,5)El
. [WaNg']
that is, U;;  —  U. Consequently, W[C§] C [WaNg']. O

Theorem 4.13. Let 0 < o < 1. If limsup, ¢, < oo and limsup,, g, < oo for
any double lacunary sequence 0o = {(k,, ju)}, then [WaNg§| C W[CS].

Proof. Let 0 < o < 1 and suppose that limsup, ¢, < oo and limsup,, ¢, < oco.
Then, there exist M, N > 0 such that ¢, < M and ¢, < N for all » and u. Let

Ui, [Wﬂg] U and ¢ > 0 be given. Then, for each z € X we can find R,U > 0
and H > 0 such that

sup T;j <e and T; <H forall i,5=1,2,...

i>2R,j2>U
where
1
Tru = ho Z p2(Uij) — pz(U)].
U (. -
(6,5)€lru

If m and n are any integers satisfying k,._1 < m < k, and j,—1 < n < j, where
r > R and u > U, then for each x € X we can write



312 Esra Giille, Ugur Ulusu

1 m,n
1pa(Uss) = pu(U)
e 2,
1 Eryju
S > 1pa(Uij) = pu(U)]

(r=1)(u—1) 45=1,1

=k<sz 5~ ()
(r—=1)(u—1)

I11

+> 1pe(Ui) = po (U + D [p2(Uij)

p=(U))|
Ii2 I21
+Z|Pm i) — p2(U)]
Ia2
) )
= 1 7’11+7ka 12 Tl2+7k°‘ 21 T21
(r—=1)(u—1) (r—1)(u—1) (r—1)(u—1)
ha ha
+ ka 22 T22 + - ka A Tru
(r—=1)(u—1) (r—1)(u—1)
R,U

rau
SR DL B o hiy

i=1,1 k-1 (u—1) i j=R+1,U+1 k-1 -1)

< kru
> Sup  Tij | o
i>1,5>1 k(r 1)(u—1)

b — E)Cia — i
+< wp > (kr — k) G — J0)
i>R,j>U ktr—1)(u

kru
<H—+4+ecMN.
kr—1)(u-1)
Since k,_1, ju—1 — 00 as m,n — oo, it follows that for each x € X
1 m,n
(mn)o‘ Z |pr(Uij) —p=(U)] = 0.
ij=1,1

Thus, U;; ey U. Consequently, [WoN§| C W[CY].
J 6
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Theorem 4.14. Let 0 < o < 1. For any double lacunary sequence 0y =
{(kr,Ju)}s if

1 <liminf g’ <limsupg, < oo and 1 <liminfgq; <limsupg, < oo,
then [WoNg] = W[C$].

Proof. This can be obtained from Theorem 4.12 and Theorem 4.13, immediately.
O

Theorem 4.15. Let 0 < a < 1. If Uy [W2—N>9] U and U Wﬁi] V', where

{Ui;} € [WoNGgINW[CF] for any double lacunary sequence 0o = {(k,, j,)}, then
U=V.

[WaNg' WI[C3]

Proof. Let 0 < a < 1, {Uy;} € WaNg1nW[CS], Uy "2 17 ana v, "% v,
Also, we suppose that U # V. For each x € X, we have
1 1
Upy + Tru = ha Z |p$(Uij) - pI(U)| + ha Z |p$(Uij) - pl(v)|
" (,5) €l T (§,5)E
1
" (,5) €l
h'ru
= 2 1aU) — palV)]
> ‘pw(U) _pa:(V)‘v
where
1 1
Ui =g D 1pe(Ui) = pe(U)] and o= oo D7 [pa(Usg) = pu(V)).
" (6,5) €T " (6,5 €l
. [(W2Ng']
Since U;;  — " U, then v, — 0 for each x € X. Thus, for each x € X and

sufficiently large r and u, we must have

1
Tru > §|pa:(U) - pz(V)l

Observe that for each z € X and sufficiently large r and u

kryju
1 1
Lo Z p2(Umn) — p2(V)| = e Z 1P (Unmn) — pa(V)]
T m,n=1,1 "% (m,n) €Ty
= k:;u Tru

1\¢ 1\°
(-
qr qu

(1-2) (1= 2) be@) = patv

V
Do =
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wi(Ccs
Since Uy [4] V', for each z € X the left side of the above inequality convergent
to 0. Hence, we have ¢, — 1 and ¢, — 1, and by Theorem 4.13 this implies that

[WaNg'] € WICs],

ie.,
Uij [Ma] U= Uij Wﬁg] U
and therefore for each x € X, we can write
1 m,n

i,j=1,1

For each x € X, we have
1 m,n 1 m,n
U..) — U Uz — 14
(mm)e lgl lpz(Uij) — pz(U)| + (mn)a L;’l 1px(Uis) — pz (V)
mn
> o o) = (V)] > 0

Since both terms on the left side of the above inequality convergent to 0, then
for each x € X we get

p(U) = pz(V)| = 0.
This situation causes a contradiction to our assumption. Consequently, we get
u=V. O
Theorem 4.16. Let 0 < o < 1. If liminf, ¢ > 1 and liminf, ¢ > 1 for

any double lacunary sequence 0o = {(ky,j,)}, then Uy W(JS) U implies that

Wa Sy
Uj; — U.

Proof. Let 0 < a < 1 and suppose that liminf, ¢¢ > 1 and liminf, ¢ > 1.
Then, there exists n, x> 0 such that ¢~ > 1+ n and ¢ > 1+ p for all r and w,
which implies that

how N
ki, — (L4n)(1+p)
For every € > 0 and each x € X, we can write

1 Lo .
e [{@9) 5 1 ke < s 1aUsg) = paU)] 2 €}
1 .
> = [{(0:4) € Iou  1pa(Usg) = pa(U)] 2 €}
ru
AR
= 22 [{(00) € T 10u(Us) = pu(U)] 2 €}

w2
T () A+ p) by,

{(:9) € Tru  |palU) = p2(0)] 2 €},
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W (Sg) .
If U;; —3 U, then for each # € X the term on the left side of the above
inequality convergent to 0 and this implies that

{69) € Lot 102(U) — pe(0)] = £} | = 0.

«
h’ru

Wy Sg
Thus, we get U;; 2% U. U

Theorem 4.17. Let 0 < a < 1. If limsup, ¢, < oo and limsup,, ¢, < oo for

WaSg
any double lacunary sequence 0y = {(k;,ju)}, then Uj; 22 U implies that

u,; "y

Proof. Let 0 < o < 1 and suppose that limsup, ¢, < oo and limsup,, ¢, < oo.

Then, there exist M, N > 0 such that ¢, < M and ¢, < N for all » and u. Let
U % U and € > 0 be given, and let

Ty = |{(Zm7) € Ly : [p2(Us5) — p2(U)| = 5}’
Then, there exist rg,ug € N such that for every € > 0, each x € X and all
T 2> T, U 2> U
Tru

[e%
hTU

<e€

Now, let
H:=max{T,, :1<r<ry, 1 <u<u},

and let m and n be any integers satisfying k._1 < m < k, and j,—1 < n < j,.
Then, for each z € X we can write

1 o .
()= {G,9): i <m, 5 <n,|pe(Usy) — pa(U)] > e}‘
1 L. . . .
< k((x y )‘{(7"]): P <kpyj < Ju: |p$(Uij)_pa;(U)|Z€}’
r—1)(u—1
1
= m{TM + T2+ T +Too+ 4 Trgug + -+ Tru}
e 1)
(r=1)(u—1) lgjigr(‘;
1 a Trouot1) | ;a Tiro+1)
+ka{ O Sy
(r—1)(u—1) ro(uo+1) (ro+1)uo
Tiro+1) (uo+1) Tru
+h((lr0+1)(uo+1) ho . . +o 4+ hgu ho
(ro+1)(uo+1) ru
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TOUOH 1 < Tru>< U
< = + 1= sup o= [\ >k
k(rfl)(ufl) k(rfl)(ufl) T>T0 hru

1,J >T0,U
u>ug »JZT0,U0

H 1 Ty -
< CYrouo n sup - Z hij
k(r—l)(u—l) k(r—1)u—1) \ r>ro P i,5>r0,u0

uU>uUg

QTOUOH —l—E(kT - kTo)(ju _ju[))
kG 1y -1 kr—1)(u-1)

7‘0UOH
K- 1)-1)
TouoH
" M-y
Since ky_1,ju—1 — 00 as m,n — oo, it follows that for each x € X
1

(mn)*

+€qrqu

+eM N.

{Gd): i <mj<ns 1p(Us) = pa(U)] 2 £} = 0.

Thus, we get U;; Wg) U. (]

Theorem 4.18. Let 0 < o < 1. For any double lacunary sequence 0y =
{(kr,Ju)}s if

1 <liminf g <limsupg, < oo and 1 <liminfg < limsupg, < oo,
T T u u

W(s2)

then UijVV2—>SG U<:>UU —=3'U.
Proof. This can be obtained from Theorem 4.16 and Theorem 4.17, immediately.

O

h()ﬂ
Theorem 4.19. Let 0 < o < 1. If liminf—™ > 0 for any double lacunary
U300 Kiqy
sequence 0 = {(ky, ju)}, then W(S3) C W) S§.
Proof. For every € > 0 and each z € X, it is obvious that

{i < kr7j < ju7 ‘pz<Uij) - pw(U)‘ > E} i) {(Z?J) € ITU : lpw<UlJ) - pév<U)| = E}'

Thus, we get
L, .
? {G,9) i <kpd < Jus 1p2(Uij) = pe(U)] 26}‘
I
> —|{(0,9) € Iru + 102 (Usg) = pa(U)] 2 €}
Che 1

= 2o [{(0.9) € Iru t 102(U) = pu(U)] 2 €},
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If Uy Wﬁf) U, then for each z € X the term on the left side of the above
inequality convergent to 0 and this implies that for each x € X,

1 o
= [{5) € T 10a(Usg) = paU)] 2 €} = 0.
ruw
W2S9a
Thus, we get U;; — U. Consequently, W (S2) C W55 O

5. Conclusions and Future Work

We introduced new convergence concepts for double set sequences, also we
studied the relationships between them. These concepts can also be studied for
the ideal convergence and invariant convergence in the future.
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