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ABSTRACT. In this paper, some new classes of the higher order strongly
exponentially preinvex functions are introduced. New relationships among
various concepts of higher order strongly exponentially preinvex functions
are established. It is shown that the optimality conditions of differentiable
higher order strongly exponentially preinvex functions can be character-
ized by exponentially variational-like inequalities. Parallelogram laws for
Banach spaces are obtained as an application. As special cases, one can
obtain various new and known results from our results. Results obtained
in this paper can be viewed as refinement and improvement of previously
known results.
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1. Introduction

Recently, several extensions and generalizations have been considered for
classical convexity. Strongly convex functions were introduced and studied by
Polyak [51], which play an important part in the optimization theory and related
areas. Karmardian [18] used the strongly convex functions to discuss the unique
existence of a solution of the nonlinear complementarity problems. Strongly
convex functions are used to investigate the convergence analysis for solving
variational inequalities and equilibrium problems, see Zu and Marcotte [59]. See
also Nikodem and Pales [19] and Qu and Li [49]. Awan et al[7, 8, 9] have derived
Hermite-Hadamard type inequalities, which provide upper and lower estimate
for the integrand. For more applications and properties of the strongly convex
functions. See, for example, [1, 2], [4]-[59]. Hanson [16] introduced the concept
of invex function for the differentiable functions, which played significant part
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in the mathematical programming. Ben-Israel and Mond [11] introduced the
concept of invex set and preinvex functions. It is known that the differentiable
preinvex function are invex functions. The converse also holds under certain
conditions, see [20, 26]. Noor [24] proved that the minimum of the differentiable
preinvex functions on the invex set can be characterized the variational-like in-
equality. Noor [28, 29, 30] proved that a function f is preinvex function, if and
only if, it satisfies the Hermite-Hadamard type integral inequality. Noor at el.
[31, 32, 33, 34, 35, 36, 37, 38, 39] investigated the applications of the strongly
preinvex functions and their variant forms. It is known that more accurate and
inequalities can be obtained using the logarithmically convex functions than
the convex functions. Closely related to the log-convex functions, we have the
concept of exponentially convex(concave) functions, the origin of exponentially
convex functions can be traced back to Bernstein [12]. Avriel [6] introduced and
studied the concept of —convex functions, where as the (r,p)-convex functions
were studied by Antczak [5]. For further properties of the r-convex functions, see
Zhao et al[58] and the references therein. Exponentially convex functions have
important applications in information theory, big data analysis, machine learn-
ing and statistic. See [2, 3, 5, 6, 47, 50, 52] and the references therein. Noor and
Noor [35, 36, 37, 38, 39, 41, 42] considered the concept of exponentially convex
functions and discussed the basic properties. It is worth mentioning that these
exponentially convex functions [35, 36, 37, 38] are distinctly different from the
exponentially convex functions considered and studied by Bernstein [12], Awan
et al.[7, 8, 9] and Pecaric et al.[49, 50]. We would like to point out that The
definition of exponential convexity in Noor and Noor [35, 36, 3]] is quite different
from Bernstein [12]. Noor and Noor [38, 39, 40] studied the properties of the
exponentially preinvex functions and their variant forms. They have shown that
the exponentially preinvex functions enjoy the same interesting properties which
exponentially convex functions have.

Inspired by the research work going in this field, we introduce and consider some
new classes of nonconvex functions with respect to an arbitrary non-negative ar-
bitrary bifunction, which is called the higher order strongly exponentially gener-
alized preinvex functions. Several new concepts of monotonicity are introduced.
We establish the relationship between these classes and derive some new results
under some mild conditions. Optimality conditions for differentiable strongly
exponentially generalized preinvex functions are investigated. As special cases,
one can obtain various new and refined versions of known results. This paper
is continuation of our recent research in generalized convexity and variational
inequalities. It is expected that the ideas and techniques of this paper may
stimulate further research in this field.

2. Preliminaries

Let K be a nonempty closed set in a real Hilbert space H. We denote by
(-,-) and || - || be the inner product and norm, respectively. Let F': K, — R be
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a continuous function and let n(.,.) : K; x K, — R be an arbitrary continuous
bifunction.
Definition 2.1. [11].The set K, in H is said to be invex set with respect to an
arbitrary bifunction n(-,-), if

u+ An(v,u) € K, Yu,v € K, A € [0,1].

The invex set K, is also called n-connected set. Note that the innvex set with
n(v,u) = v —wu is a convex set K, but the converse is not true. For example, the
set K, = R — (—%, %) is an invex set with respect to n, where

(v, 1) = v—u, for v>0,u>0 or v<0,u<0
o, u) = u—wv, for v<0u>0 or v<0,u<0.

It is clear that K is not a convex set.

From now onward K, is a nonempty closed invex set in H with respect to
the bifunction 7(-, ), unless otherwise specified.

We now introduce some new concepts of strongly exponentially preinvex func-
tions and their variants forms, which is the main motivation of this paper.

Definition 2.2. The function F' on the invex set K, is said to be higher order
strongly exponentially preinvex with respect to the bifunction n(-,-), if there exists
a constant p > 0, such that

eFlutntvn) < (1= N)ef ) 4 AP ™) — AP (1= X) + A1 = AP} (v, w)|P, (1)
Yu,v € K, A €[0,1],p > 1.

Note that every higher order strongly convex function is a higher order
strongly preinvex, but the converse is not true.

IfA= %, then

2utn(v,u) 1 1
T2 < §{eF(u) + eF(v)} _ M27||W(Uau)||pa
Vu,v € K,,A€[0,1],p > 1.
The function F' is said to be higher order strongly exponentially preconcave,

if and only if, — F is higher order strongly exponentially preinvex function. Con-
sequently, we have a new concept.

Definition 2.3. A function F is said to be higher order strongly affine exponen-
tially preinvex involving an arbitrary bifunction n(,), if there exists a constant
@ >0, such that

PN < (1= X)) 4 AP (1= 0) 4 AL = Ao ), (2)
Yu,v € Kp,A€[0,1],p > 1.
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We now discuss some special cases of the higher order strongly exponentially
preinvex functions.

(I).) If n((v,u) = v — u, then the higher order strongly generalized preinvex
function becomes higher order strongly convex functions, that is,

Definition 2.4. A function F' is said to strongly exponentially convez functions,
if
eFlutAw=w)) < (1 — N)ef" ) £ XeF®) — i AP(1 = ) + A1 = N)PH|o — ul?,
Vu,v € K, X €[0,1].
For the properties of the higher order strongly exponentially convex functions
in variational inequalities and equilibrium problems, see Noor et al. [37, 40, 41,
45].
(II). If p = 2, then Definition 2.2 becomes:
Definition 2.5. A function F is said to strongly exponential preinvez functions,
if
el lerdntvnl) < (1= ) 1 XM — pA(1 = V) |In(v, w)]?, ()
Vu,v e Ky, A €[0,1].

For applications in variational inequalities and equilibrium problems, see
[24, 25, 32, 39, 7] and the references therein.

Definition 2.6. The function F' on the invex set K, is said to be higher order
strongly exponentially quasi preinvex with respect to the bifunction n(-,-), if there
exists a constant p > 0, such that

eFlutntvn) < max{ef ), eF Y — {AP(1 = X) + A1 = NP} n(v, w)|?,
Yu,v € K, A €[0,1],p > 1.

Definition 2.7. The function F on the invex set K is said to be higher order
strongly exponentially log-preinvex with respect to the bifunction n(-,-), if there
exists a constant p > 0, such that

P A W) < (F(u)' =) (PN = p{AP(1 = A) + A1 = AP} (v, u) |17,
Yu,v € K, A € [0,1].p > 1,
where F(-) > 0.
From the above definitions, we have
eFHNI0) < (PN (PN aP(1 = M) 4 AL = A In(v, )|l
(1= A)eF ) 4 AP @) — JxP(1 = A) + AL = A7} (o, u)|?
max{el ), e} — AP(1 = ) + AL = AP Inw, )|l

This shows that every higher order strongly exponentially log-preinvex function
is higher order strongly exponentially preinvex function and every higher order

IANIAIA
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strongly exponentially preinvex function is a higher order strongly exponentially
quasi-preinvex function. However, the converse is not true.

For ¢t = 1, Definition 2.2 and 2.7 reduce to the following condition, which is
mainly due to Noor and Noor [5].

Condition A.
eFlutn(vuw)) < oF(v) Yv € K.

Definition 2.8. The differentiable function F' on the invex set K, is said to be
higher order strongly exponentially invex function with respect to the bifunction
n(-,-), if there exists a constant pn > 0 such that

e —e > (e U v,u)) + v, U U,V € >
PO — P > (PO F (u), (v, u)) + plln(o,w)|P, - Vu,v € Ky,p > 1,
where F'(u)) is the differential of F at u.

It is noted that, if 4 = 0, then the Definition 2.8 reduces to the definition of
the exponentially invex function as introduced by Noor and Noor [38, 39]. It is
well known that the concepts of preinvex and invex functions play a significant
role in the mathematical programming and optimization theory.

Definition 2.9. A differentiable function F on the invex set K, is said to be
higher order strongly exponentially pseudo n-invex function, iff, if there exists a
constant > 0 such that

(B E'(w), n(v,w)) + pln(v,uw)||P > 0= F(v) — F(u) >0, Yu,v € K,,p > 1.

Definition 2.10. A differentiable function F' on K, is said to be higher order
strongly exponentially quasi-invex function, iff, if there exists a constant p > 0
such that

eF(U) < CF(U)
=
(PO F (), (v, ) + e, )P 0, Vet € Kpp > 1.

Definition 2.11. The function F' on the set K, is said to be exponentially
pseudo-invez, iff,

(O F (), nv,u)) > 0= ") > F®, Vup e K,

Definition 2.12. The differentiable function F on the K, is said to be expo-
nentially quasi-invex function, iff,

eF ) < P — (F W B/ (y), p(v,u)) <0, Vu,v € K,.
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Ifn(v,u) = —n(v,u), Yu,v € K,, that is, the function 7(-, -) is skew-symmetric,
then Definitions 77-2.12 reduce to the known ones. This shows that the con-
cepts introduced in this paper represent significant improvement of the previ-
ously known ones. All these new concepts may play important and fundamental
part in the mathematical programming and optimization.

We also need the following assumption regarding the bifunction 7(:,-). which
is mainly due to Mohen and Neogy [20]/

Condition C[20]. Let n(-,-): K, x K, = H satisfy assumptions
n(w, u+ An(v,u)) = =An(v, u)
n(v,u+ An(v,u)) = (1 = XN)n(v,u), Vu,ve K, Xel0,1].

Clearly for A = 0, we have n(u,v) = 0, if and only if uv = v,Vu,v € K,. One can
easily show [25] that n(u + An(v,u),u) = An(v,u),Vu,v € K.

3. Main Results

In this section, we consider some basic properties of higher order strongly
preinvex functions on the invex set K, and their applications.

Theorem 3.1. Let I be a differentiable function on the invex set K, in H and let
the condition C hold. Then the function F' is higher order strongly exponentially
preinves function, if and only if, F' is a higher order strongly exponentially invex
function.

Proof. Let F be a higher strongly exponentially preinvex function on the invex

set K. Then

F M) < (1= X)) 0P ) — 1A (1= N) + AL = AP Hln(w, )|,
Yu,v € Kp,A€[0,1],p > 1.

which can be written as

oFutAn(v,w) _ oF(u)

P P 5 ¢ . b AL = X) + (1= AP o, w)l”.

Taking the limit in the above inequality as t — 0 , we have
e —e€ > (e U v,u))) + v,u)||”.
PO — P > (PO F (u), (v, w))) + pln(v, w)|?

This shows that F' is a higher order strongly exponentially invex function.

Conversely, let F' be a higher order strongly exponentially invex function on
the invex set K,. Then, Vu,v € K,, A € [0,1], vy = u+ An(v,u) € K, and using
the condition C, we have

W) _ gFutin(v,u))

> (PO B (o (o, w)), n(o, w4+ Mp(v,0))) + (v, u -+ An(o, w)||?



Higher Order Strongly Exponentially Preinvex Functions 475

= (1= NI (w4 Ao, 0)),n(v,w) + (1= AP [In(o,w)[[7. - (4)
In a similar way, we have
oF) _ FutAn(v,u)
> (P00 B (4 (o, ), s+ (v, 1))+l w4 (o, )|
AN E (w4t (0, w)), n(v, w)) + pXP (v, u) 7. ()
Multiplying (4) by A and (5) by (1 — A) and adding the resultant, we have
eF(urdn(.u) < (1 — \)eF (W) 4+ XeF V) — {AP(1 = X) + A(1 — A\)P}In(v, )7,
showing that F' is a higher order strongly exponentially preinvex function. O

Theorem 3.2. Let F be differentiable higher order strongly exponentially prein-
vex function on the invex set K,. If I is a higher order strongly exponentially
invex function, then

("W F (u), n(v,u)) + (" F' (v), n(u, v)) (6)
< —pflin(o, Wl + lIn(u, v)[I7}, Vu, v € K.

Proof. Let F be a higher order strongly exponentially invex function on the
invex set K. Then

) — P > (P F (u), n(v, ) + plln(v,w)lP, Vu,v € K. (7)
Changing the role of u and v in (7), we have
) — PO > (PO F (), m(u,v)) + plln(u, )7, Vu,v € Ky, (8)
Adding (7) and (8), we have
(! (u), n(v,u))) + (" F (v), n(u, ) 9)
< —p{lin(, WP + lIn(u, v) [P}, Vu, v € Ky,
which shows that F’(.) is higher order strongly n-monotone operator. O

We note that the converse of Theorem 3.2 is true only for p = 2. However, we
have:

Theorem 3.3. If the differential F'(.) is a higher order strongly n-monotone,
then

2
el — e > (P F (), (v, w)) + plln(o, w)||P.
p

Proof. Let F'(.) be higher order strongly n-monotone. From (9), we have

(" F (v),n(u,v)) > (" F (u),n(v,u)) — p{n(v, W) + [In(u, v)|[P}. (10)
Since K is an invex set, Yu,v € K,, A € [0,1] v, = u+ A\n(v,u) € K,. Taking
v = vy in (10) and using Condition C, we have

<6F(’UA)F/(W>\)’ 77(% U+ >\77(Ua u)))
< (PO F ), nu+ An(v, 1), 1))
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=l (u 4 An(v, w), w)|” + [In(u, w+ An(v, u)||}
= =X F (w),n(v,u)) — 23 p||n(v, )|,
which implies that

(" VF! (o), (v, u)) = (e F (u), n(v,w) + 2pX " n(v,w) [P (11)
Let g(A) = F(u + An(v,u)). Then, from (11), we have
g = (MO E (g Ao, w)), (v, )
> (" (), (v, u)) + 20N (v, w)||P. (12)

Integrating (12) between 0 and 1, we have
£(1) = €(0) = ("M F' (), (v, u)) + %u”n(v,u)ﬂp-
that is,
eFH(e) — P 3 (PO u) (v, w)) + (o, ).
By using Condition A, we have
PO — P > (O P (), n(w,0) + (v, )P
the required result. O

We now give a necessary condition for higher order strongly exponentially
n-pseudo-invex function.

Theorem 3.4. Let F'(.) be a higher order strongly exponentially relaxed n-
pseudomonotone operator and Condition A and C hold. Then F is a higher
order strongly exponentially n-pseudo-invex function.

Proof. Let F’ be higher order strongly exponentially relaxed n-pseudomonotone.
Then, Yu,v € K,

(" F (w),(v,u)) = 0,
implies that
—(" W F (0),n(u,0)) > aln(u, )| (13)

Since K is an invex set, Yu,v € K, A € [0,1], vx = u+ A(v,u) € K,,. Taking
v = vy in (13) and using condition Condition C, we have

—(eF A FY (w4 N0, u)), (s, 0)) 2 Ao, u)|[P- (14)
Let
E(N) = eFlutdna) =y g e K, A € [0,1].
Then, using (14), we have
&'(A) = (P F (w4 Ap(v, ), n(u, v) = Aaln(v, w)|P.
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Integrating the above relation between 0 to 1, we have
!
£(1) = €(0) = S (o, w)|”,
that is,

FutAn(vu) _ oFu) > %Iln(v, WP,

which implies, using Condition A,

e — P00 > Znv, u)|?,

showing that F is a higher order strongly exponentially n-pseudo-invex function.
O

As special cases of Theorem 3.4, we have the following:

Theorem 3.5. Let the differentiable F'(u) of a function F(u) on the invex
set K, be higher order strongly exponentially n-pseudomonotone operator. If
Conditions A and C hold, then F is higher order strongly exponentially pseudo
n-invez function.

Theorem 3.6. Let the differential F'(u) of a function F(u) on the invez set K,
be higher order strongly exponentially n-pseudomonotone. If Conditions A and
C hold, then F is higher order strongly exponentially pseudo n-invex function.

Theorem 3.7. Let the differential F'(u) of a function F(u) on the invex set K,
be higher order strongly exponentially n-pseudomonotone. If Conditions A and
C hold, then F is higher order strongly exponentially pseudo n-invezr function.

Theorem 3.8. Let the differential F'(u) of a function F(u) on the invex set
K, be n-pseudomonotone. If Conditions A and C hold, then F' is higher order
strongly exponentially pseudo invex function.

Theorem 3.9. Let the differential F'(u) of a differentiable higher order strongly
exponentially preinver function F(u) be Lipschitz continuous on the inver set
K, with a constant 3 > 0. Then

FUE) P < (PO (), (v, ) + S o, w)?, v € K
Proof. Its proof follow from Noor and Noor [24]. O

Definition 3.1. The function F is said to be sharply higher order strongly
exponentially pseudo preinvex, if there exists a constant p > 0 such that

(" F (u),n(v,u)) > 0
=
eF'0) > Fodn(ww) L P (1 — ) + A(1 = NP |n(v, w)|P, Yu,v € K, A € [0,1].
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Theorem 3.10. Let F' be a higher order strongly exponentially sharply pseudo
preinvex function on K, with a constant p > 0. Then

_<6F(U)F/(v)a77(v7u)> Z M||77(U7U)||pa V’u,’U € Kﬁ'

Proof. Let F be a higher order strongly exponentially sharply pseudo preinvex
function on K. Then
eF) > PN 4 (3P(1 = X) + AL = NP} In(v, WP, Vu,v € Ky, € [0,1],
from which we have

eFvtxn(vu)) _ F(v)

A
Taking limit in the above-mentioned inequality, as A — 0, we have
—(e"VF! (v),n(v,w)) = plln(v, w)|?,

the required result. O

AT = A) 4 (1= NP (v, ull?) < 0.

Definition 3.2. A function F is said to be a pseudo preinvex function with
respect to strictly positive bifunction W (.,.), if

eF(v) < eF(u)

=

eFutnwu) o oF(u) 4 A = DWW (v,u),YVu,v € K, A € [0,1].
Theorem 3.11.  If the function F is higher order strongly exponentially prein-

vex function such that F(v) < F(u), then the function F is higher order strongly
exponentially pseudo preinvex.

Proof.  Since F(v) < F(u) and F is higher order strongly preinvex function,
then
Vu,v € K,, X€[0,1], we have

eFlutin(vu)) < oFw) 4 N(eF(V) _  F(u)
—pf AP (1= A) + A1 = X)PH|n(v, w)||”
< eFlw) 4 AL — )\)(eF(v) _ eF(“))
—pf AP (1= A) + A1 = X)PHIn(v, w)||”
= w4 A — 1)(6F(U) _ eF(v))
=N (1= A) + A1 = A)PHIn(v, w)[”
< W L XA =1 W (u,v)
= {AP (1= X) + A1 = X)PHn(v, W) [P, Vu, v € Ky,
O

where W (u,v) = e’ (") — ¢F(*) > (. This shows that the function F' is higher
order strongly exponentially pseudo preinvex.
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We now discuss the optimality for the differentiable higher order strongly expo-
nentially preinvex functions.

Theorem 3.12.  Let F be a differentiable higher order strongly exponentially
preinvex function with modulus p > 0. If u € K, is the minimum of the function
F, then

P — W > ylin(v,w)||P, Vu,v e K,. (15)
Proof.  Let u € K, be a minimum of the function F. Then
eFW < F) vy e K, (16)
Since K, is an invex set, so, Vu,v € K,;, X € [0,1],
vy =u+ An(v,u) € K,.
Taking v = vy in (16), we have
eFutin((v.w)) _ oF(u)

0 < lim{

i 3 b= (F'(u),n(v.u)). (17)

Since F' is differentiable higher order strongly exponentially preinvex function,
SO

Fltdnvw) < F) 4 ) (o F () _ F(w)
V(1= )+ A= NP ()|, Y, o € Ky,
from which, using (17), we have
eF (utdn(v,u)) _ oF(u)

F(v) _ JFlu) >
€ € - /\13%{ A }

Hu{APTHL = A) + (1= NP Hn(v, w)|”
= ("F (), (v, ) + plln(o,w)|lP,

the required result (15). O
Remark: We would like to mention that, if u € K, satisfies the inequality
(" (w), (v, w) + plln(v, w)||P =0, Vu,v € Ky, (18)

then u € K, is the minimum of the function F. The inequality of the type (18) is
called the strongly exponentially variational-like inequality and appears to new
one.

It is worth mentioning that inequalities of the type (18) may not arise as the
minimization of the preinvex functions. This motivated us to consider a more
general variational-like inequality of which (18) is a special case. To be more
precise, for given operator T, bifunction 7(.,.) and a constant y > 0, consider
the problem of finding u € K, such that

(€, n(v,w) + plln(v, w)|[? > 0,50 € Kyp > 1, (19)
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which is called higher order strongly variational-like inequality. It is an inter-
esting problem from both analytically and numerically point of view.

It is well known that each strongly convex functions is of the form f + ||.||?,
where f is a convex function. Similar result is proved for the higher order
strongly exponentially preinvex convex functions. In this direction, we have:

Theorem 3.13.  Let f be a higher order strongly exponentially affine prein-
vex function. Then F is a higher order strongly exponentially preinvex convex
function, if and only if, H = F — f is a exponentially preinvex function.

Proof.  Let f be strongly exponentially affine preinvex function. Then
e WA= — (1 = \)ef () £ xef ™) — i {AP(1 = A) + A1 — NP} In(v, u)|[P. (20)
From the higher order strongly exponentially preinvexity of F, we have
eFutdn(v—u)) < (1 = \)eF (W) 4 \eF'(®)
—p{N (1= A) + A1 = AP HIn(v, w) [P (21)
From (20 ) and (21), we have
eFlutdn(vu) _ of ((utAn(vu) < (1- /\)(eF(u) _ ef(u)) + /\(eF(v) _ ef(v))7 (22)
from which it follows that
eHlutdn(vu) — —  pFlutin(w) _ of((utAn(vu))yp
(1= XN)ef™ £ Xef®) — (1 = N)ef W — 2
(1= N — ey f (P ) — ef )y,

IN

which show that ¢ = F' — f is an exponentially preinvex function.
The inverse implication is obvious. O

We would like to remark that one can show that a function F' is a strongly
exponentially preinvex function, if and only if, F' is strongly exponentially affine
preinvex function essentially using the technique of Adamek [1] and Noor et al.

(7.

We would like to point that the higher order strongly exponentially convex is
also a Wright higher order strongly convex functions. From the definition 2.2,
we have

eF((u—i-/\)(v,u) + eF(v—i-/\(u,v) < GF(’LL) + 6F(1))
— 2N (1 =) + A1 = NP HIn(o, w)[[P,Vu, v € Ky, A € [0,1],
which is called the Wright higher order strongly exponentially convex function.

It is an interesting problem to study the properties and applications of the Wright
higher order strongly exponentially convex functions.
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We now derive new parallelogram laws for uniformly Banach spaces as a novel
application of higher order strongly exponentially preinvex functions.

Taking e¥(*) = ||lu||P in Definition 2.3, we have
[+ (v, w)[[P = (1= Mful” + Allo]]?
pEAP (1= A) 4+ AL = X)PH|n (v, )|,
Vu,v € Ky,A€[0,1],p > 1. (23)

Taking A\ = % in 23, we have

2u + (v, u)
=

which implies that
126 + (v, w)l|” + uln(o, W) [P = 207 H{|Jul” + [[o]|P}, Va0 € Kyop > 1, (25)

1 1 1
17+ pgplin(o.w)I” = Zllull” + S0l Vu,v € Ky, (24)

which is known as the parallelogram-like laws for the Banach spaces involving
bifunction n(v, u).

If n(v,u) = v — u, then (25) reduces to the parallelogram-like law as:

lv +wll? + pllo = ullP = 2" {[lull” + [[v]["}, Yu, v € K, (26)

which are known as the parallelogram-like law for the uniform Banach spaces
involving the preinvex functions. Xi [55] obtained these characterizations of
p-uniform convexity and g-uniform smoothness of a Banach space via the func-
tionals |.||P and ||.||?, respectively. Bynum [13] and Chen et al [14, 15] have
studied the properties and applications of the parallelogram laws for the Banach
spaces. For the applications of the parallelogram laws in Banach spaces in pre-
diction theory and applied sciences, see [13, 14, 15] and the references therein.
For p = 2, one can obtain the following parallelogram:

lv +ul® + pllo = ull* = 2{[[ul® + [lv]*}, Yu, v € K,

which characterizes the inner product spaces(Hilbert space).

Conclusion

In this paper, we have introduced and studied a new class of preinvex functions
with respect to any arbitrary bifunction. which is called the higher order strongly
exponentially generalized preinvex function. It is shown that several new classes
of strongly preinvex and convex functions can be obtained as special cases of
the higher order strongly exponentially generalized preinvex functions. Some
basic properties of these functions are explored. The ideas and techniques of
this paper may motivate further research.
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