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HIGHER ORDER STRONGLY EXPONENTIALLY PREINVEX
FUNCTIONS
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Abstract. In this paper, some new classes of the higher order strongly
exponentially preinvex functions are introduced. New relationships among
various concepts of higher order strongly exponentially preinvex functions
are established. It is shown that the optimality conditions of differentiable
higher order strongly exponentially preinvex functions can be character-
ized by exponentially variational-like inequalities. Parallelogram laws for
Banach spaces are obtained as an application. As special cases, one can
obtain various new and known results from our results. Results obtained
in this paper can be viewed as refinement and improvement of previously
known results.

AMS Mathematics Subject Classification : 26D15, 49J40, 90C33.
Key words and phrases : Convex functions, exponentially preinvex func-
tions, monotone operators, Wrght exponentially preinvex functions, variational-
like inequalities.

1. Introduction

Recently, several extensions and generalizations have been considered for
classical convexity. Strongly convex functions were introduced and studied by
Polyak [51], which play an important part in the optimization theory and related
areas. Karmardian [18] used the strongly convex functions to discuss the unique
existence of a solution of the nonlinear complementarity problems. Strongly
convex functions are used to investigate the convergence analysis for solving
variational inequalities and equilibrium problems, see Zu and Marcotte [59]. See
also Nikodem and Pales [19] and Qu and Li [49]. Awan et al[7, 8, 9] have derived
Hermite-Hadamard type inequalities, which provide upper and lower estimate
for the integrand. For more applications and properties of the strongly convex
functions. See, for example, [1, 2], [4]-[59]. Hanson [16] introduced the concept
of invex function for the differentiable functions, which played significant part

Received October 8, 2020. Revised January 16, 2021. Accepted January 18, 2021.
∗Corresponding author.

© 2021 KSCAM.
469



470 M. Aslam Noor and K. Inayat Noor

in the mathematical programming. Ben-Israel and Mond [11] introduced the
concept of invex set and preinvex functions. It is known that the differentiable
preinvex function are invex functions. The converse also holds under certain
conditions, see [20, 26]. Noor [24] proved that the minimum of the differentiable
preinvex functions on the invex set can be characterized the variational-like in-
equality. Noor [28, 29, 30] proved that a function f is preinvex function, if and
only if, it satisfies the Hermite-Hadamard type integral inequality. Noor at el.
[31, 32, 33, 34, 35, 36, 37, 38, 39] investigated the applications of the strongly
preinvex functions and their variant forms. It is known that more accurate and
inequalities can be obtained using the logarithmically convex functions than
the convex functions. Closely related to the log-convex functions, we have the
concept of exponentially convex(concave) functions, the origin of exponentially
convex functions can be traced back to Bernstein [12]. Avriel [6] introduced and
studied the concept of −convex functions, where as the (r, p)-convex functions
were studied by Antczak [5]. For further properties of the r-convex functions, see
Zhao et al[58] and the references therein. Exponentially convex functions have
important applications in information theory, big data analysis, machine learn-
ing and statistic. See [2, 3, 5, 6, 47, 50, 52] and the references therein. Noor and
Noor [35, 36, 37, 38, 39, 41, 42] considered the concept of exponentially convex
functions and discussed the basic properties. It is worth mentioning that these
exponentially convex functions [35, 36, 37, 38] are distinctly different from the
exponentially convex functions considered and studied by Bernstein [12], Awan
et al.[7, 8, 9] and Pecaric et al.[49, 50]. We would like to point out that The
definition of exponential convexity in Noor and Noor [35, 36, 3]] is quite different
from Bernstein [12]. Noor and Noor [38, 39, 40] studied the properties of the
exponentially preinvex functions and their variant forms. They have shown that
the exponentially preinvex functions enjoy the same interesting properties which
exponentially convex functions have.
Inspired by the research work going in this field, we introduce and consider some
new classes of nonconvex functions with respect to an arbitrary non-negative ar-
bitrary bifunction, which is called the higher order strongly exponentially gener-
alized preinvex functions. Several new concepts of monotonicity are introduced.
We establish the relationship between these classes and derive some new results
under some mild conditions. Optimality conditions for differentiable strongly
exponentially generalized preinvex functions are investigated. As special cases,
one can obtain various new and refined versions of known results. This paper
is continuation of our recent research in generalized convexity and variational
inequalities. It is expected that the ideas and techniques of this paper may
stimulate further research in this field.

2. Preliminaries

Let K be a nonempty closed set in a real Hilbert space H. We denote by
⟨·, ·⟩ and ∥ · ∥ be the inner product and norm, respectively. Let F : Kη → R be
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a continuous function and let η(., .) : Kη ×Kη → R be an arbitrary continuous
bifunction.

Definition 2.1. [11].The set Kη in H is said to be invex set with respect to an
arbitrary bifunction η(·, ·), if

u+ λη(v, u) ∈ Kη, ∀u, v ∈ Kη, λ ∈ [0, 1].

The invex set Kη is also called η-connected set. Note that the innvex set with
η(v, u) = v−u is a convex set K, but the converse is not true. For example, the
set Kη = R− (− 1

2 ,
1
2 ) is an invex set with respect to η, where

η(v, u) =

{
v − u, for v > 0, u > 0 or v < 0, u < 0
u− v, for v < 0, u > 0 or v < 0, u < 0.

It is clear that K is not a convex set.

From now onward Kη is a nonempty closed invex set in H with respect to
the bifunction η(·, ·), unless otherwise specified.

We now introduce some new concepts of strongly exponentially preinvex func-
tions and their variants forms, which is the main motivation of this paper.

Definition 2.2. The function F on the invex set Kη is said to be higher order
strongly exponentially preinvex with respect to the bifunction η(·, ·), if there exists
a constant µ > 0, such that
eF (u+λη(v,u)) ≤ (1− λ)eF (u) + λeF (v) − µ{λp(1− λ) + λ(1− λ)p}∥η(v, u)∥p, (1)

∀u, v ∈ Kη, λ ∈ [0, 1], p ≥ 1.

Note that every higher order strongly convex function is a higher order
strongly preinvex, but the converse is not true.

If λ = 1
2 , then

eF (
2u+η(v,u)

2 ) ≤ 1

2
{eF (u) + eF (v)} − µ 1

2p
∥η(v, u)∥p,

∀u, v ∈ Kη, λ ∈ [0, 1], p ≥ 1.

The function F is said to be higher order strongly exponentially preconcave,
if and only if, −F is higher order strongly exponentially preinvex function. Con-
sequently, we have a new concept.

Definition 2.3. A function F is said to be higher order strongly affine exponen-
tially preinvex involving an arbitrary bifunction η(, ), if there exists a constant
µ > 0, such that
eF (u+λη(v,u)) ≤ (1− λ)eF (u) + λeF (v) − µ{λp(1− λ) + λ(1− λ)p}∥η(v, u)∥p, (2)

∀u, v ∈ Kη, λ ∈ [0, 1], p ≥ 1.
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We now discuss some special cases of the higher order strongly exponentially
preinvex functions.

(I).) If η((v, u) = v − u, then the higher order strongly generalized preinvex
function becomes higher order strongly convex functions, that is,
Definition 2.4. A function F is said to strongly exponentially convex functions,
if
eF (u+λ(v−u))) ≤ (1− λ)eF (u) + λeF (v) − µ{λp(1− λ) + λ(1− λ)p}∥v − u∥p,

∀u, v ∈ Kη, λ ∈ [0, 1].

For the properties of the higher order strongly exponentially convex functions
in variational inequalities and equilibrium problems, see Noor et al. [37, 40, 41,
45].
(II). If p = 2, then Definition 2.2 becomes:
Definition 2.5. A function F is said to strongly exponential preinvex functions,
if

eF (u+λη(v,u)) ≤ (1− λ)eF (u) + λeF (v) − µλ(1− λ)∥η(v, u)∥2, (3)
∀u, v ∈ Kη, λ ∈ [0, 1].

For applications in variational inequalities and equilibrium problems, see
[24, 25, 32, 39, ?] and the references therein.

Definition 2.6. The function F on the invex set Kη is said to be higher order
strongly exponentially quasi preinvex with respect to the bifunction η(·, ·), if there
exists a constant µ > 0, such that
eF (u+λη(v,u)) ≤ max{eF (u), eF (v)} − µ{λp(1− λ) + λ(1− λ)p}∥η(v, u)∥p,

∀u, v ∈ Kη, λ ∈ [0, 1], p ≥ 1.

Definition 2.7. The function F on the invex set K is said to be higher order
strongly exponentially log-preinvex with respect to the bifunction η(·, ·), if there
exists a constant µ > 0, such that
eF (u+λη(v,u)) ≤ (F (u)1−λ)(eF (v))λ − µ{λp(1− λ) + λ(1− λ)p}∥η(v, u)∥p,

∀u, v ∈ Kη, λ ∈ [0, 1].p ≥ 1,

where F (·) > 0.

From the above definitions, we have
eF (u+λη(v,u)) ≤ (eF (u))1−λ(eF (v))λ − µλp(1− λ) + λ(1− λ)p}∥η(v, u)∥p

≤ (1− λ)eF (u) + λeF (v) − µλp(1− λ) + λ(1− λ)p}∥η(v, u)∥p

≤ max{eF (u), eF (v)} − µλp(1− λ) + λ(1− λ)p}∥η(v, u)∥p.
This shows that every higher order strongly exponentially log-preinvex function
is higher order strongly exponentially preinvex function and every higher order
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strongly exponentially preinvex function is a higher order strongly exponentially
quasi-preinvex function. However, the converse is not true.

For t = 1, Definition 2.2 and 2.7 reduce to the following condition, which is
mainly due to Noor and Noor [5].

Condition A.

eF (u+η(v,u)) ≤ eF (v), ∀v ∈ Kη.

Definition 2.8. The differentiable function F on the invex set Kη is said to be
higher order strongly exponentially invex function with respect to the bifunction
η(·, ·), if there exists a constant µ > 0 such that

eF (v) − eF (u) ≥ ⟨eF (u)F ′(u), η(v, u)⟩+ µ∥η(v, u)||p, ∀u, v ∈ Kη, p ≥ 1,

where F ′(u)) is the differential of F at u.

It is noted that, if µ = 0, then the Definition 2.8 reduces to the definition of
the exponentially invex function as introduced by Noor and Noor [38, 39]. It is
well known that the concepts of preinvex and invex functions play a significant
role in the mathematical programming and optimization theory.

Definition 2.9. A differentiable function F on the invex set Kη is said to be
higher order strongly exponentially pseudo η-invex function, iff, if there exists a
constant µ > 0 such that

⟨eF (u)F ′(u), η(v, u)⟩+ µ∥η(v, u)∥p ≥ 0⇒ F (v)− F (u) ≥ 0, ∀u, v ∈ Kη, p ≥ 1.

Definition 2.10. A differentiable function F on Kη is said to be higher order
strongly exponentially quasi-invex function, iff, if there exists a constant µ > 0
such that

eF (v) ≤ eF (u)

⇒
⟨eF (u)F ′(u), η(v, u)⟩+ µ∥η(u, v)∥p ≤ 0, ∀u, v ∈ Kη, p ≥ 1.

Definition 2.11. The function F on the set Kη is said to be exponentially
pseudo-invex, iff,

⟨eF (u)F ′(u), η(v, u)⟩ ≥ 0⇒ eF (v) ≥ eF (u), ∀u, v ∈ Kη.

Definition 2.12. The differentiable function F on the Kη is said to be expo-
nentially quasi-invex function, iff,

eF (v) ≤ eF (u) ⇒ ⟨eF (u)F ′(u), η(v, u)⟩ ≤ 0, ∀u, v ∈ Kη.
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If η(v, u) = −η(v, u), ∀u, v ∈ Kη, that is, the function η(·, ·) is skew-symmetric,
then Definitions ??-2.12 reduce to the known ones. This shows that the con-
cepts introduced in this paper represent significant improvement of the previ-
ously known ones. All these new concepts may play important and fundamental
part in the mathematical programming and optimization.

We also need the following assumption regarding the bifunction η(·, ·). which
is mainly due to Mohen and Neogy [20]/

Condition C[20]. Let η(·, ·) : Kη ×Kη → H satisfy assumptions
η(u, u+ λη(v, u)) = −λη(v, u)
η(v, u+ λη(v, u)) = (1− λ)η(v, u), ∀u, v ∈ Kη, λ ∈ [0, 1].

Clearly for λ = 0, we have η(u, v) = 0, if and only if u = v, ∀u, v ∈ Kη. One can
easily show [25] that η(u+ λη(v, u), u) = λη(v, u), ∀u, v ∈ Kη.

3. Main Results

In this section, we consider some basic properties of higher order strongly
preinvex functions on the invex set Kη and their applications.

Theorem 3.1. Let F be a differentiable function on the invex set Kη in H and let
the condition C hold. Then the function F is higher order strongly exponentially
preinvex function, if and only if, F is a higher order strongly exponentially invex
function.

Proof. Let F be a higher strongly exponentially preinvex function on the invex
set Kη. Then

eF (u+λη(v,u)) ≤ (1− λ)eF (u) + λeF (v) − µ{λp(1− λ) + λ(1− λ)p}∥η(v, u)∥p,
∀u, v ∈ Kη, λ ∈ [0, 1], p ≥ 1.

which can be written as

eF (v) − eF (u) ≥ {e
F (u+λη(v,u)) − eF (u)

λ
}+ µ{λp−1(1− λ) + (1− λ)p}∥η(v, u)∥p.

Taking the limit in the above inequality as t→ 0 , we have

eF (v) − eF (u) ≥ ⟨eF (u)F ′(u), η(v, u))⟩+ µ∥η(v, u)∥p.

This shows that F is a higher order strongly exponentially invex function.

Conversely, let F be a higher order strongly exponentially invex function on
the invex set Kη. Then, ∀u, v ∈ Kη, λ ∈ [0, 1], vt = u+ λη(v, u) ∈ Kη and using
the condition C, we have

eF (v) − eF (u+λη(v,u))

≥ ⟨eF (u+λη(v,u)F ′(u+ λη(v, u)), η(v, u+ λη(v, u))⟩+ µ∥η(v, u+ λη(v, u))∥p
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= (1− λ)⟨eF (u+λη(v,u)F ′(u+ λη(v, u)), η(v, u)⟩+ µ(1− λ)p∥η(v, u)∥p. (4)
In a similar way, we have

eF (u) − eF (u+λη(v,u))

≥ ⟨eF (u+λη(v,u)F ′(u+ λη(v, u)), η(u, u+ λη(v, u))⟩+ µ∥η(u, u+ λη(v, u))∥p

= −λ⟨eF (u+λη(v,u)F ′(u+ tη(v, u)), η(v, u)⟩+ µλp∥η(v, u)∥p. (5)
Multiplying (4) by λ and (5) by (1− λ) and adding the resultant, we have
eF (u+λη(v,u) ≤ (1− λ)eF (u) + λeF (v) − {λp(1− λ) + λ(1− λ)p}∥η(v, u)∥p,
showing that F is a higher order strongly exponentially preinvex function. �

Theorem 3.2. Let F be differentiable higher order strongly exponentially prein-
vex function on the invex set Kη. If F is a higher order strongly exponentially
invex function, then

⟨eF (u)F ′(u), η(v, u))⟩+ ⟨eF (v)F ′(v), η(u, v)⟩ (6)
≤ −µ{∥η(v, u)∥p + ∥η(u, v)∥p}, ∀u, v ∈ Kη.

Proof. Let F be a higher order strongly exponentially invex function on the
invex set Kη. Then

eF (v) − eF (u) ≥ ⟨eF (u)F ′(u), η(v, u))⟩+ µ∥η(v, u)∥p, ∀u, v ∈ Kη. (7)
Changing the role of u and v in (7), we have

eF (u) − eF (v) ≥ ⟨eF (v)F ′(v), η(u, v)⟩+ µ∥η(u, v)∥p, ∀u, v ∈ Kη. (8)
Adding (7) and (8), we have

⟨eF (u)F ′(u), η(v, u))⟩+ ⟨eF (v)F ′(v), η(u, v)⟩ (9)
≤ −µ{∥η(v, u)∥p + ∥η(u, v)∥p}, ∀u, v ∈ Kη,

which shows that F ′(.) is higher order strongly η-monotone operator. �

We note that the converse of Theorem 3.2 is true only for p = 2. However, we
have:

Theorem 3.3. If the differential F ′(.) is a higher order strongly η-monotone,
then

eF (v) − eF (u) ≥ ⟨eF (u)F ′(u), η(v, u)⟩+ 2

p
µ∥η(v, u)∥p.

Proof. Let F ′(.) be higher order strongly η-monotone. From (9), we have
⟨eF (v)F ′(v), η(u, v)⟩ ≥ ⟨eF (v)F ′(u), η(v, u))⟩ − µ{∥η(v, u)∥p + ∥η(u, v)∥p}. (10)
Since K is an invex set, ∀u, v ∈ Kη, λ ∈ [0, 1] vt = u + λη(v, u) ∈ Kη. Taking
v = vλ in (10) and using Condition C, we have

⟨eF (vλ)F ′(vλ), η(u, u+ λη(v, u))⟩
≤ ⟨eF (u)F ′(u), η(u+ λη(v, u), u))⟩
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−µ{∥η(u+ λη(v, u), u)∥p + ∥η(u, u+ λη(v, u)∥p}
= −λ⟨eF (u)F ′(u), η(v, u)⟩ − 2λpµ∥η(v, u)∥p,

which implies that
⟨eF (vλ)F ′(vλ), η(v, u)⟩ ≥ ⟨eF (u)F ′(u), η(v, u)⟩+ 2µλp−1∥η(v, u)∥p. (11)

Let g(λ) = F (u+ λη(v, u)). Then, from (11), we have

ξ′(λ) = ⟨eF (u+λη(v,u)F ′(u+ λη(v, u)), η(v, u)⟩
≥ ⟨eF (u)F ′(u), η(v, u)⟩+ 2µλp−1∥η(v, u)∥p. (12)

Integrating (12) between 0 and 1, we have

ξ(1)− ξ(0) ≥ ⟨eF (u)F ′(u), η(v, u)⟩+ 2

p
µ∥η(v, u)∥p.

that is,

eF (u+η(v,u)) − eF (u) ≥ ⟨eF (u)F ′(u), η(v, u)⟩+ 2

p
µ∥η(v, u∥p).

By using Condition A, we have

eF (v) − eF (u) ≥ ⟨eF (u)F ′(u), η(v, u)⟩+ 2

p
µ∥η(v, u)∥p.

the required result. �

We now give a necessary condition for higher order strongly exponentially
η-pseudo-invex function.

Theorem 3.4. Let F ′(.) be a higher order strongly exponentially relaxed η-
pseudomonotone operator and Condition A and C hold. Then F is a higher
order strongly exponentially η-pseudo-invex function.

Proof. Let F ′ be higher order strongly exponentially relaxed η-pseudomonotone.
Then, ∀u, v ∈ Kη,

⟨eF (u)F ′(u), η(v, u)⟩ ≥ 0,

implies that
−⟨eF (v)F ′(v), η(u, v)⟩ ≥ α∥η(u, v)∥p. (13)

Since K is an invex set, ∀u, v ∈ Kη, λ ∈ [0, 1], vλ = u + λη(v, u) ∈ Kη. Taking
v = vλ in (13) and using condition Condition C, we have

−⟨eF (u+λη(v,u)F ′(u+ λη(v, u)), η(u, v)⟩ ≥ λα∥η(v, u)∥p. (14)
Let

ξ(λ) = eF (u+λη(v,u)), ∀u, v ∈ Kη, λ ∈ [0, 1].

Then, using (14), we have

ξ′(λ) = ⟨eF (u+λη(v,u)F ′(u+ λη(v, u)), η(u, v)⟩ ≥ λα∥η(v, u)∥p.
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Integrating the above relation between 0 to 1, we have

ξ(1)− ξ(0) ≥ α

2
∥η(v, u)∥p,

that is,

eF (u+λη(v,u)) − eF (u) ≥ α

2
∥η(v, u)∥p,

which implies, using Condition A,

eF (v) − eF (u) ≥ α

2
∥η(v, u)∥p,

showing that F is a higher order strongly exponentially η-pseudo-invex function.
�

As special cases of Theorem 3.4, we have the following:

Theorem 3.5. Let the differentiable F ′(u) of a function F (u) on the invex
set Kη be higher order strongly exponentially η-pseudomonotone operator. If
Conditions A and C hold, then F is higher order strongly exponentially pseudo
η-invex function.

Theorem 3.6. Let the differential F ′(u) of a function F (u) on the invex set Kη

be higher order strongly exponentially η-pseudomonotone. If Conditions A and
C hold, then F is higher order strongly exponentially pseudo η-invex function.

Theorem 3.7. Let the differential F ′(u) of a function F (u) on the invex set Kη

be higher order strongly exponentially η-pseudomonotone. If Conditions A and
C hold, then F is higher order strongly exponentially pseudo η-invex function.

Theorem 3.8. Let the differential F ′(u) of a function F (u) on the invex set
Kη be η-pseudomonotone. If Conditions A and C hold, then F is higher order
strongly exponentially pseudo invex function.

Theorem 3.9. Let the differential F ′(u) of a differentiable higher order strongly
exponentially preinvex function F (u) be Lipschitz continuous on the invex set
Kη with a constant β > 0. Then

eF (u+η(v,u)) − eF (u) ≤ ⟨eF (u)F ′(u), η(v, u)⟩+ β

2
∥η(v, u)∥2, u, v ∈ Kη.

Proof. Its proof follow from Noor and Noor [24]. �

Definition 3.1. The function F is said to be sharply higher order strongly
exponentially pseudo preinvex, if there exists a constant µ > 0 such that

⟨eF (u)F ′(u), η(v, u)⟩ ≥ 0

⇒
eF (v) ≥ eF (v+λη(v,u)) + µ{λp(1− λ) + λ(1− λ)p}∥η(v, u)∥p, ∀u, v ∈ Kη, λ ∈ [0, 1].
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Theorem 3.10. Let F be a higher order strongly exponentially sharply pseudo
preinvex function on Kη with a constant µ > 0. Then

−⟨eF (v)F ′(v), η(v, u)⟩ ≥ µ∥η(v, u)∥p, ∀u, v ∈ Kη.

Proof. Let F be a higher order strongly exponentially sharply pseudo preinvex
function on Kη. Then

eF (v) ≥ eF (v+λη(v,u)) + µ{λp(1− λ) + λ(1− λ)p}∥η(v, u)∥p, ∀u, v ∈ Kη, λ ∈ [0, 1],

from which we have
eF (v+λη(v,u)) − eF (v)

λ
+ µ{λp−1(1− λ) + (1− λ)p}∥η(v, u∥p) ≤ 0.

Taking limit in the above-mentioned inequality, as λ→ 0, we have
−⟨eF (v)F ′(v), η(v, u)⟩ ≥ µ∥η(v, u)∥p,

the required result. �

Definition 3.2. A function F is said to be a pseudo preinvex function with
respect to strictly positive bifunction W (., .), if

eF (v) < eF (u)

⇒
eF (u+λη(v,u)) < eF (u) + λ(λ− 1)W (v, u), ∀u, v ∈ Kη, λ ∈ [0, 1].

Theorem 3.11. If the function F is higher order strongly exponentially prein-
vex function such that F (v) < F (u), then the function F is higher order strongly
exponentially pseudo preinvex.

Proof. Since F (v) < F (u) and F is higher order strongly preinvex function,
then
∀u, v ∈ Kη, λ ∈ [0, 1], we have

eF (u+λη(v,u)) ≤ eF (u) + λ(eF (v) − eF (u))

−µ{λp(1− λ) + λ(1− λ)p}∥η(v, u)∥p

< eF (u) + λ(1− λ)(eF (v) − eF (u))

−µ{λp(1− λ) + λ(1− λ)p}∥η(v, u)∥p

= eF (u) + λ(λ− 1)(eF (u) − eF (v))

−µ{λp(1− λ) + λ(1− λ)p}∥η(v, u)∥p

< eF (u) + λ(λ− 1)W (u, v)

−µ{λp(1− λ) + λ(1− λ)p}∥η(v, u)∥p, ∀u, v ∈ Kη,

�

where W (u, v) = eF (u) − eF (v) > 0. This shows that the function F is higher
order strongly exponentially pseudo preinvex.
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We now discuss the optimality for the differentiable higher order strongly expo-
nentially preinvex functions.

Theorem 3.12. Let F be a differentiable higher order strongly exponentially
preinvex function with modulus µ > 0. If u ∈ Kη is the minimum of the function
F, then

eF (v) − eF (u) ≥ µ∥η(v, u)∥p, ∀u, v ∈ Kη. (15)

Proof. Let u ∈ Kη be a minimum of the function F. Then

eF (u) ≤ eF (v), ∀v ∈ Kη. (16)
Since Kη is an invex set, so, ∀u, v ∈ Kη, λ ∈ [0, 1],

vλ = u+ λη(v, u) ∈ Kη.

Taking v = vλ in (16), we have

0 ≤ lim
λ→0
{e

F (u+λη((v.u)) − eF (u)

λ
} = ⟨F ′(u), η(v.u)⟩. (17)

Since F is differentiable higher order strongly exponentially preinvex function,
so

eF (u+λη(v,u)) ≤ eF (u) + λ(eF (v) − eF (u))

−µ{λp(1− λ) + λ(1− λ)p}∥η(v.u)∥p, ∀u, v ∈ Kη,

from which, using (17), we have

eF (v) − eF (u) ≥ lim
λ→0
{e

F (u+λη(v,u)) − eF (u)

λ
}

+µ{λp−1(1− λ) + (1− λ)p}∥η(v, u)∥p

= ⟨eF (u)F ′(u), η(v, u)⟩+ µ∥η(v, u)∥p,

the required result (15). �

Remark: We would like to mention that, if u ∈ Kη satisfies the inequality

⟨eF (u)F ′(u), η(v, u)⟩+ µ∥η(v, u)∥p ≥ 0, ∀u, v ∈ Kη, (18)
then u ∈ Kη is the minimum of the function F. The inequality of the type (18) is
called the strongly exponentially variational-like inequality and appears to new
one.

It is worth mentioning that inequalities of the type (18) may not arise as the
minimization of the preinvex functions. This motivated us to consider a more
general variational-like inequality of which (18) is a special case. To be more
precise, for given operator T, bifunction η(., .) and a constant µ > 0, consider
the problem of finding u ∈ Kη, such that

⟨eTu, η(v, u)⟩+ µ∥η(v, u)∥p ≥ 0, ∀v ∈ Kη, p ≥ 1, (19)
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which is called higher order strongly variational-like inequality. It is an inter-
esting problem from both analytically and numerically point of view.

It is well known that each strongly convex functions is of the form f ± ∥.∥2,
where f is a convex function. Similar result is proved for the higher order
strongly exponentially preinvex convex functions. In this direction, we have:

Theorem 3.13. Let f be a higher order strongly exponentially affine prein-
vex function. Then F is a higher order strongly exponentially preinvex convex
function, if and only if, H = F − f is a exponentially preinvex function.

Proof. Let f be strongly exponentially affine preinvex function. Then

ef(u+λ(v−u) = (1− λ)ef(u) + λef(v) − µ{λp(1− λ) + λ(1− λ)p}∥η(v, u)∥p. (20)

From the higher order strongly exponentially preinvexity of F, we have

eF ((u+λη(v−u)) ≤ (1− λ)eF (u) + λeF (v)

−µ{λp(1− λ) + λ(1− λ)p}∥η(v, u)∥p. (21)

From (20 ) and (21), we have

eF (u+λη(v,u) − ef((u+λη(v,u) ≤ (1− λ)(eF (u) − ef(u)) + λ(eF (v) − ef(v)), (22)

from which it follows that

eH(u+λη(v,u) = eF (u+λη(v,u)) − ef((u+λη(v,u)))p

≤ (1− λ)eF (u) + λeF (v) − (1− λ)ef(u) − λef(v),
= (1− λ)(eF (u) − ef(u)) + λ(eF (v) − ef(v)),

which show that g = F − f is an exponentially preinvex function.
The inverse implication is obvious. �

We would like to remark that one can show that a function F is a strongly
exponentially preinvex function, if and only if, F is strongly exponentially affine
preinvex function essentially using the technique of Adamek [1] and Noor et al.
[?].

We would like to point that the higher order strongly exponentially convex is
also a Wright higher order strongly convex functions. From the definition 2.2,
we have

eF ((u+λ)(v,u) + eF (v+λ(u,v) ≤ eF (u) + eF (v)

− 2µ{λp(1− λ) + λ(1− λ)p}∥η(v, u)∥p, ∀u, v ∈ Kη, λ ∈ [0, 1],

which is called the Wright higher order strongly exponentially convex function.
It is an interesting problem to study the properties and applications of the Wright
higher order strongly exponentially convex functions.
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We now derive new parallelogram laws for uniformly Banach spaces as a novel
application of higher order strongly exponentially preinvex functions.

Taking eF (u) = ∥u∥p in Definition 2.3, we have

∥u+ λη(v, u)∥p = (1− λ)∥u∥p + λ∥v∥p

− µ{λp(1− λ) + λ(1− λ)p}∥η(v, u)∥p,
∀u, v ∈ Kη, λ ∈ [0, 1], p ≥ 1. (23)

Taking λ = 1
2 in 23, we have

∥2u+ η(v, u)

2
∥p + µ

1

2p
∥η(v, u)∥p =

1

2
∥u∥p + 1

2
∥v∥p, ∀u, v ∈ Kη, (24)

which implies that

∥2u+ η(v, u)∥p + µ∥η(v, u)∥p = 2p−1{∥u∥p + ∥v∥p}, ∀u, v ∈ Kη, p ≥ 1, (25)

which is known as the parallelogram-like laws for the Banach spaces involving
bifunction η(v, u).

If η(v, u) = v − u, then (25) reduces to the parallelogram-like law as:

∥v + u∥p + µ∥v − u∥p = 2p−1{∥u∥p + ∥v∥p}, ∀u, v ∈ K, (26)

which are known as the parallelogram-like law for the uniform Banach spaces
involving the preinvex functions. Xi [55] obtained these characterizations of
p-uniform convexity and q-uniform smoothness of a Banach space via the func-
tionals ∥.∥p and ∥.∥q, respectively. Bynum [13] and Chen et al [14, 15] have
studied the properties and applications of the parallelogram laws for the Banach
spaces. For the applications of the parallelogram laws in Banach spaces in pre-
diction theory and applied sciences, see [13, 14, 15] and the references therein.
For p = 2, one can obtain the following parallelogram:

∥v + u∥2 + µ∥v − u∥2 = 2{∥u∥2 + ∥v∥2}, ∀u, v ∈ K,

which characterizes the inner product spaces(Hilbert space).

Conclusion

In this paper, we have introduced and studied a new class of preinvex functions
with respect to any arbitrary bifunction. which is called the higher order strongly
exponentially generalized preinvex function. It is shown that several new classes
of strongly preinvex and convex functions can be obtained as special cases of
the higher order strongly exponentially generalized preinvex functions. Some
basic properties of these functions are explored. The ideas and techniques of
this paper may motivate further research.



482 M. Aslam Noor and K. Inayat Noor

Acknowledgements

We wish to express our deepest gratitude to our colleagues, collaborators and
friends, who have directly or indirectly contributed in the preparation process of
this paper. We are also grateful to the Rector of COMSATS University Islam-
abad, Pakistan for the research facilities and support in our research endeavors.

References
1. M. Adamek, On a problem connected with strongly convex functions, Math. Inequ. Appl.

19 (2016), 1287-1293.
2. N.I. Akhiezer, The classical moment problem and some related questions in analysis, Oliver

and Boyd, Edinburgh, U.K., 1965.
3. G. Alirezaei and R. Mazhar, On exponentially concave functions and their impact in infor-

mation theory, J. Inform. Theory Appl. 9 (2018), 265-274.
4. H. Angulo, J. Gimenez, A.M. Moeos and K. Nikodem, On strongly h-convex functions,

Ann. Funct. Anal. 2 (2011), 85-91.
5. T. Antczak, On (p, r)-invex sets and functions, J. Math. Anal. Appl. 263 (2001), 355-379.
6. M. Avriel, r-Convex functions, Math. Program 2 (1972), 309-323.
7. M.U. Awan, M.A. Noor and K.I. Noor, Hermite-Hadamard inequalities for exponentially

convex functions, Appl. Math. Inform. Sci. 12 (2018), 405-409.
8. M.U. Awan, M.A. Noor, V.N. Mishra and K.I. Noor, Some characterizations of general

preinvex functions, International J. Anal. Appl. 15 (2017), 46-56.
9. M.U. Awan, M.A. Noor, M.E. Set and M. V. Mihai, On strongly (p, h)-convex functions,

TWMS J. Pure Appl. Math. 10 (2019), 145-541.
10. A. Azcar, J. Gimnez, K. Nikodem and J.L. Snchez, On strongly midconvex functions,

Opuscula Math. 31 (2011), 15-26.
11. A. Ben-Isreal and B. Mond, What is invexity?, J. Austral. Math. Soc. Ser. B 28 (1986),

1-9.
12. S.N. Bernstein, Sur les fonctions absolument monotones, Acta Math. 52 (1929), 1-66.
13. W.L. Bynum, Weak parallelogram laws for Banach spaces, Can. Math. Bull. 19 (1976),

269-275.
14. R. Cheng, C.B. Harris, Duality of the weak parallelogram laws on Banach spaces, J. Math.

Anal. Appl. 404 (2013), 64-70.
15. R. Cheng and W.T. Ross, Weak parallelogram laws on Banach spaces and applications to

prediction, Period. Math. Hung. 71 (2015), 45-58.
16. M.A. Hanson, On sufficiency of the Kuhn-Tucker conditions, J. Math. Anal. Appl. 80

(1981), 545-550.
17. M.V. Jovanovic, A note on strongly convex and strongly quasiconvex functions, Math.

Notes 60 (1996), 778-779.
18. S. Karamardian, The nonlinear complementarity problems with applications, J. Optim.

Theory Appl. 4 (1969), 167-181.
19. N. Merentes and K. Nikodem, Remarks on strongly convex functions, Aequationes Math.

80 (2010), 193-199.
20. S.R. Mohan and S.K. Neogy, On invex sets and preinvex functions, J. Math. Anal. Appl.

189 (1995), 901-908.
21. C.P. Niculescu and L.E. Persson, Convex functions and their applications, Springer-Verlag,

New York, 2006.
22. K. Nikodem and Z.S. Pales, Characterizations of inner product spaces by strongly convex

functions, Banach J. Math. Anal. 1 (2011), 83-87.
23. M.A. Noor, Some develoments in general variational inequalities, Appl. Math. Comput.

251 (2004), 199-277.



Higher Order Strongly Exponentially Preinvex Functions 483

24. M.A. Noor, Variational-like inequalities, Optimization 30 (1994), 323-330.
25. M.A. Noor, Invex equilibrium problems, J. Math. Anal. Appl. 302 (2005), 463-475.
26. M.A. Noor, On generalized preinvex functions and monotonicities, J. Inequal. Pure Appl.

Math. 5 (2004), Article 110.
27. M.A. Noor, Fundamentals of equilibrium problems, Math. Inequal. Appl. 9 (2006), 529-566.
28. M.A. Noor, Hermite-Hadamard integral inequalities for log-preinvex functions, J. Math.

Anal. Approx. Theory 2 (2007), 126-131.
29. M.A. Noor, On Hadamard type inequalities involving two log-preinvex functions, J. Inequal.

Pure Appl. Math. 8 (2007), 1-14.
30. M.A. Noor, Hadamard integral inequalities for productive of two preinvex functions, Nonl.

Anal. Fourm 14 (2009), 167-173.
31. M.A. Noor and K.I. Noor, On strongly generalized preinvex functions, J. Inequal. Pure

Appl. Math. 6 (2005), 1-8.
32. M.A. Noor and K.I. Noor, Some characterization of strongly preinvex functions, J. Math.

Anal. Appl. 316 (2006), 697-706.
33. M.A. Noor and K.I. Noor, Generalized preinvex functions and their properties, J. Appl.

Math. Stoch. Anal. 2006 (2006), 1-14.
34. M.A. Noor and K.I. Noor, Exponentially convex functions, J. Orisa Math. Soc. 38 (2019),

33-51.
35. M.A. Noor and K.I. Noor, Strongly exponentially convex functions, U.P.B. Bull Sci. Appl.

Math. Series A. 81 (2019), 75-84.
36. M.A. Noor and K.I. Noor, Strongly exponentially convex functions and their properties, J.

Advanc. Math. Studies 9 (2019), 180-188.
37. M.A. Noor and K.I. Noor, On generalized strongly convex functions involving bifunction,

Appl. Math. Inform. Sci. 13 (2019), 411-416.
38. M.A. Noor and K.I. Noor, Some properties of exponentially preinvex functions, FACTA

Universitat(NIS). Ser. Math. Inform. 34 (2019), 941-955 .
39. M.A. Noor and K.I. Noor, New classes of strongly exponentially preinvex functions, AIMS

Math. 4 (2019), 1554-1568.
40. M.A. Noor and K.I. Noor, New classes of preinvex functions and variational-like inequal-

ities, Filomat 35 (2021), accepted.
41. M.A. Noor and K.I. Noor, Higher order general convex functions and general variational

inequalities, Canad. J. Appl. Math. 3 (2021), 1-17.
42. M.A. Noor, K.I. Noor and M.U. Awan, Some quantum integral inequalities via preinvex

functions, Appl. Math. Comput. 269 (2015), 242-251.
43. M.A.Noor, K.I. Noor, M.U. Awan and J. Li, On Hermite-Hadamard inequalities for h-

preinvex functions, Filomat 28 (2014), 463-1474.
44. M.A. Noor, K.I. Noor and S. Iftikhar, Integral inequaliies for differentiable harmonic

preinvex functions, TWMS J. Pur. Appl. Math. 7 (2016), 3-19.
45. M.A. Noor, K.I. Noor and M.T. Rassias, New trends in general variational inequalities,

Acta Appl. Mathematica 170 (2020), 981-1046.
46. M.A. Noor, K.I. Noor, S. Iftikhar and F. Safdar, Some properties of generalized strongly

harmonic convex functions, Inter. J. Anal. Appl. 16 (2018), 427-436.
47. S. Pal and T.K. Wong, On exponentially concave functions and a new information geom-

etry, Annals. Prob. 46 (2018), 1070-1113.
48. J. Pecaric, F. Proschan and Y.L. Tong, Convex functions, partial ordering and statistical

applications, Academic Press, New York, 1992.
49. J. Pecaric, C.E.M. Pearce and V. Simic, Stolarsky means and Hadamard’s inequality, J.

Math. Anal. Appl. 220 (1998), 99-109.
50. J. Pecaric and J. Jaksetic, On exponential onvexity, Euler-Radau expansions and stolarsky

means, Rad Hrvat. Matematicke Znanosti 17 (2013), 81-94.



484 M. Aslam Noor and K. Inayat Noor

51. B.T. Polyak, Existence theorems and convergence of minimizing sequences in extremum
problems with restrictions, Soviet Math. Dokl. 7 (1966), 2-75.

52. G. Qu and N. Li, On the exponentially stability of primal-dual gradeint dynamics, IEEE
Control Syst. Letters 3 (2019), 43-48.

53. G. Ruiz-Garzion, R. Osuna-Gomez and A. Rufian-Lizan, Generalized invex monotonicity,
European J. Oper. Research 144 (2003), 501-512.

54. T. Weir and B. Mond, Preinvex functions in multiobjective optimization, J. Math. Anal.
Appl. 136 (1988), 29-38.

55. H.-K. Xu, Inequalities in Banach spaces with applications, Nonl. Anal.Theory, Meth. Appl.
16 (1991), 1127-1138.

56. X.M. Yang, Q. Yang and K.L. Teo, Criteria for generalized invex monotonicities, European
J. Oper. Research 164 (2005), 115-119.

57. X.M. Yang, Q. Yang and K.L. Teo, Generalized invexity and generalized invariant mono-
tonicity, J. Optim. Theory Appl. 117 (2003), 607-625.

58. Y.X. Zhao, S.Y. Wang and L. Coladas Uria, Characterizations of r-convex functions, J.
Optim. Theory Appl. 145 (2010), 186-195.

59. D.L. Zu and P. Marcotte, Co-coercivity and its role in the convergence of iterative schemes
for solving variational inequalities, SIAM J. Optim. 6 (1996), 714-726.

Prof. Dr. Muhammad Aslam Noor earned his Ph.D. degree from Brunel University,
London, UK, in the field of Applied Mathematics(Numerical Analysis and Optimization).
He has vast experience of teaching and research at university levels in various countries
including Pakistan, Iran, Canada, Saudi Arabia and UAE. His field of interest and special-
ization covers many areas of Mathematical and Engineering sciences such as Variational
Inequalities, Operations Research and Numerical Analysis. He has been awarded by the
President of Pakistan: President’s Award for pride of performance 2008 and Sitar-e. Imtiaz
in recognition of his contributions in the field of Mathematical Sciences. He was awarded
HEC Best Research award in 2009. He is currently member of the Editorial Board of several
reputed international journals of Mathematics and Engineering sciences. He has more than
1050 research papers to his credit which were published in leading world class journals. He
is one of the highly cited researchers in Mathematics, (Thomson Reuter, 2015,2016). 2017
NSP prize was awarded to Dr. Aslam Noor for his valuable contribution to Mathematics
and its Applications by Natural Sciences Publishing Cor. USA. Featured in Stanford’s List
of World’s Top 2% Scientists compiled by Stanford University, 2020.

Department of Mathematics, COMSATS University Islamabad, Islamabad, Pakistan.
e-mail: noormaslam@gmail.com

Prof. Dr. Khalida Inayat Noor is Eminent Professor at COMSATS University Islamabd,
Islamabad. She obtained her PhD from Wales University(UK). She has a vast experience of
teaching and research at university levels in various countries including Iran, Pakistan, Saudi
Arabia, Canada and United Arab Emirates. She was awarded HEC best research award in
2009 and CIIT Medal for innovation in 2009. She has been awarded by the President of
Pakistan: Presidents Award for pride of performance on August 14, 2010 for her outstanding
contributions in Mathematical Sciences. Her field of interest and specialization is Complex
analysis, Geometric function theory, Functional and Convex analysis. She introduced a
new technique, now called as Noor Integral Operator which proved to be an innovation
in the field of geometric function theory. Prof. Dr. Khalida Inayat Noor has supervised
successfully more than 25 Ph.D. students and 40 MS/M. Phil students. She has been an
invited speaker of number of conferences and has published more than 500 research articles
in reputed international journals of mathematical and engineering sciences. She is member
of educational boards of several international journals of mathematical and engineering



Higher Order Strongly Exponentially Preinvex Functions 485

sciences. Featured in Stanford’s List of World’s Top 2% Scientists compiled by Stanford
University, 2020.
Department of Mathematics,COMSATS University Islamabad, Islamabad, Pakistan.
e-mail: khalidan@gmail.com


