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WIJSMAN REGULARLY IDEAL INVARIANT CONVERGENCE
OF DOUBLE SEQUENCES OF SETS
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ABSTRACT. In this paper, we introduce the notions of Wijsman regularly
invariant convergence types, Wijsman regularly (Z,,Zg )-convergence, Wi-
jsman regularly (Z},Zg*)-convergence, Wijsman regularly (Zo, Zg)-Cauchy
double sequence and Wijsman regularly (Z},Zg*)-Cauchy double sequence
of sets. Also, we investigate the relationships among this new notions.

AMS Mathematics Subject Classification : 40A05, 40A35.

Key words and phrases : Double sequence, regularly ideal convergence,
invariant convergence, regularly ideal Cauchy sequence, Wijsman conver-
gence.

1. Introduction

Throughout the paper, N and R denote the set of all positive integers and
the set of all real numbers, respectively. The concept of convergence of real
sequences has been extended to statistical convergence independently by Fast
[23] and Schoenberg [39]. This concept was extended to the double sequences
by Mursaleen and Edely [26]. The idea of Z-convergence was introduced by
Kostyrko et al. [24] as a generalization of statistical convergence. Das et al. [8]
introduced the concept of Z-convergence of double sequences in a metric space
and studied some properties of this convergence. Tripathy and Tripathy [41]
studied on Z-convergent and regularly Z-convergent double sequences. Diindar
and Altay [10] introduced Zs-convergence and regularly Z-convergence of double
sequences. Also, Diindar [17] introduced regularly Z-convergence and regularly
Z-Cauchy double sequences of functions. Recently, Diindar and Akin [22] studied
regularly ideal convergence of double sequence of sets. Ak [5] investigated
regularly ideal invariant convergence of double sequences. A lot of development
have been made in this area after the works of [11, 12, 13, 16, 18, 25, 40].
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Several authors have studied invariant convergent sequences (see, [7, 27, 28,
29, 31, 35, 36, 37, 38, 42]). Recently, the concepts of o-uniform density of the
set A C N, Z,-convergence and Z}-convergence of sequences of real numbers
were defined by Nuray et al. [31]. The concept of o-convergence of double
sequences was studied by Cakan et al. [7] and the concept of o-uniform density
of A C Nx N was defined by Tortop and Diindar [42]. Diindar et al. [19] studied
ideal invariant convergence of double sequences and some properties.

Now, we recall the basic definitions and concepts (See [4, 6, 7, 8, 10, 11, 12,
13, 14, 15, 16, 20, 21, 18, 24, 25, 34, 41, 42, 40, 43, 44]).

Let o0 be a mapping of the positive integers into themselves. A continuous
linear functional ¢ on £, the space of real bounded sequences, is said to be an
invariant mean or a o-mean if it satisfies following conditions:

(1) ¢(x) > 0, when the sequence x = (x,,) has x,, > 0, for all n,
(2) ¢(e) =1, where e = (1,1,1,...) and
(3) d(To(n)) = ¢(xn), forall x € lo.
The mappings o are assumed to be one-to-one and such that ™ (n) # n, for all
positive integers n and m, where ¢™(n) denotes the m th iterate of the mapping
o at n. Thus, ¢ extends the limit functional on ¢, the space of convergent
sequences, in the sense that ¢(z) = limz, for all = € c.
In the case o is translation mappings o(n) = n+1, the o-mean is often called
a Banach limit and the space V,, the set of bounded sequences all of whose
invariant means are equal, is the set of almost convergent sequences ¢.
It can be shown that

¢ : .
V, = {(mn) €l : w}gnoo o kz:lxak(n) = L, uniformly in n} .

A family of sets Z C 2N is called an ideal if and only if

(i) 0 € Z, (ii) For each A,B € T we have AU B € T, (iii) For each A €T
and each B C A we have B € 7.

An ideal is called non-trivial if N ¢ 7 and non-trivial ideal is called admissible
if {n} € Z, for each n € N.

Throughout the paper we take Z as an admissible ideal in N.

A family of sets F C 2V is called a filter if and only if

(1) 0 ¢ F, (ii) For each A, B € F we have AN B € F, (iii) For each A € F
and each B D A we have B € F.

For any ideal there is a filter F(Z) corresponding with Z, given by F(Z) =
{MCcN:(34€I)(M=N\A)}.

An admissible ideal Z C 2V is said to satisfy the property (AP), if for every
countable family of mutually disjoint sets {A;, As, ...} belonging to Z, there
exists a countable family of sets { B, Ba, ...} such that A;AB; is a finite set for
je€Nand B=Jj2, B; €.

A non-trivial ideal Zy of N x N is called strongly admissible ideal if {i} x N
and N x {i} belong to Z, for each i € N.
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It is evident that a strongly admissible ideal is admissible also.

Throughout the paper, we take 7y as a strongly admissible ideal in N x N.

79 = {AC NxN: (3m(A4) € N)(i,j > m(A) = (i,j) € A)}. Then, I3 is
a strongly admissible ideal and clearly an ideal Z, is strongly admissible if and
only if Z§ C Z,.

An admissible ideal Z, C 2¥*N satisfies the property (AP2) if for every count-
able family of mutually disjoint sets {E1, Fs, ...} belonging to Zo, there exists
a countable family of sets {Fy, Fb, ...} such that E;AF; € I3, ie., E;AF; is
included in the finite union of rows and columns in N x N for each j € N and
F=J;2, Fj € Z; (hence F; € I, for each j € N).

Let A C N and

Sm = mgn |An{o(n),0*(n), - ,0™(n)}|,

Sm = max |An{o(n),o*(n), - ,a™(n)}|.

Sm

If the limits V(A) = h_r}n sm and V(A) = lim 22 exist, then they are called

m
m—00
a lower and upper o-uniform density of the set A, respectively. If V(A) = V(A),
then V(A) = V(A) = V(A) is called o-uniform density of A.

Denote by Z, the class of all A C N with V(A4) = 0.

Let (X, p) be a separable metric space. For any point x € X and any non-

empty subset A of X, we define the distance from = to A by d(z, A) = iI€1£ p(x,a).

Throughout the paper, we let Z, C 2 be an admissible ideal, (X, p) be a
separable metric space and A, Aj be any non-empty closed subsets of X.

A sequence { Ay} is said to be Wijsman Z-invariant convergent or Z{j,-convergent
to A if for every € > 0, the set A(e,x) = {k : |d(z, Ax) — d(z, A)| > €} € I,
that is, V(A(e,x)) = 0. In this case, we write Ay — A(Z,).

A sequence {Ay} is Wijsman Z*-invariant convergent or Z;;7-convergent to A
if there exists a set M = {m; < --- < my < ---} € F(Z,) such that for each
x e X, kli_}ngo d(x, Am,,) = d(z, A).

A sequence {A;} is said to be Wijsman Z-invariant Cauchy sequence or Z{j,-
Cauchy sequence if for every € > 0 and for each z € X, there exists a number
N = N(e,z) € N such that A(e,z) = {k: |d(z, Ax) — d(z, An)| > ¢} € I,, that
is, V(A(e,x)) = 0.

A sequence {A} is said to be Wijsman Z*-invariant Cauchy sequence or Z}7-
Cauchy sequence if there exists a set M = {my < --- <my, < ...} € F(Z,) such
that lim |d(z, A, ) — d(x, A, )| = 0, for each z € X.

k,p—o0

Let A CN x N and

Smn = min AN {(a(k),a(5)), (02(k),0%(7))s s (6™ (K), 0™ () } |
Smn = mkfagx ’A N{(a(k),o(4)), (02(k)702(j))7 e (0™ (k) 0™ (5)) } |
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If the limits V3(A) = lim 222 and V3(4) = lim %;:/ exist, then they are

m,n— oo m,n— 00
called a lower and an upper o-uniform density of the set A, respectively. If
Va(A) = V(A), then Va(A) = V5(A) = Va(A) is called the o-uniform density of
A

Denote by Zg the class of all A C N x N with V5(4) =0.
Throughout the paper, we let Zg C 28*N be a strongly admissible ideal and
A, By, Cy, Aj; be any non-empty closed subsets of X.

A double sequence {Ay;} is said to be bounded if sup d(x, Ax;) < oo, for each
k,j

x € X. The set of all bounded double sequences of sets will be denoted by L2 .
A double sequence {Ayg;} is said to be Wijsman invariant convergent to A if
for each x € X,

1 m,n
lim — d(z, Ak (s),09 (1)) = d(x, A), uniformly in s, .

A double sequence {Ay;} is said to be Wijsman Z,-invariant convergent or
Ty, -convergent to A, if for every € > 0, A(e,z) = {(k, j) : |d(z, Ap;) —d(z, A)| >
e} € I3 that is, Va(A(e,z)) = 0. In this case, we write Ax; — A(Zf,)-

A double sequence { Ay } is Wijsman Z3-invariant convergent or Iy -convergent
to A if and only if there exists a set My € F(Z9) (N x N\My = H € ZJ) such
that for each x € X and (k,j) € Ms, kygloo d(z, Agj) = d(x, A). In this case, we

write Zy7 — kl_im d(z, Agj) = d(z, A).
,]— 00

A double sequence {Ay;} is said to be Wijsman Zp-invariant Cauchy sequence
or Iy, -Cauchy sequence, if for every e > 0 and each x € X, there exist r =
r(e,x), s = s(e,x) € N such that A(e,z) = {(k,j) : |d(z, A;) — d(z, Ass)| >
e} € Ig, that is, Va(A(e,z)) = 0.

A double sequence {Ay;} is Z;i7, -Cauchy if there exists a set M, € F(Z3)
(i.e., Nx N\My = H € Z3) such that for every x € X and (k,j), (p,q) € Ms

lim |d(z, Akj) —d(z, Apg)| = 0.

k,j,p,q—o0
A double sequence {Ay;} is said to be Wijsman regularly convergent (R(Wa, W)-
convergent) if it is convergent in Pringsheim’s sense and for each 2z € X the limits
klim d(z, Agj), (j € N) and lim d(z, Ag;), (k € N) exist. Note that if {Ay;} is
—00 j—o0o

Wijsman regularly convergent to A, then the limits

lim lim d(z, Ap;) = d(z,A) and lim lim d(z, Ag;) = d(z, A)
k—o0 j—00 j—00 k— oo
exist and we write R(Wy, W) — kl'im d(z, Ay) = d(z, A) or Ay, R(V&)W) A
,]— 00

A double sequence {Ay;} is said to be regularly (Zw, , Zw )-convergent (R(Zw,, Zw )-
convergent) if it is Zyy,-convergent in Pringsheim’s sense and for every € > 0 and
each x € X, {k € N:|d(x, Ay;j) —d(z, K;)| > €} € Z, for some K; € X and each
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jeN,and {j € N:|d(z, Ay;) — d(z, Ly)| > €} € Z, for some Ly € X and each
ke N.
Note that if {Ay;} is R(Zw,, Zw )-convergent to A, then we write R(Zw,, Zw )—
im_d(z, Ag) = d(z, A) or Ag, Rwa Iw) o
,]— 00
A double sequence { Ay } is said to be regularly (Zyy, , Iy, )-convergent (R(Zyy,, Zyy )-
convergent) if there exist the sets M € F(Iy), My € F(Z) and M, € F(Z) (ie.,
Nx N\ M €7y, N\ M; € Z and N\ M; € Z) such that the limits
lim d(z,Ay;), lim d(z,Ay;) and lim d(z, Agj)
k,j—o0 k—o0 j—o0
(k,j)eM keM, JEM>2

exist for each fixed k € N and each fixed j € N, respectively.

Note that if {Ay;} is R(Zjy,, Ly )-convergent to A, then for each x € X the

limits lim lim d(x, A;) and lim lim d(z, Ag;) exist and are equal to A and
k—o0 j—o0 j—00 k—o0

R(Zy, Tiv) N

A double sequence {Ay;} is said to be regularly (Zw,, Zw )-Cauchy (R(Zw,, Zw )-
Cauchy) if it is Zo-Cauchy in Pringsheim’s sense and for every € > 0 and each
x € X, there exist m; = m;(e, x),np = ni(e, z) € N such that

{k eN:|d(z,Ayj) — d(z,Am,;)| > e} €Z,(j €N),

{] eN: |d($,Ak]) — d(x,A;mk)| > 5} e, (k S N)

we write R(Zyy,,, Iy,) — kl_im d(z, Agj) = d(xz,A) or Ay,
,]— 00

A double sequence { Ay; } is said to be regularly (Zyy, , Iy, )-Cauchy (R(Zyy, , Iy, )-
Cauchy) if there exist the sets M € F(Zy), M1 € F(Z) and M, € F(I) (i.e.,
NxN\M € Iy, N\M; € Z and N\ M, € 7), and for every € > 0 and each z € X
there exist N = N(e,x),s = s(e,x),t = t(e,x),m; = mj(e,x),ni = np(e,z) € N
such that whenever &, j,s,t,m;,n; > N, we have

|d(z, Ag;) — d(z, Agt)| < g, for (m,n), (s, t) € M,
|d(x, Aj) — d(x, Am,j)| < e, for each k € My and each j € N,
|d(z, Ag;) — d(x, Agn, | < €, for each j € My and each k € N.
Lemma 1.1. [42] Let {Ay;} be bounded sequence. If {Ay;} is Ify, -convergent
to A, then {Ay;} is Wijsman invariant convergent to A.
Lemma 1.2. [42] Let 0 < p < co.
(1) If Apj — A(W2V5]p), then Ay — A(Zg,).
(ii) If {Akj} S L(Q)O and Akj — A(I{/TVQ), then Akj — A([ngg]p).

(iii) If {Ax;} € LZ,, then {Aw;} is If,-convergent to A if and only if
Akj — A([ngo}p)

Lemma 1.3. [42] If a sequence { Ay;} is Iy -convergent to A, then this sequence
is Iy, -convergent to A.
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Lemma 1.4. [42] Let I3 has property (AP2). If { Ax;} is Ij, -convergent to A,
then {Ay;} is Iy7, -convergent to A.

Lemma 1.5. [42] If a double sequence {Ay;} is Ify, -convergent, then {Ay;} is
an Iy, -Cauchy double sequence of sets.

Lemma 1.6. [42] If a double sequence {Ay;} is Iy -Cauchy double sequence,
then {Ay;} is Ijy, -Cauchy double sequence of sets.

2. Main Results

Now, we introduce the notions of Wijsman regularly invariant convergence,
Wijsman regularly strongly invariant convergence, Wijsman regularly p-strongly
invariant convergence, Wijsman regularly (Z,,Z3)-convergence, Wijsman regu-
larly (Z%,Zg*)-convergence, Wijsman regularly (Z,,Z9 )—Cauchy double sequence,
Wijsman regularly (Z*,Z5*)-Cauchy double sequence of sets and investigate the
relationship among them.

Definition 2.1. A double sequence {Ay;} is said to be Wijsman regularly invari-
ant convergent (R(W?, W )-convergent) if it is Wijsman invariant convergent
in Pringsheim’s sense and the following limits hold:

1 m

n}iinoo - Z d(x, Aok (s),09(t)) = d(x, Bj), uniformly in s,
k=0

for some B; € X, each j € N and each z € X, and

RS . .
nl;rr;o - jgo d(x, Agk(s),09 (1)) = d(z,Cy), uniformly in ¢,

for some Cj € X, each k € N and each z € X.
Note that if {Ay,} is R(W?, W§)-convergent to A, the following limits hold:

R b : .
W%E}noo nh_)rréo P Z Zd(aj, Agk(s),09(t)) = d(z, A), uniformly in s,

k=0 =0
and
o L e . .
nl;rr;o mlgnC>o . z%’;)d(x,Agk(s),Uj(t)) = d(z, A), uniformly in s,t,
=0 k=

for each x € X. In this case, for each = € X, we write

m,n

R(WU7 WQU) - Tn,lvngoo . Z d(a:, Ao-k(s)’o-j(t)) = d(&?, A) or Akj
,J=0,0

ROW?.WE)

)

uniformly in s, t.
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Definition 2.2. A double sequence {Ay;} is said to be Wijsman regularly
strongly invariant convergent (R[W?, W{|-convergent) if it is Wijsman strongly
invariant convergent in Pringsheim’s sense and the following limits hold:

1 m
mli_r)noo — kz |d(x, Ak ()09 (1)) — d(x, B;)| = 0, uniformly in s,
=0

for some B; € X, each j € N and each z € X, and

R . .
HILIQO - JZ:;) |d(, Agr(s),09 (1)) — d(z,Ck)| = 0, uniformly in ¢,

for some Cj, € X, each k € N and each z € X.
Note that if {Ay,} is R[W?, W ]-convergent to A, the following limits hold:

N iy : :
”}gnoo nh—>12c — Z Z ld(x, Agk(s),09 (1)) — d(x, A)] = 0, uniformly in s,

k=0 j—=0
and
R St : :
nh—>Holo w}gnoo — ZOkZ |d(z, Agk(s),09 (1)) — d(x, A)| = 0, uniformly in s,t,
=0 k=0

for each x € X. In this case, for each = € X, we write

m,n

R[WU7 Wg] a m}"iLIBOOk ZO 0 |d(m’Aak(s)’J;‘(t)) — d(.’177A)| =0or Akj
=0,

RWW5)

)

uniformly in s, t.

Definition 2.3. Let 0 < p < co. A double sequence {Ay;} is said to be
Wijsman regularly p-strongly invariant convergent (R[W7, Wg],-convergent), if
it is Wijsman p-strongly invariant convergent in Pringsheim’s sense and the
following limits hold:

Z |d(x, Agr(s),09 (1)) — d(x, Bj)|[P = 0, uniformly in s,

. 1
lim —
for some B; € X, each j € N and each z € X and
R : .
nhﬁn;(} - Z |d(x, Agr(s),09 (1)) — d(z,Cy)[P = 0, uniformly in ¢,

=0

for some Cj, € X, each k € N and each x € X.
Note that if {Ay;} is R[W?, W3 ],-convergent to A, the following limits hold:

1 m n
. L R p_ . .
mlgnoo nlgr;o o ,;)ZO |d(, Agk (s),09 (1)) — d(z, A) 0, uniformly in s,t
—0j—
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and

1 n m
nh_)rr;o mlgnOO P Z Z |d(z, Agk(s),09 (1)) — d(x, A)[P = 0, uniformly in s,t,
§=0 k=0
for each x € X. In this case, for each z € X, we write
m,n
R[ng W;]I) — lim Z |d(x7A0'k(s),U-7(t)) - d(va” =0or Ak]

m,n— o0
k,j=0,0

RW? Wé’]p A,

uniformly in s, t.

Definition 2.4. A double sequence {Ay;} is said to be Wijsman regularly ideal
invariant convergent (R(Zy,,Zf, )-convergent), if it is Wijsman ideal invariant
convergent in Pringsheim’s sense and for every ¢ > 0 and each = € X, the
following limits hold:

{k e N:|d(z, Ag;) — d(z, B;)| > €} € I,
for some B; € X, each j € N and each z € X, and
{j e N:|d(z, Ay;) — d(z,Cy)| > e} € I,

for some Cj, € X, each k € N and each z € X.
Note that if {Ay;} is R(Zf,, Ify, )-convergent to A, then for each » € X, we
write

R(Tg Th,)

R(Ty,, Tyy,) — limd(z, Ag;) = d(x, A) or Ap; — —
Theorem 2.5. Assume that {Ay;} is a bounded double sequence. If {Ay;} is
R(Zy,, I3y, ) -convergent, then {Ag;} is R(W?, Wg)-convergent.

Proof. Let {Ay;} is a bounded double sequence and { A } is R(Zy,, Ify, )-convergent
to A. Then, {Ag;} is Wijsman ideal invariant convergent in Pringsheim’s sense
and for every € > 0 and each z € X, the followings hold:

{k e N:|d(z, Ag;) — d(z, B;)| > e} € I,
for some B; € X, each j € N and each z € X, and
{j eN: |d(x7Ak:j) - d('rack)‘ 2 6} €1,

for some Cy € X, each k € N and each x € X. Since {Ay;} is Wijsman ideal
invariant convergent in Pringsheim’s sense, then by Lemma 1.1 {Ay;} is Wijsman
invariant convergent to A.

Now, let € > 0. We estimate

u(m, s) ‘Zd T, Agr(s),0i(¢)) — d(x, Bj)|, uniformly in s,

for some B; € X, each j € N and each z € X. Then, we have
u(m,5) < ul(m, 5) + u2(m, s)
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where
1 m
ut (m,s) = o Z |d(fU7Aak'(s),ai(t)) —d(z, By)|
k=0
|d(:D7Agk<5)vaj(t))_d(w7Bj)|Z€
and

1
2 —_
U (m,s)—m

NE

(2, Agr(s),09 (1)) — d(z, Bj)l,

=

=0
|d(m’Aak(s)YU '(t))_d(rij)‘<5

<.

uniformly in s, for some B; € X, each j € N and each € X. Therefore, we
have u?(m,s) < e, for every s = 1,2,.... The boundedness of {A;} implies
that there exists K > 0 such that for each z € X,

|d($,A0k(S)70-j(t)) - d($7Bj)| < K, (k,S = 1,27 e )7
then this implies that
K
ulms) < {1k <mld@, Agrgo, i) — (@, By)| > ]

msax‘{l S k S m |d(.’1:,140-k(s)’a-j(t)) — d(l’,Bj)| Z E}‘

< K
m

:KSJ
m

and so, {Ay;} is Wijsman o-convergent to B;.

Similarly, we can show that {Ay;} is Wijsman o-convergent to Cj. Hence,
{Ag;} is R(W?, Wy )-convergent. O
Theorem 2.6. Let 0 < p < co. Then,

(i) If {Ax;} is RIW T, WS ],-convergent, then { Ay, } is R(Zf,, Ify, ) -convergent.
(i) If {Ax;} € L% and {Ap;} is R(Iy, Ify, )-convergent, then {Ay;} is
RW?,WZ|,-convergent.
(iii) If {Ag;} € L%, then {Ay;} is RIW, WS ],-convergent if and only if
{Aw;} is R(Z{,, I7y,,) is convergent.
Proof. (i) Let = {Ay;} is R[W?,Wg],-convergent. Then, it is Wijsman p-

strongly invariant convergent in Pringsheim’s sense and the following limits
holds:

L . :
mlgnOo . Z |d(x, Agr(s),09 (1)) — d(z, B;)[P = 0, uniformly in s,
k=0
for some B; € X, each j € N and each z € X, and

1 n
— , R p_ . .
nhm - jE . |d(2, Agr (s),09 (1)) — d(z,Cy)|[P = 0, uniformly in ¢,
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for some Cy € X, each k € N and each x € X. Since {Ay;} is Wijsman p-
strongly invariant convergent in Pringsheim’s sense, then by Lemma 1.2 {Ay;}
is Zf};, -convergent.

Also, for every € > 0, some B; € X, each j € N and each x € X we can write

Z |d(x, Agr(s),00 1)) — d(z, B;)[*

k=1
m
> Z ‘d(‘xaAo”“(s),aj(t)) - d(m7Bj)|p
k=1
[d(@, Ak (5,04 (1))~ (x:Bj) | =€
> €p|{k <m: |d(xaAak(s),aj(t)) - d(xaBJ)‘ > 5}|
>eP msaX Hk‘ <m: |d($,AJk(8)’o—j(t)) - d(l‘,B])| > 8}‘
and
1 m »
e Z |d(m7A0'k(s)7U-7(t)) - d(l‘, B])|
m k=1
max|{k <m: ‘d(xaAo"“(s),oj(t)) - d($,B])| > 5}|
>el—
m
— Epsﬂ
m )
for every s = 1,2,... . This implies
lim —— =0
m—oc0 M

and so {Ay;} is Zjj,-convergent to B;.

Similarly, we can show that {Ay;} is Zfj,-convergent to C. Hence, {Ay;} is
R(Zy,, Ify,, )-convergent.

(ii) Let {Ap;} € L% and {Ay;} is R(ZIj,, I, )-convergent. Then, {Ay;} is
Wijsman ideal invariant convergent in Pringsheim’s sense and for every € > 0
and z € X the followings hold:

{k € N: |d(z, Ay) — d(e, B))| > €} € T,
for some B; € X, each j € N and each z € X, and
{/ eN:ld(z, Ayj) — d(z,Cy)| = €} € Lo,

for some C, € X, each k¥ € N and each x € X. Since {Ag;} is Wijsman
ideal invariant convergent in Pringsheim’s sense, then by Lemma 1.2, {A;} is
Wijsman p-strongly invariant convergent. Let 0 < p < oo and € > 0. Since
{Ag;} is bounded, {Aj;} implies that there exists K > 0 such that

|d(x7Aak(s),crj(t)) - d(xaBJ” <K, (] € N)a
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for all k,s € N, some B; € X and each x € X. Then, for every s = 1,2,...we
have

m

1
— Dl Aok () 050)) — dla, By
m
k=1
1 m
= > |d(, Agk(s),09 (1)) — dlx, Bj)I”
k=

—

‘d(:v’Agk(s)vo.j (t) 7d(I)Bj)IZE

1 m
o > |d(, Agr(s).09(1)) — d, Bj)[”
k=1
(@, Ak (4,04 (1)) —d(@,Bj) | <e
max ij <m: |d($7A0-k(5)7a'j(t)) - d(vaj)l 2 E}‘
< K-S + &P
m
< KS—m + P,
m

Hence, we obtain
RS A P . .
mlgnoo - Z |d(z, ok (s),09(¢)) — d(, B;)|" =0, uniformly in s
k=1

and so, {Ay;} is Wijsman p-strongly invariant convergent to B;.

Similarly, we show that {Ay;} is Wijsman p-strongly invariant convergent to
Cy. Hence, {Ay;} is R[W?, WJ],-convergent.

(#i¢) This is immedate consequence of (i) and (ii). O

Definition 2.7. A double sequence {Ag;} is said to be regularly (I3, Zgr )-
convergent (R(Zy7, Iy, )-convergent) if and only if there exist the sets M €
F(Z9), My € F(Z,) and My € F(Z,) (i.e., Nx N\ M € Z¢, N\ M; € Z, and
N\ M; € Z,) such that for each z € X, the following limits hold:
lim d(z, Ag;), lim d(z, Axj) (j € N) and lim d(z, Axj) (k € N).
k,j—oc0 k— o0 j—o0
(k.j)eM keM, JEM:
Note that if {Ay;} is R(Z{F, Iiy, )-convergent to A, then for each z € X, we
write
. o . R(T%TW,)
Ry, Tyy,) — lim d(x, Agj) = d(z, A) or d(z, Ax;) — = A

k,j—0c0

Theorem 2.8. If a double sequence {Ay;} is R(ZyF, I, )-convergent, then
{Ax;} is R(Ty,, Iy, ) -convergent.

Proof. Let {Ay;} be R(Zy7, Iy, )-convergent. Then, {Ay;} is Zf -convergent
and so, by Lemma 1.3 {A;} is Iy, -convergent. Also, there exist the sets
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My, My € F(Z,) such that for each z € X,

(Ve > 0) (Fko € N) (Vk > ko) (k € M) |d(z, Ak;) — d(z, Bj)| < &,
for some B; and each j € N, and

(Ve > 0) (Fjo € N) (V5 > jo) (j € Ma) |d(z, Axj) — d(z, Cr)| <,
for some C}, and each k € N. Hence, we have

Ale) = {keN:|d(z,Ax;) —d(z,Bj)| > e} C HiU{1,...,(ko—1)}, (j € )
B(e) = {jeN:|d(z,A;) —d(z,C)| >} C HoU{1,...,(jo—1)}, (k€

\./

for Hy, Hy € Z,. Since Z, is an admissible ideal we get
H1U{1,2,...,(k0—1)} € 1, and HQU{l,Q,...,(jo—].)} S

and therefore A(e) € Z, and B(e) € Z,. This shows that the double sequence

{Ar;} is R(Z§y,, iy, )-convergent. O

Theorem 2.9. Let Z, has property (AP) and I§ has property (AP2). If a
double sequence {Ag;} is R(I,, Iy, )-convergent, then {Ax;} is R(ZyS, Iy, )-
convergent.

Proof. Let a double sequence {Ay;} be R(Zy,, Iy, )-convergent. Then, {Ay;} is
Ty, -convergent and so, by Lemma 1.4 {4y} is Z7 -convergent. Also, for each
€ > 0 and each x € X we have

A(e) ={k e N:|d(z, Ag;) — d(z, B;)| > €} € I,
for some B; and each j € N, and
B(e’;‘) = {.] eN: ‘d(xaAkj) - d(I,Ck)| 2 E} €Z1,,

for some C}, and each k € N.
Now, for each x € X we put

Al = {k’ eN: |d(l‘,AkJ — B]>| > 1},

1 1
At = {kENtS|d(QS,Ak]) (Z‘B)|<t_1}

for t > 2, some B; and each j € N. It is clear that A,, N A,, = 0, for m # n and
A, € I, for each m € N. By the property (AP) there is a countable family
of sets {Bl, Bs, ...} in Z, such that A, A B, is a finite set for each n € N and
B= U B, €1,.

We prove that

lim d(x, Axj) = d(z, B;), some Bj and each j € N,

k—o0
keM
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for M = N\B € F(Z,). Let 6 > 0 be given. Choose ¢t € N such that 1/t < 4.
Then, we have for each x € X,
t
{keN:|d(z,Awj) — d(z,B;j)| >} C U Zp, for some B; and each j € N.
n=1

Since A,, A B,, is a finite set for n € {1,2,...,t}, there exists kg € N such that

(LJBOﬁ{hk>kd=(LJAQm{hk>k@.

If k > ko and k ¢ B, then

t t
k%UBnand SOk&UAn.

n=1 n=1

Thus, we have
1
(e, Agy) — dl, By)| < 5 <5,
for some B;, each j € N and each x € X. This implies that
lerr;O d(z, Aj) = d(z, Bj).
Hence, we have
Z; — lim d(z, Ax;) = d(z, By),

k—o0

for some Bj, each j € N and each z € X.
Similarly, for the set

B(e) = {j € N: [d(z, Ay;) — d(z,Cy)| =2 e} € Lo,
we have
I; — lim d(x, Akj) = d(l‘, Ck),
Jj—o0o
for some C%, each m € N and each z € X. Hence, a double sequence {Ay;} is
R(Zy7, Ty, )-convergent.

Definition 2.10. A double sequence {Ay;} is said to be regularly (Zf,,Zf, )-
Cauchy sequence (R(Zf,, Zfy, )-Cauchy sequence), if it is Z}, -Cauchy in Pring-
sheim’s sense and also for every € > 0 and each x € X there exist numbers
m; = m;(e),ng = ng(e) € N such that

Ai(e) = {k e N: |d(z, Apj) — d(z, Ap,, ;)| > €} €L, (j €N)
and

Az(e) = {j e N: |d(z, A;) — d(z, Agn,,)| = €} € I, (k €N)
holds.

Theorem 2.11. If a double sequence {Ay;} is R(Zj,, Iy, )-convergent, then
{Ar;} is R(T{,, Iy, ) -Cauchy sequence.
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Proof. Let {Ay;} be R(Zj,, Iy, )-convergent. Then, {Ay;} is Zf}, -convergent
and by Lemma 1.5, it is Zf, -Cauchy sequence. Also, for every € > 0 and each
x € X we have

€ €
) = . ) Al > =
4(5) = {keN:ld@, Ay) - d, )| = S} € L.,
for some B; and each j € N, and
€ €
Bl R . ) > 2
Ag(z) {g € N: |d(x, Agj) — d(z, C)| > 2} €1,

for some C}, and each k € N. Since Z, is an admissible ideal, for each x € X the
sets

A;(g) = {keN: ld(w, Ay) — d(z, By)| < %}

for some B; and each j € N, and
€

A§<2) - {j e N: |d(z, Ay) — d(z, Cy)| < g}

for some C} and each k € N, are nonempty and belong to F(Z,). For m; €
A$(5), (j € Nand m; > 0) we have

€

|d(x7Amjj) - d(ZC,B])| < 5;

for some B;, each j € N and each € X. Now, for each € > 0 we define the set
Bi(e) = {k e N:|d(z, Ax;) — d(z, Am,5)| 2 €}, (4 €N),

where m; = m;(e) € N. We must prove Bi(e) C A1(5). Let k € Bi(e). Then,
for m; € A5(£), (j € N and m; > 0) we have

2
e< |d(x’Akj) - d(x7Amjj)| < |d($7Akj) - d(x7Bj)| + ‘d(x7Amjj) - d(xﬂBj”
€
< |d(£L‘,Ak])—d(£U,BJ)| +§7
for some B; and each j € N. This shows that
€
5 < ld(z, Ay;) — d(, B))|

and so k € A;(5). Hence, we have Bi(e) C A1(5).
Similarly, for each € > 0 and n, € A5(5) (k € N and np > 0) we have

A, Apn,) = dl, Co)] < 3,

for some Cy, each k € N and each x € X. Therefore, it can be seen that
Ba(e) € As(3),
where
Ba(e) = {j € N : [d(w, Ar) — d(@, Aun,)| > <}, (k € N),

where ng = ni(e) € N.
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Therefore, we have Bi(e) € Z, and By(¢) € Z,. This shows that {Ay;} is
R(Zy,, Ijy, )-Cauchy sequence. O

Definition 2.12. A double sequence {Ay;} is regularly (I3, Z, )-Cauchy se-
quence (R(Zy7, Iy, )-Cauchy sequence) if there exist the sets M € F(Z5), M, €
F(Z,) and My € F(Z,) (that is Nx N\M = H € I9, N\M; € Z, and
N\M; € Z,;) and for every e > 0 and each x € X, there exist N = N(¢), s = s(¢),
t =t(e), m; = mj(e), ni = ni(e) € N such that whenever &, j,s,t,m;,ni > N,
we have

‘d(x’Akj) - d(vaSt” <g, (fOT (kaj)a (Sat) S M)7

|d(x, Ay) — d(x, Am,j)| < e, (for each k € My and each j € N),

|d(x, Arj) — d(z, Agn, )| <€, (for each j € My and each k € N).
Theorem 2.13. If a double sequence {Ax;} is R(Zy, Ty, )-Cauchy sequence,
then {Ag;} is R(ZF,, Iy, )-Cauchy sequence.

Proof. Since a double sequence {Ay;} is R(Zy7, Iy, )-Cauchy sequence, then
{Ag;} is Ty, -Cauchy sequence and so it is Zy, -Cauchy sequence by Lemma
1.6. Also, since {Ay;} is R(ZyF, Iy, )-Cauchy sequence, there exist the sets
M, € F(Z,) and My € F(Z,) (that is, N\M; € Z, and N\M; € Z,) and for
every € > 0 and each x € X, there exist N = N(¢), mj; = m;(e), np = ni(e) € N
such that we have

|d(x, Ayj) — d(x, Am,j)| <&, (for each k € My and each j € N),
|d(z, Ak;) — d(z, Ak, )| < e, (for each j € M and each k € N),

whenever k, j,m;,ni > N. Therefore, H = N\M; € Z, and Hy, = N\M, € Z,,
we have

Ai(e) ={k e N:|d(z, Aj) —d(x, Am,j)| > e} CHLU{L,...,(N =1)},(j €N)
for each k € M7 and each z € X, and

As(e) ={j e N: |d(z, Axj) — d(z, Agn, )| > e} CHy U{1,...,(N—-1)},(keN)
for each j € My and each x € X. Since Z, is an admissible ideal,

HyU{1,2,...,(N=1)} €Z, and H,U{1,2,...,(N = 1)} € I,,
and so, Ai(e) € I, and A(e) € Z,. Hence, {Ax;} is R(Zy,, Ijy,)-Cauchy
sequence. O
3. Conclusions and Future Work

We investigated the concepts of Wijsman regularly invariant convergence typ-
ies and Wijsman regularly ideal invariant convergence and Cauchy sequence typ-
ies. These concepts can also be studied for the lacunary sequence in the future.
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