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GLOBAL AXISYMMETRIC SOLUTIONS TO
THE 3D NAVIER-STOKES-POISSON-NERNST-PLANCK
SYSTEM IN THE EXTERIOR OF A CYLINDER

JIHONG ZHAO

ABSTRACT. In this paper we prove global existence and uniqueness of ax-
isymmetric strong solutions for the three dimensional electro-hydrodyna-
mic model based on the coupled Navier—Stokes—Poisson—Nernst—Planck
system in the exterior of a cylinder. The key ingredient is that we use
the axisymmetry of functions to derive the LP interpolation inequalities,
which allows us to establish all kinds of a priori estimates for the velocity
field and charged particles via several cancellation laws.

1. Introduction

In this paper, we study the following dissipative system of nonlinear and
nonlocal equations modeling the flow of electro-hydrodynamics in a connected
open set Q C R3 with smooth boundary 9€:

us+ (u-V)u— Au+ VP = AUV,

divu =0,

(1) ny, +(u-V)n= =V-(Vn~ —n~ V),
nf + (u-V)nt =V (Vnt +ntvVY),
AV =n~ —nt,

where u = (u1,us,u3) and P denote the unknown vector velocity and scalar
pressure of fluid, respectively, n~ and n* denote the densities of binary diffuse
negatively and positively charged particles, respectively, and V¥ is the elec-
trostatic potential. All physical parameters in (1) have been taken to be 1
for simplicity of presentation. Furthermore, in the domain 2 where the fluid
occupies, the system (1) is assumed to supplement with the following initial
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conditions:

(2)  (u,n™,n )]0 = (uo,ng ,ngd), divug=0, ny >0, nf >0 in Q,
and the velocity field equations is determined by the no slip boundary condition:
(3) u=0 on 00 x(0,T),

while the equations for the charged densities are determined by the pure Neu-
mann boundary conditions:
- +
(4) %:0, aaly:o, g—\f:o on 89 x (0,T),
where v denotes the unit outward normal vector of 0f.

The system (1)—(4) appears in the context as the Navier—Stokes—Poisson—
Nernst—Planck system in electro-hydrodynamics, which was intended to ac-
count for the electro-diffusion phenomenon in an incompressible electrical fluid
medium, for example, see [14,16]. Generally speaking, the self-consistent charge
transport is described by the Poisson—Nernst—Planck equations, while the fluid
motion is governed by the incompressible Navier—Stokes equations with forcing
terms. We refer the readers to see [16] for the detailed mathematical description
and physical background of this fluid-dynamical model.

If the flow is charge-free, i.e., n~ = n™ = ¥ = 0, then the system (1) reduces
to the following incompressible Navier—Stokes equations:

5) {ut+(u~V)u—Au+VP:0,

divu = 0.

In their celebrated works, Leray [12] and Hopf [5] proved that the n-dimensional
(n > 2) Navier—Stokes equations (5), subject to the initial data of L?-finite en-
ergy, admits at least a global Leray—Hopf weak solution. It is well-known that
such a global weak solution is regular and unique in two dimensional case, but
in three dimensional case, the regularity and uniqueness of such weak solutions
still remains a challenging open problem in mathematical fluid dynamics. On
the other hand, many efforts have been made to study various solutions with
certain special structures, and the axisymmetric solution is such an important
case. For the axisymmetric Navier—Stokes equations without swirl, Ladyzhen-
skaya [9] and Ukhovskii-Yudovich [17] independently proved global existence,
uniqueness and regularity of axisymmetric weak solutions. Later on, Leonardi
et al. [11] gave a refined proof, and Abidi [2] extended this global regularity
result to certain initial data in critical space H 2. For the axisymmetric Navier—
Stokes equations with non-trivial swirl, Ladyzhenskaya [10] and Abe—Seregin
[1] proved the global existence of unique axisymmetric strong solution in the ex-
terior of a cylinder subject to the no slip and Navier boundary conditions. The
crucial points for the analysis in [10] and [1] are the interpolation inequalities
and the maximum principle.
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To our knowledge, mathematical analysis of the system (1) was initiated
by Jerome [6], where the author established a local well-posedness theory and
stability under the inviscid limit based on the Kato’s semigroup framework.
Subsequently, local existence with any initial data and global existence with
small initial data in various critical functional spaces (e.g., Lebesgue and Besov
spaces) were established by [13,18-20]. On the other hand, the global exis-
tence, as well as regularity and uniqueness, of weak solutions for the system
(1) adapted with various boundary conditions have been studied in two or three
dimensions by [3,4,7,8,15,16], some analytical results similar to the Navier—
Stokes equations were obtained.

The main goal of this paper is to study global existence of axisymmetric
strong solutions for the electro-hydrodynamic system (1) in the exterior of
a cylinder subject to the initial boundary-value conditions (2)—(4). The key
ingredient is that we shall make use of axisymmetry of functions to derive
some LP interpolation inequalities, which allow us to establish some crucial a
priori estimates for the velocity field and charged particles via several important
cancellation laws. Without loss of generality, we assume that

Q= {r=(x1,72,73) €R® /a2 + 23 =0 > 0,23 € R}.

Denote a point in €2 by z. Let us consider the cylindrical coordinates:

T2
r=1/z? +123, 0=arctan—, z=ux3,
Z1

and denote the three standard basis vectors are as follows:
1 T2 T2 X1
er=(—,—,0), epg=(——,—,0), e,=1(0,0,1).
b= (2 20), 6= (-22"0), .= (0,0,1)
A function f or a vector function u = (u”,u?,u?) is said to be axisymmetric if
f, u", u? and u* are independent of the angular variable 6, i.e., f and u has

the following forms:

fz1, 20, 23) = f(r,2), w(zy,ze,x3) = u" (1, 2)e, +u’ (1, 2)eg + u*(r, 2)e..
Due to the uniqueness of strong solutions, it is clear that if the initial data
(uo,ng ,ng ) is axisymmetric, then the strong solution (u,n~,n*) to the prob-
lem (1)—(4) is also axisymmetric.

Before we state the main result, let us introduce the following notations.
We denote by LP(Q2), 1 < p < oo (or L*°(£2)) the space of the usual scalar-
valued or vector-valued functions defined on 2 with the p-th power absolutely
integrable (or essentially bounded scalar-valued or vector-valued functions) for
the Lebesgue measure. For m € N, 1 < p < oo, the Sobolev space W™P(Q) is

the space of functions in LP(£2) with derivatives of order less than or equal to
m in LP(Q), i.e.,

WmP(Q) = {f € LP(Q) : D*f € LP(Q), |a| < m).

In particular, when p = 2, we denote H™(Q) = W™2(Q). Let C§°(Q2) be the
space of C* functions with compact support contained in 2. The closure of



732 J. ZHAO

C§e(Q) in W™P(Q) is denoted by Wy"*(2) (HJ*(Q2) when p = 2). Moreover,
let C§%,(€2) be the space
Cow(Q) = {u € C5°(Q) : divu = 0}.

The closure of C%,(Q) in H' () is denoted by Hj ,(€2).
Our main result is stated as follows.

Theorem 1.1. Let Q = {& = (z1,22,23) € R} /a3 +23 = § > 0,23 €
R}. Assume that (ug,ng,ng) is an azisymmetric initial data and satisfy the
following regularity conditions:

(6) uog € H*(Q)NH (), ng,ng € H*(QNLY(Q), ng >0, nf >0 in Q.
Then for every T > 0, there exists a unique azisymmetric strong solution
(u,n~,nT) to the initial-boundary value problem (1)—(4) with
u € C([0,T], Hy ,(2)) N L>®(0,T; H*(2)), n~,n" € C([0,T], H*(Q) N L' ()
and

ug,ny ,ni € L°(0,T; L*(Q)), Vu, Vny,Vnl € L?(0,T; L*(Q)).

We shall prove Theorem 1.1 in the next section. Throughout the paper,
we shall use the notation [ - ||z» instead of || - ||Lr(q), and || - [|g= instead of
| - | zrm () for simplicity. We denote by C' the harmless positive constant, which
may depend on initial datum and its value may change from line to line, the
special dependence will be pointed out explicitly in the text if necessary.

2. The proof of Theorem 1.1

We first prove the following crucial interpolation inequalities for axisymmet-
ric functions in Lebesgue spaces.

Lemma 2.1. Let D = {(r,z) : 7 > > 0,z € R}. Then for any azisymmetric
vector function u = u”(r, 2)e, + u’(r, 2)eg + u*(r, 2)e. satisfying u* € H' (D)
for i =10, z, there exists a constant C depending only on p and § such that
for any 2 < p < 0o, we have

2 1—2
(7) lallzoc@y < Co, ) ull 2o o IVl gy + a2,

where Q = {x € R : \/2? + 22 = § > 0,23 € R} is the corresponding domain
of D in Cartesian coordinates. We emphasize here that (7) also holds for any
azisymmetric scalar function.

Proof. Notice that in the Cartesian coordinates,

L1 L2
2t - 2l ug =
r r r

Qr L1 ¢ z

Uy = u + —u’, uz=1u".
T

Then we have

fuly = [ upds = [ (Cor = Z2u0p 4+ (Zar 4 2P 4 0)2) da
Q Q r r r r

s
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= [P P o ) e
Q
<C) [ (P + WP+ o)
Q

By using the Gagliardo—Nirenberg’s inequality in two dimensions, we know that
fori=r,0,z,

[, I 1y < O, 2 i) |V, 2) 532
where V := (Or, 0,) is the two dimensional gradient operator. It follows that

||ui|\1£p(ﬂ) :/Q|ui|pdm:27r/D|ui|pTdrdz: 277/1)(\ui\r%)pdrdz

-1

NS

< C(p) (/D(|Uirzl7)2drdz> (/D(|8Tui|r;)2+p12(ui|rzlo_1)2+(azui|rzlv)2d7‘dz>
< (it ) ([ ot ot )

+C(p) </D(|ui|ré)2drdz> </D(|ui|ré-1)2drdz)g_l.

Since 2 < p < oo, r > 4§ > 0, it is easily seen that

2_ 2_ 2_ 2_
:rrplgr(SPl 7‘P2§7‘5P 3,

)

k1N

r

This yields immediately that

By
[0 ey < C0)] [ urdna ([ (0,02 + 0. Prara

+ (/ |u’|2rdrdz) ]
D
< C(p, 0) ([0 320 1 V0 52y + 107117 2 )

The proof of Lemma 2.1 is achieved. (I

Next we establish the following several crucial a priori estimates. Let us
introduce two new functions v := n~ +nT and w := n~ — n*, and then the
problem (1) is reduced into the following system of equations:

u+ (u-V)u — Au+ VP =wVU,
divu = 0,

(8) ve+ (u- Vo=V - (Vo —wVV¥),
we + (u-Vw =V - (Vw —oVT),
AV = w,
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while initial conditions (2) and boundary conditions (3)—(4) are correspondingly
changed into the following way:

9) (u,v,w)|t=0 = (uo, vo,wo) = (uo,ng —I—na',na — ng), divug=0 in Q

and

ov ow ov
5—0, E—O, E—O on 8QX(O,T)

It is clear that if (u,n™,n™) is an axisymmetric strong solution of the problem
(1)-(4) (P and ¥ can be determined by (u,n~,n%)), then (u,v,w) is an ax-
isymmetric strong solution of the problem (8)—(10) (P and ¥ can be determined
by (u,v,w)), and vice verse. Therefore, we aim at establishing some crucial a
priori estimates of axisymmetric strong solutions for the problem (8)—(10).

(10) u=0,

Lemma 2.2. Let the assumptions (6) be in force, and let (u,v,w) be the cor-
responding azisymmetric strong solution to the problem (8)—(10) on [0,T] for
any 0 < T < oo. Then we have

T
(11)  sup H(v(t),w(t))II%er?/ I(Vo(t), Vw(®))l[72dt < [|(vo, wo) 72
0<t<T 0

T
(12) sup ||(U(t),V‘I’(t))|I2L2+2/ [(Vu(t), AT(1)|Z2dt < ||(uo, VE(0))][Z:-
0<t<T 0

Proof. Multiplying the third equation of (8) by v and integrating over 2, one
has

1d
2 dt
where we have used integration by parts, the boundary conditions (10) and the
divergence free condition divu = 0 to yield

/Q(u - V)ovdr = %/Q(u V)oide = f% /Q(v -u)vidr = 0.

Repeating the same steps for w, we have
1d
2dt
After integration by parts, we obtain the following cancellation by consideration
of the fifth equation of (8) and the boundary conditions (10):

(13) ||v||%2—|—HVUH%2—l—/ﬂva~V\Ildm—|—/va2dm:0,

(14) w]Fz + Vw72 —&-/QwVv - VWdx +/va2dx =0.

/ wVv - VWdx +/ vVw - VV¥dx = —/ vw?dz.
Q Q Q

Therefore, adding up the above estimates (13) and (14) yields

1d

(15) §£||(v,w)\|%z + ||(Vo, Vw)||2Lz +/ vw?dx = 0.
Q
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Integrating (15) over [0,¢] for all 0 < ¢ < T implies that

T T
(16) sup ||(v, )|, —|—2/ H(Vv,Vw)Hisz—|—2/ /vw2dxd7
0<t<T 0 0 Ja

= ||(vo, wo)|[72-

Since v is nonnegative, which can be ensured by the nonnegativity of n~ and
n't (see for example [6,16]), we get (11).

To prove (12), multiplying the first equations of (8) by wu, after integration
by parts, it can be easily seen that
1d
2 dt
On the other hand, multiplying the fourth equation of (8) by ¥, after integra-
tion by parts and using the fifth equation of (8), one has

(17) i+ 19l = [ wow - ude

1d
(18) ——||VY|2, + / |AV|*dx + / V|V |2dx + / u - VUwdr = 0.
Adding up the above estimates (17) and (18) yields that
1d
(19) 5 71 VO + [[(Vu, A7 +/ V|V dz = 0.
Q
Then (12) follows by integrating (19) in the time interval [0, ¢] for any 0 < ¢t < T,
and using v is nonnegative. The proof of Lemma 2.2 is achieved. O

Lemma 2.3. Let the assumptions (6) be in force, and let (u,v,w) be the cor-
responding azisymmetric strong solution to the problem (8)—(10) on [0,T] for
any 0 < T < oo. Then we have

T
(200 sup [[(Vo(t), Va(t))2. + / I(Av(t), Aw(t))||2.dt < C,
0<t<T 0

where C'= C(|[uol|z2, [|(vo, wo) | mrnrr, T)-

Proof. Multiplying the third equation of (8) by —Aw and integrating over £,
after integration by parts, one gets

1d
(21) S oIVl + [[Av]3:

= /(u : V)vAvder/ Vw - VY Avdz +/ w? Avdz.
Q Q Q

The three terms on the right hand side of (21) can be bounded in the follow-
ing way by using Holder’s inequality, (11), (12), (7) with p = 4 and Young’s
inequality,

/Q (u- V)vAvdz

< lull ol Vol af| Av] 2
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1 1 1 1
< O(llull 22 1VullZ2 + l[ull2)(IVoll L [[Av]I 22 + [[Voll 2) | Av] 2

< CA+[Vullz2)(IVllZ2 | Av] £ + Vol L2) [ Av]| >
1 1 1 3 1
CIVullZ2 Vol L2+ VUl ) [Avl| L +CUIVul 22 Vol 2 + Vol L2) | Av] 2

IN

IN

1
gllAvlZe + CO+ [[VullZ2) Vol Ze;

/QVw - VU Avdx
< [Vl [ V]| [ Aol 2
< C(IVwl L I1Awl 2, + [Vl ) (V2 AT Z + [VE]|2)]|Av] 12
CIVwllZ|Aw] s + [Vl o) Al e

IN

IN

1
sllavlze + C(IVwl 2 Aw] 2 + ([ Vw|[72)

IN

1 1
sllavlze + glAw]ze + ClIVwlis;

/ w?Avdz < w]|Z:[|Av]|L: < C(lw] e[Vl e + [lwl|F2) ]| Av| L2
Q

1
< lAv)Ze + CIVellz: +1).
Taking the above three estimates into (21) yields
d 5
(22 S0l + 1Al
1
< Az + O+ [[VulZ) (1 + [VolZa + [[VellZs).
Repeating the same calculations for the equation of w, we get
d 5
(23) SVl + 2l Aul?;
1
< 71180z + CO+[IVullZ2) (1 + [IVollZa + [VuwlZ2).
Adding up (22) and (23) provides
d
(24) (Yo, V)72 + [I[(Av, Aw) |72

< O+ [Vulz2) (A + [IV][ 22 + [[VwlZ2).
Notice that |V¥(0)||z2 can be controlled by ||wq||p2nr1. Therefore, applying
the Gronwall’s inequality to (24) yields that

T
(25) (Vo, Vo) |2 +/ 1(Av, Aw)|22dt < C
0

sup_||
0<t<T
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for some C' = C(||luol|r2, ||(vo,wo)||ginLr, T). The proof of Lemma 2.3 is
achieved. O

Lemma 2.4. Let the assumptions (6) be in force, and let (u,v,w) be the cor-
responding azisymmetric strong solution to the problem (8)—(10) on [0,T] for
any 0 < T < oo. Then we have

T
(26)  sup IIVU(L‘)II%H/ [Au(®)||72dt < C(|luoll a1, [[(vo, wo)|| L2nrr, T)-
0<t<T 0

Proof. Multiplying the first equations of (8) by —Aw and integrating over £,
after integration by parts, we get

1d
(27) 5%“VUH%2 + |Au||2. = / (u- V)uAudr — / wVVYAudz.
Q Q

Similarly, we can estimate two terms on the right hand side of (27) based on
the facts (11), (12) and (20):

/Q(u - V)uAudz
< lull <1 Vull s [ Aull 2
< C(lul 2 IVullZs + lull2) IVl 25 1 Aull 2, + [Vl )] Al 2
CIVull: + [ Vull2)[Aul 2 + O Vul s + [IVall£2)l| Aull 2

IN

IN

1
J1Auliz + O+ [Vl Z) I Vul

—/wV\I/Audm
Q
< lw|lpa| V|| pa | Aul| L2
1 1 1 1
Clwl z21IVwl z2 + [[wll L) (V| 22 [AC 72 + [V L) ([ Aull L2

IN

IN

1
F1AullZ: + C1+ [[Vuwl72).
From the above two estimates, it follows easily from (27) that
d 2 2 2 2 2
(28) S lIVullze +l1Aullz: < OO+ [IVullzs + [Vwllz:) (1 + [[Vullz2),

which yields (26) by applying Gronwall’s inequality, (11) and (12). The proof
of Lemma 2.4 is achieved. O

Lemma 2.5. Let the assumptions (6) be in force, and let (u,v,w) be the cor-
responding azisymmetric strong solution to the problem (8)—(10) on [0,T] for
any 0 < T < oo. Then we have

T
(29) sup H(ut,vt,wt,wt)||iz+/ (Vae, Vor, Vaw)|[Zadt
0<t<T 0
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< Clluollm2, || (vo, wo) lr2nz, T)-
Proof. Taking the derivative to the system (8) with respect to t, we see that
g + (ug - V)u+ (u-V)ug — Aug + VP = w, VU + wVVy,
v + (ug - VYo + (u-V)vy =V - (Vo — w, VI — wV ),

wy + (ug - Vw4 (u - V)wy =V - (Vwy — 0, VU — oV Ty),
A\I/t = Wt.

(30)

We first consider the estimates for v; and w;. Multiplying the second equa-
tion of (30) by v, the third equation of (30) by w;, and integrating over €,
respectively, then adding up the resultant two equalities, we get

1d
5 i 1@ wdllZe + [[(Vor, V) 72

= —/(ut-V)v~vt+(ut~V)w-wtdx
Q
(31) _/ V- (V)0 + V- (0, VT )wyda
Q

— / V- (wVP)v + V- (VI )wpdx
Q
=1+ Ir + Is.

Applying Holder’s inequality, interpolation inequality (7) and Young’s inequal-
ity, and using (11), (12), (20) and (26), the right hand side of (31) can be
estimated as follows:

I < ||Vl 2 |lugl pallvell o + [[Vw|l p2 |uel Lo l[we || s
< C(luell 21V usll 2 + luell ) (e wo) |22 1 (Vor, Vw125 + (|06, we)l|2)
< 119wl + 0o Va3 + CllueliZa + o, wol32);
L=- /Q woawnds < [[wl e ol e o
< Cllloel 2V 0el 22 + vell o) (el 21V we | 22 + e 2)
< (Vo V) [ + Clwn,wn) 3
I3 = /Q(wV\Ilt -V + 0V, - Vwy)dx
< wll |V [ Vol + o]l a1V Dl pa | Ve | 2
< OOV L AT 12, + [V, 12) (V00 22 + Ve 2)

1 1
< SI(Vor, Vullze + 1A + ClllwelZ + 1V ¥472),
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where we have used (20) and (26) to bound ||(v,w)||a in the derivation of I3:

10, w)llzs < C([[(v, )| 1V, V) 72 + [[(v,w)]|22) < C.

Taking all above estimates into (31), we obtain

d 5
(32) %H(%Wt)||%2+1||(Vvt,th)ll2Lz

1
< iH(VUtaquﬁ)”%ﬁ"'C”(UhV\I’tvvtth)”i?'
Next we derive the estimates for u; and VW;. Adding up the first equations

of (30) and the third equation of (30) tested with u; and ¥;, respectively, using
the relation AV, = wy, after integration by parts, we see that

1d
3 PO + (Vs AT
= — / (ug - V)u - upde + / wyVV - usdx
(33) Q Q

+ / ('LL . th) . \I/tdx +/ V- ('Utv\:[/ + UV\I/t)\Iltdac
Q Q
= I4+I5+16+I7,

where we have used the cancellation relation
/ wV, - ude + / (ur - VYw¥dz = 0.
Q Q
Applying (11), (12), (20) and (26) again, we can bound I; (: = 4,5,6,7) one
by one as follows:

1,

IN

IVull 2 uellZs < Cluell 2l Vel + [luel|72)

A

1
§||Vut||2L2 + Cllugl|72;
I5

IN

lewell 2 V9 el o
< Cllwell 2 IV 2 1AW 2, + [V 2) (el 22 [ Vael 22 + ludllz2)
< 21VullZe + ClluelZz + fwrllZ);
Ig = - / WV, - uda < Jull 2w s | V]| o
< O(well 2V willZa + well =) IV AT 2, + VT 2)
< SIVuel3s + glAv: + C s + V)32,
I; = /Q(utw SV, + 0|V ?)dx

< IVl zelloell oV Pellzs + oll 2 |V Zs
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1 1
< Vol + SIAT L + C(lodllZe + 1V 2L 72).
Taking all above estimates into (33), we have

3 1
(34) (e, VI [72 + 51V, AT < Z[[(Vor, Vi) |72

i”
dt -
+ Ol (ue, V¢, vp, wy) [

Adding up (32) and (34) and using the fourth equation of (30), we finally obtain

(35) (ut,vhwt, V‘I&)H%%—H(Vw, V’Ut7 th)Hsz SCH(Uh V\I/t,’l)t,wt)H%g.

d

L
Applying Gronwall’s inequality yields (29). The proof of Lemma 2.5 is achieved.
O

Based on Lemmas 2.2-2.5, one can apply the Galerkin approximation and
the Aubin—Lions compactness principle to prove that for every T' > 0, there
exists a global axisymmetric strong solution (u,v,w) to the problem (8)—(10)
satisfying

(36) uw e C([0,T], Hy ,(2))NL>(0, T; H*()),v,w € C([0,T], H*(Q)NL" (2))
and
(37) ug, v, wy; € L2(0,T; L2(Q)), Vuy, Vo, Vw, € L2(0,T; L*(Q)).

Finally, let us prove the uniqueness of the axisymmetric strong solutions. Let
(u1,v1,wr) and (uz,v2,ws) be two solutions of the problem (8)—(10) with the
same initial data and satisfy (36) and (37). Denoting du = uy —ug, dv = v1 —vg,
ow = w1 — wa, 0P = P1 — PQ, o = \Ifl — \I/Q. Then we have

(6u)s + (0u - V)us+(uz - V)du — Adu+ VIP = dwV¥; + wa Vo,
V:dou=0,
(38) ¢ (0v)r + (du- V)vy + (uz - V)dv = V- (Vv — 6wV ¥ — wy V),
(dw)t + (0u - VIwy + (ug - V)ow =V - (Vow — soVI; — v VIT),
ASY = fw
with the initial condition
(5U7 6U7 61.0) |t=0 = (07 07 0)
and the boundary conditions
d(ov) O(ow) o(0W)
v v v
Taking the L2?-inner product of the third equation of (38) with dv, the fourth
equation of (38) with Jw, and adding up two resultant equalities, one has
Ld
2 dt

ou =0, =0, =0, =0 on 09 x (0,T).

(39) 160, 6w)l[7> + [|(Vov, Vow)||7-
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- / (du - V)viév + (du - V)wdwdx
Q

- / V- (wV¥q)dv + V - (6vVTy)dwdz
Q

- / V- (weVo¥)ov + V - (012 VI¥)dwdz
Q

=J1+ o+ Js.

For J; (i = 1,2,3), we can derive that
Ji < O (vr, wi)|| 2 [[0ul| 4| (60, dw)]| 4

1 1
< glIVoulzz + g (Vov, Vow)|Zz + Cll(vr, )72l (9w, v, dw) 725
Jy = —/ wydvdwdr < Cllwy||p2||0v|| ps||dw|| L4
Q

< < lI(Vov, Vow) |7z + Cllwi|Z: || (8v, 6w) 122

0| =

J3 < Cll(v2, w2) |4 [[VOW|[ L4 [[(Vév, Vow) | L2
1 1
< S(Vov, Vow)l[ze + S A0 7z + Cll(vz, w2) [ | VW] 7.
Taking the above estimates into (39), we get

5
(40) (90, 0w) |72 + 7 1(Vév, Vow) |72

i”

dt
1 1

< ZHVMHZLz + ZHAM’HZ& + Cl(v1, wr, va, wa) |31 [| (6w, 60, 6w, VEW)||7.

Notice that we can rewrite the fourth equation of (38) as
(41) (0w)s + (ug - V)ow + (du - V)we =V - (Vow — vV — VD).

Therefore, taking the L?-inner product to the first equations of (38) with du,

(41) with 60, then adding up two resultant equalities together, and taking

account of AdV¥ = dw, we see that

1d

2dt

—/ (6u - Vuy) - dudx+ | SwV¥dudx+ [ V- (vVE+0oVIV)oTdx
R3 Q Q

(42) 16w, Vow)|[72 + [ (Vou, ASW)||7

= Js+ J5 + Js,
where we have used the facts by consideration of integration by parts and
ASV = fw:

N (Vow)? .
/Q(ul.V)dw&Ildx— /Q( 1 v)72 de =0
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and
/ waVOU - du + (du - V)wad¥dz = 0.
Q

Similarly, for J; (i =4,5,6), we obtain

1
Jo < ClI Va2 [0ull s < 2IVoulZz + Cl[VuallZallou]72;

Js < CIV | ga Gullzs 8wl s < SIVBuls + 5 IVowlRs
O [ (3, 0) |2
Jo < C[(V¥1,v2)|L2|(00, VOW) || 4[| V|| 4
< LIVl + SIASEZ: + Cl(Tur, T, ) 3 5, Vo) .

Taking all above estimates into (42) yields that
4
dt
1

< ZH(V(SU,V(Sw)HQLz + C[(VT,v2) |22 || (0w, Sv, Sw, VW) |3 .

5
(43) (6w, VO[22 + 7 [|(Vou, AdD)|7.

Summing up (40) and (43), we conclude that
d
(44) 10w, v, 0w, Vo) 7z + [[(Vou, Vov, Vow)||7:

< CY )| (8u, 6v, §w, VEW)||2.,

where Y(t) is defined by
2
V() = (s w5, w35, VE) |
i=1

Since Y(t) is integrable for the time interval [0,T] for any 0 < T' < oo , and
Lebesgue dominated convergence theorem ensures that fot Y(7)dr is a continu-
ous nondecreasing function which vanishes at zero. Hence, (du, dv, dw) = (0, 0)
on time interval [0,¢] for small enough ¢. Finally, because the function ¢t —
(0w, dv, dw)]| 2 is also continuous, a standard connectivity argument enables
us to conclude that (du,dv,dw) = (0,0) on Q x [0,T]. We complete the proof
of Theorem 1.1.
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