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REAL-VARIABLE CHARACTERIZATIONS OF VARIABLE
HARDY SPACES ON LIPSCHITZ DOMAINS OF R™

XIONG Liu

ABSTRACT. Let © be a proper open subset of R™ and p(-) : Q@ — (0, co)
be a variable exponent function satisfying the globally log-Holder contin-
uous condition. In this article, the author introduces the “geometrical”

variable Hardy spaces Hf(‘) (£2) and Hfm(ﬂ) on €, and then obtains the
grand maximal function characterizations of Hf(') (£2) and Hf(') (©2) when
Q is a strongly Lipschitz domain of R™. Moreover, the author further in-
troduces the “geometrical” variable local Hardy spaces hf(') (2), and then

establishes the atomic characterization of hIT’(‘)(Q) when Q is a bounded
Lipschitz domain of R™.

1. Introduction

The real-variable theory of Hardy spaces H?(Q2) with p € (0, 1] on domains
of R™ and their duals are well studied (see, for example, [14]) and have been
playing an important and fundamental role in the boundary value problems for
the Laplace equation. In recent years, there has been a lot of attention paid to
the study of Hardy spaces on domains of R™, which has become a very active
research topic in harmonic analysis (see, for instance, [1,3-7,13,16]).

Originally, Chang et al. [7] introduced the Hardy spaces H? () and HZ(Q)
on domains ) of R™, respectively, by restricting arbitrary elements of H?(R")
to , and restricting elements of HP(R™) which are zero outside € to €2, where
and in what follows, £ denotes the closure of 2 in R™. For the Hardy spaces
HP(Q) and HP(Q), atomic characterizations have been obtained in [7] when
is a special Lipschitz domain or a bounded Lipschitz domain of R™, and grand
maximal function characterizations have been established in [8] when Q is a
strongly Lipschitz domain of R™. Moreover, Chang et al. [7] also introduced
the local Hardy spaces hP(€2) and hE(Q2) in a similar way and obtained atomic
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decompositions for these local Hardy spaces when 2 is a bounded Lipschitz
domain of R™.

On the other hand, as a natural generalization of classical Hardy spaces,
Nakai and Sawano [15] introduced the variable Hardy space HP()(R™), estab-
lished their atomic characterizations and investigated their dual spaces. Inde-
pendently, Cruz-Uribe and Wang [10] also investigated the variable Hardy space
HP()(R™) with p(-) satisfying some conditions slightly weaker than those used
in [15]. In [10], equivalent characterizations of HP()(R™) by means of radial or
non-tangential maximal functions or atoms were established. Moreover, Yang
et al. [19,22] established equivalent characterizations of variable Hardy space
H p(')(R") via Riesz transforms and intrinsic square functions. Furthermore,
Tan [17] introduced the variable local Hardy space hP()(R™) and established
atomic characterizations for h?()(R") by using the discrete Littlewood-Paley-
Stein theory.

As a more general class of function spaces including both Hardy spaces on
Euclidean spaces with variable exponents HP(")(R") and Hardy spaces on RD-
spaces with constant exponents H?(X). Recently, Zhuo et al. [20] introduced
the variable Hardy space H *’p(')(X ) on the so-called RD-space with infinite
measures via the grand maximal function, and then obtained its several real-
variable characterizations, respectively, in terms of atoms and Littlewood—Paley
functions.

Motivated by the above results, especially by the theory of the classical
Hardy space on domains in [5,7,8] and the variable Hardy space in [10,15,20],
it is the main target of this article to establish a real-variable theory of the
“geometrical” variable (local) Hardy spaces on a proper open subset 2 in R™.
Precisely, let  be a proper open subset of R™ and p(+) : 2 — (0, c0) be a vari-
able exponent function satisfying the globally log-Ho6lder continuous condition.
In this article, the author introduces the “geometrical” variable Hardy spaces
Hf(')(Q) and Hf(')(Q) on €, and then obtains the grand maximal function
characterizations of Hf(')(Q) and Hf(')(Q) when Q is a strongly Lipschitz do-
main of R™. Moreover, the author further introduces the “geometrical” variable
local Hardy spaces hf(')(Q), and then establishes the atomic characterization
of hf(‘)(Q) when (2 is a bounded Lipschitz domain of R™.

To state the main results of this article, we begin with recall some notation
and notions. Let 2 be an open subset in R™. A measurable function p(-) : Q@ —
(0,00) is called a variable exponent. Moreover, for any given variable exponent
p()a let

(1.1) p_ = esseis_rzlf p(z), py:= esssup p(x) and p:=min{p_,1}.
T zeQ -
Denote by P(Q2) the set of all variable exponents p(-) on  satisfying 0 < p_ <
p+ < 00.
Let f be a measurable function on  and p(-) € P(Q). Then the modular
function (for simplicity, the modular) o,.), associated with p(-), is defined by
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setting
00 (f) = / (@) P@ dx

and the Luvemburg (also called Luzemburg-Nakano) quasi-norm || f| Lo () of
f is defined by

1£llzrer () = inf {X € (0, 00) : gy (f/A) < 1}

Furthermore, the wvariable Lebesque space LP()(Q) is defined to the set of all
measurable functions f on Q satisfying that g,.)(f) < oo, equipped with the
quasi-norm |||l zs() ()

A function p(-) € P(Q) is said to satisfy the globally log-Holder contin-
uous condition, denoted by p(-) € C'°8(Q), if there exist positive constants
Clog; Cxo € (0,00) and pos € R, where po := lim,_, o p(x), such that, for any
x,y € €,
< C'log o]
~ log(e +1/|z —y|) log(e + |z|)

In the whole article, we denote by S(R™) the space of all Schwartz functions
and by §’(R"™) its topological dual space. For N € N := {1,2,...} and Z, :=
{0} UN, let

lp(z) = p(y)l and  [p() = poo| <

(1.2)  Fn(R"):= {w €ES®Y: Y sup (L+[a)[0"¢(a)| < 1},

aezt, Jaj <N TE"

where, for any o := (aq,...,a,) € 2 = (Z)", |a| := a1 +-- -+, and 0% :=
(a%l)cn "'(8%)%‘ Then, for all f € S§'(R™), the grand mazimal function
My (f) of f is defined by setting, for all z € R™,
(1.3) My (f)(x) := sup {|f * ¢ (2)] : £ € (0,00) and ¢ € Fn(R")},
where, for all ¢ € (0, 00) and = € R", ¢4 (z) := t7"(z/t).

We begin with recall the definition of the variable Hardy space HP()(R™),
which can be found in [15, Definition 1.1].

Definition 1.1. Let p(-) € C'°8(R") and N € (n/(p_) +n+ 1, oo) NN, where
p_ is asin (1.1). The variable Hardy space denoted by HP()(R™), is defined to
be the set of all f € S’(R™) such that M, (f) € LP()(R") with the quasi-norm

£l e @y = 1My (F) o> mnys
where My (f) is as in (1.3).
For an open subset Q C R™, let D(2) denote the space of all infinitely dif-
ferentiable functions with compact supports in €2 equipped with the inductive

topology and D’(Q) its topological dual equipped with the weak-* topology,
which is called the space of distributions on 2. Then we introduce the “geo-

metric” variable Hardy spaces HY)(Q) and H?")(Q) on proper open subset
Q C R™ following the way in [7,8].
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Definition 1.2. Let Q C R™ be a proper open subset and p(-) € P(R™). Then
the variable Hardy space Hf(')(Q) is defined by setting

HEO(©) = {f e DR : [ € HPOR™), supp (/) € O}

equipped with the quasi-norm ||fHHp<.>(Q) := || fll p) (mr), Where Q denotes the

closure of £ in R™.
A distribution f on € is said to belong to the variable Hardy space Hf(')(ﬂ)
if f is the restriction to Q of a distribution F € HP()(R™), namely,

HPO(Q) : = {f € D'(Q) : there exists an F € HP)(R") such that Flg = f}
— Hp(')(R”)/ {F c Hp(')(R") :F=0on Q} .

Moreover, for any f € Hf(')(Q)7 the quasi-norm Hf||Hp<.)(Q) of fin Hf(')(Q) is
defined by setting

£l 7200 (g = inf {HFHHN‘)(RTL) : F e HPO(R™) and Flg = f}’
where the infimum is taken over all F' € Hp(‘)(R”) satisfying F' = f on Q.

Our first main result is the grand maximal function characterizations of the
variable Hardy spaces Hf(')(Q) and Hf(')(ﬂ) on a strongly Lipschitz domain
Q of R™. To this end, we recall the following definition of grand maximal
functions (see, [8]). In what follows, for any ¢ € [1, o], we denote by ¢’ its
conjugate index, namely, 1/qg+ 1/¢ = 1.

For any z € R" and ;77 < p- < p4 <1, where p_ and p; are as in (1.1),
denote by F,(£2) the collection of all ¢ € D(R™), for which there exists a cube
@ such that supp (¢) C Q, z € Q, cg € Q and

6]l L @ny + Q) VOl Lo @ny < 1QI7,
here and hereafter, cg denotes the center of the cube @ and 4(Q) its sidelength.
For each x € Q, let
G:(Q):={p € F.(Q) : $ =0 0on 9N}.
For each f € D'(R™) and any « € R™, let
M.(f)(x) = sup [{f, §)|.

Let p* := nyf’p*_, where p_ is as in (1.1), ¢ := pfil and Wol’q(Q) denote
the Sobolev space with zero boundary values on 2. For each bounded linear
functional f on Wy %(Q), for any = € €, let

M, (f)(z) = sup |(f, ¢Lla)l,

PEG ()

where 1g denotes the characteristic function of Q. From the fact that ¢ €
G (), it follows that ¢p1g € W, 9(Q), which implies that M, (f) is well defined.
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For any z € R", 25 <p_ <p; <1, where p_ and p; are as in (1.1), and

pf_l < q < oo, we denote by FZ(Q) the collection of all ¢ € D(R™), which

satisfy supp (¢) C Q, x € Q, cg € © and

18]l aqen) + U@Vl on) < Q177
Similarly, for each x € Q, we let
GL(Q) :={p € FI(Q) : » =0 on 0N}.
We then let, for f € D'(R") and = € R",
M (f)(@) = sup [(f, &)l

PEFL ()

For each bounded linear functional f on WO1 "1(Q) and for any z € Q, let

MO (f)(x) = sup |(f, $1a)|.

pEGL(Q)
From the fact that ¢ € G1(Q), it follows that ¢1q € Wol’q(Q), which implies
that MT(-q)(f) is well defined.

A domain 2 of R™ (n > 2) is said to be strongly Lipschitz if it is a Lipschitz
domain and its boundary 9 is a finite union of parts of rotated graphs of
Lipschitz maps and, at most one of these parts possibly unbounded. Moreover,
a domain Q C R"™ is said to be a special Lipschitz domain, i.e., Q := {(2, z,,) :
z, > Aa')}. Here XA : R"™! — R is a function which satisfies the Lipschitz
condition [A(z) — A(y)| < Alz’ — /| for all 2/,y’ € R*~1. It is well known
that strongly Lipschitz domains include special Lipschitz domains, bounded
Lipschitz domains and exterior domains (see, for example, [1,2,7,11]). Then
we have the following grand maximal function characterizations of Hf(')(Q)
and Hf(')(Q) on a strongly Lipschitz domain  of R".

Theorem 1.3. Let 2 C R" be a strongly Lipschitz domain, p(-) € C'°8(Q) and
- <p_ <p;y <1, where p_ and py4 are as in (1.1).

n+1
(i) If Q is bounded, then f € Hf(')(Q) if and only if f € D'(R™), supp (f)
C Q, M.(f) € LP“)(Q) and (f, #) = 0 for each ¢ € D(R™) with ¢ =1
on ). Moreover, there exists a positive constant C independent of f,
such that

O IMD oy < I llgzoy < C IV oo ey -

(i) If Q@ is unbounded, then f € Hf(')(Q) if and only if f € D'(R"),

supp (f) € Q and M,(f) € LPC)(Q). Moreover, there exists a posi-
tive constant C' independent of f, such that

CTHIM ()l s @) < MF 1l 20 ) < CIM=(H) oo ey -
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(iil) Assume that pf’il < g < oco. If Q is bounded, then f € Hf(')(Q) if and
only if f € D'(R™), supp (f) € Q, MY(f) € LPO(Q) and (f, ¢) = 0
for each ¢ € D(R™) with ¢ =1 on Q. Moreover, there exists a positive

constant C' independent of f, such that

< H'fHHf()(Q) < C HMz(q)(f)‘

ot ||l 5)|

LP() () LrO)(Q)

(iv) Assume that pfil < q < oo. If Q is unbounded, then f € Hf(')(Q)
if and only if f € D'(R™), supp(f) C Q and M,Eq)(f) e LrO(Q).
Moreover, there exists a positive constant C independent of f, such
that

ot |t s)|

< fll oo gy < € [ MO )

Lr()(Q) LrO)(Q)

Theorem 1.4. Let Q C R™ be a strongly Lipschitz domain, p(-) € C°8(Q) and

1 <p- <pt+ <1, where p_ and py are as in (1.1).

(i) Assume that ¢ = (p*)" and Q is bounded. Then f € Hf(')(Q) if and only

if f is a bounded linear functional on Wy 9(Q) and M, (f) € LP0)(5).
Moreover, there exists a positive constant C' independent of f, such that

O M oy < 1 gz iy < C 1M () Lo ey -

(ii) Assume that pfil < q < oo. Then f € Hf(')(Q) if and only if f

is a bounded linear functional on Wy*(Q) and Mr(q)(f) e LPO(Q).
Moreover, there exists a positive constant C independent of f, such
that

ot ||ars)|

Lr() ()

< Wl gpo ey < € [49(1)|

Lr() (©2)

Remark 1.5. (i) Let p € (547, 1] be a given constant. We point out that, if
p(+) := p, then Theorems 1.3 and 1.4 were established by Chen et al. in [8].
(ii) It is worth pointing out that in the process of the proofs of (i) and (ii)
of Theorem 1.3 are composed by three steps: we first deal with the case 2
being special Lipschitz, and then the case 2 being bounded, finally Q being
unbounded (see Section 2 below). Based on Theorems 1.3 and 1.4, [8, Corollar-
ies 2.13 and 2.14] are also true under the setting of variable exponent function

spaces HY)(Q) and H?)(Q).

Our second main result concerning the atomic characterization of the vari-
able local Hardy spaces hf(')(Q). We first introduce the notions of hP()(R™)

and hf(')(Q) as follows. The following definition was introduced by Tan in
[17, Theorem 1.3].
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Definition 1.6. Let f € &'(R"), p(-) € C°¢(R") and z € R™. Denote by
Mioc(f) the grand maximal function given by

Mo (f)(z) :i=sup {|¢s * f(x)]: 0 <t <1, ¢ € Fy(R™)}

for any fixed large integer N, where Fy(R") is as in (1.2). A distribution f
on R" is in the variable local Hardy spaces hp(')(R”) if and only if the grand
maximal function M,.(f) lies in LPC)(R™), i.e., for all f € S'(R™),

Hf”hl’(')(R") ~ HMIOC(f)HLP(->(R”) :

Definition 1.7. Let @ C R™ be a proper open subset and p(-) € P(R™). A

distribution f on Q is said to belong to the variable local Hardy space hf(')(ﬂ)
if f is the restriction to Q of a distribution F € h?()(R"), namely,

RPO(Q) : = {f € D'() : there exists an F € h?)(R™) such that Flg = f}
_ hp(')(]R”)/ {F c hp(')(IR{") :F=0on Q} .

Moreover, for any f € hf(')(Q), the quasi-norm ||f||hp<,>(m of fin hf(')(Q) is
defined by setting

1/l (g = inf {”FHhP<‘>(R") : F € h?O(R™) and Flg = f},
where the infimum is taken over all F € hp(')(R”) satisfying F' = f on €.

In what follows, to establish the atomic characterization of the variable local
Hardy space hf(')(ﬂ), we introduce the notion of (p(-), ¢)q-atoms.

Definition 1.8. Let 2 be an open subset of R™, p(-) € P(Q) and ¢ € (1, c0].
Assume that p_ and p are as in (1.1).
(i) A cube @ C R™ is said to be of type (a) cube if 4Q C Q with £(Q) < 1;
a cube Q C R™ is said to be of type (b) cube if either £(Q) > 1 or
20N Q% = 0 and 4Q N QF £ 0.
(ii) A measurable function a on Q is called a type (a) (p(-), ¢)q-atom if
(ii); supp(a) C @, where supp (a) ;= {x € R" :a(z) #0} and Q is a
type (a) cube;
(i)2 [lallza@) < \Q|1/q||1Q||Zg<~)(Q)5
(ii)s there exists an integer s > d,.y, where d > d,,(.y := min{d € Z, :
p—(n+ d+ 1) > n}, such that, for any o € Z7% with |a| < s,
Jan alz)zdz = 0.
Moreover, a measurable function b on € is called a type (b) (p(*),q)a-
atom if supp (b) C Q with Q being a type (b) cube and 16| Loy <
|@\1/‘1H1@||;j(_)(ﬂ). Furthermore, a measurable function a on R"™ is

called a (p(-), q)-atom, if it satisfies the conditions (ii)2, (ii)5 above and
supp (a) C @ C R™.
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For a sequence {\;}32; C C and a cubes sequence {Q;}52, of the supports
of atoms, define that

= (g V1
[e s} o = e
A({)\j}j:l’{Qj jzl) o Z <1Q”L”(:(Q)>
i J
= LrO)(Q)

Then we have the atomic characterization of the variable local Hardy space
hf(‘)(ﬂ) as follows.

Theorem 1.9. Assume that Q@ C R™ is a bounded Lipschitz domain. Let

p(-) € C°8(Q) with T <p-<pr<landqc (1, 00|, where p— and py are

as in (1.1). Then, f € hf(')(Q) if and only if there exist sequences {\;}32,,
{r;}521 C C, type (a) (p(-), q)a-atoms {a;}32,, and type (b) (p(-), ¢)a-atoms
{bj}32, such that f = Z;i1 Aja; + Zjil k;jb; in D'(R™), and

A (A2 AQ) + A (1032 QY2 ) < o0,

where {Q;}52, and {@j}]"-‘;l, respectively, denote the supports of {a;}32, and

{b;}321. Moreover, for any given f € hfz(‘)(Q), there exists a positive constant
C independent of f, such that

CH |l SA (031520, {Q1320) +A (151520 A@5152 ) SCU o -

Remark 1.10. When p(:) := p € (TLL+17 1], then Theorem 1.9 is reduced to
[7, Theorem 2.7].

The layout of this article is as follows. Section 2 is devoted to the proofs of
Theorems 1.3 and 1.4. In Section 3, we give the proof of Theorem 1.9.

Finally, we make some conventions on notation. Let N := {1, 2, ...} and
Zy := {0} UN. Throughout the whole article, we denote by C a positive
constant which is independent of the main parameters, but it may vary from
line to line. The symbol f < g means that f < Cg. If f < gand g < f, then we
write f ~ g. Denote by Q(cg, ¢(Q)) the cube in R™ with center c¢g € R"™ and
sidelength £(Q) € (0,00), and a € (0,00), let aQ = Q(cg,al(Q)). For any
measurable subset E of R, we denote the set R™\ E by EC and its characteristic
function by 1. Moreover, denote by S(R™) the space of all Schwartz functions
and 8’ (R™) its dual space (namely, the space of all tempered distributions). For
any sets E, FF C R™ and z € R", let dist(E, F) :==inf{lx —y| : 2 € E, y € F'}
and dist(z, E) := inf{|z — 2| : € E}. Finally, we also use W, %(Q) to
denote the collection of elements in Sobolev spaces W+ 9(Q) with zero boundary
values. For ¢ € (0, n), let ¢* be its Sobolev conjugate index n"—fq. For any given
p € [1, 0], we denote by p’ its conjugate exponent, namely, 1/p+ 1/p’ = 1.
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2. Proofs of Theorems 1.3 and 1.4

In this section, we give the proofs of Theorems 1.3 and 1.4. We begin with
recall some basic properties of variable Lebesgue space LP(") (R™). The following
Lemmas 2.1 and 2.2 come from [15, Lemma 2.2] and [9, 18], respectively.

Lemma 2.1. Let p(-) € C'°8(R") and 0 < p_ < py < oo, where p_ and p
are as in (1.1).

(i) For all cubes Q = Q(cq, £(Q)) with cg € R™ and ¢(Q) < 1, we have
|Q|'/P-(@) < |Q|Y/P+@Q). In particular, we have

QP ~ QD ~ QP ~ 1] o

(ii) For all cubes Q = Q(cq, £(Q)) with cg € R™ and ¢(Q) > 1, we have
110l Lo @y ~ Q[P
Here the implicit constants in ~ do not depend on cq and £(Q) > 0.

Lemma 2.2. Let p(-) € P(2). Then, for any s € (0,00), A € C, and f €
LPO(Q),

|||f\s|\Lp<->(Q) = Hf||isp<~>(g) and ||)‘f||LP<')(Q) = |)‘|||f||LP<‘)(Q)'
Recall that, for any f € Li . (Q) and x € Q, the Hardy-Littlewood mazimal

loc

function M(f) is defined by setting

M(f)() = sup |—;| /B o

B>x

where the supremum is taken over all balls B C Q satisfying B 3 x.

Lemma 2.3. Let Q be an open subset of R™ and r € (1,00]. Assume that
p(-) € C°2(Q) satisfies 1 < p_ < p;, < oo, where p_ and py are as in (1.1).
Then there exists a positive constant C such that, for any sequence { fr}ren of
measurable functions on €,

1/r
{Z [M(fk)]r}

keN

<C (Z |ka’”> "

keN

Lr0)(Q) Lr()(Q)

with the usual modification made when r = co.

We point out that in the case of metric measurable spaces of homogeneous
type, Lemma 2.3 was established in [20, Theorem 2.7]. Moreover, the proof of
[20, Theorem 2.7] is also valid in the case of Lemma 2.3 and we omit the details
here. The following remark is just [21, Remark 2.8].

Remark 2.4. Let k € N and p(-) € C'°(R"). Then, from Lemmas 2.2 and 2.3,
and the fact that, for any cubes @ of R", r € (0,p), 1lorg < Zk”/T[M(lQ)]l/’",

~

where p is as in (1.1) and M denotes the Hardy-Littlewood maximal function,
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we deduce that there exists a positive constant C' such that, for any {);}32, C
C and cubes {Q;}32; of R",

p) /P

| Nllag, [T
>,

< CPTA (N5 Qi) -
= |1QjHLP(')(R") ( 7 Jj=1 VRN 1)

Lr()(R™)

From the proof of [12, Theorem 1.12(i)] or see the proof of [8, lemma 2.3]

with regular modification, it follows that the variable Hardy space Hf(')(Q)
admits the following atomic decomposition.

Lemma 2.5. Let p(-) € C°2(Q), T <p-<pi<landqe (1, 00], where
p— and p4 are as in (1.1). Assume that Q@ C R™ is a strongly Lipschitz domain.
Then, for each f € Hf(')(Q), there ezist type (a) (p(-), @)a-atoms {a;}32, and
type (b) (p(), @)a-atoms {b;}32, such that [ = 3772, Nja; + 372, kb in
D'(R™), and

A ({)\]};.;17 {QJ ;)il) + A ({I{J};ih {@J ;).;1) S CHf”H){’()(Q)a

where {Q;}52, and {@j};";l, respectively, denote the supports of {a;}32, and
{bj}321, and the positive constant C' is independent of f.

Lemma 2.6. Let Q be a strongly Lipschitz domain, p(-) € C'°8(1), g <
o

p. <py <1andq= T where p— and py are as in (1.1). Then each
fe Hf(')(ﬂ) induces a bounded linear functional on W,9(Q) and there exists
a positive constant C such that, for all f € Hf(')(Q) and g € Wol’q(Q),

I(f, )| < C”fHHf("(Q)Hg”w&"’(ﬂ)'

Proof. Since D(Q) is dense in W;%(Q), we only need to show that Lemma 2.6
holds true for each ¢ € D(2).

If p_ =p. =1, then ¢ = (p*)’ = n. For each f € Hf?(')(Q), there exists
Fe Hl(Rn) such that F‘Q = f and HF”Hl(Rn) < 2||f||H$(Q) By the duality of
HY(R") and BMO(R"), the embedding of W1 (R") C BMO(R") and similar
to that of (2.2) in the proof of [8, Lemma 2.4], we know that

S 171

ar @ llollwin )

(21) \ [ sarotayis

If 25 <p- < py <1, then g = (p*)’ > n. For each f € Hf(')(Q),
from Lemma 2.5, we deduce that there exist two sequences {)\;}22; C C and
{r;}52, C C, a sequence {a;}32, of type (a) (p(:),p*)n-atoms and a sequence

{0352, of type (b) (p(-),p*)a-atoms such that f =372, Nja; + 372, #;b; in
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D'(R™). Moreover, by [20, Lemma 5.9], we know that
ST+ Dl S AN AQi ) + A (1m0 (@512 ) -
j=1 j=1

Then for each type (a) (p(-),p*)o-atom a;, from the moment condition of a;,

supp (a;) € Q. [l sy < Q17 10,1 Ly - Lemma 2.1(5), p = 22,

and repeating the proof of [8, (2.3)], we deduce that

[ as@oterie] £ @) [ lasllro [ | |v¢<x>|qczx]l/qt-”/th

SUQ Qs H]'QJHLP() gz)/ t_n/th||v¢||m(ﬂ)

(2:3) S1@ITIQIT Ndllwrac) ~ llwacay.
For each type (b) (p(-),p*)o-atom b;, by supp (b;) C Q],
1501y < 105177 g 1 720

Lemma 2.1(ii), p* = —2—, and a proof similar to those of [8, (2.4)], we know

n—p_"~
that

1
E(Qj)/o Hbj”Lp*(Q) ||V¢||Lq(g)t_"/th

[ bt <

1/p* -1 1 /g
| N Al ) s

1+n/p* _
S @] 1@ g lwraco

—n/poo
(2.4) < [6@)]"" " Ilwaay S Iélwram

Combining (2.2), (2.3), (2.4), and Lemma 2.5, we obtain

A<D 1Nag, )+ [wsb, 9|
j=1 j=1

< UQy) ‘ij Hléj

DD ksl glwracy S IF 1 gro o) Illwrag),
i= =

which, together with (2.1) and the density of D(€) in W,*4(Q2), finishes the
proof of Lemma 2.6. ]

We first prove a weaker version of Theorem 1.3(i) as follows.

Lemma 2.7. Let Q be a strongly Lipschitz domain, p(-) € C'°%(Q) and i <

p— < py <1, where p_ and p4 are as in (1.1). Then f € Hf(')(Q) if and only
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if f € D'(R™), supp (f) C Q and M.(f) € LPO)(R™). Moreover, there exists a
positive constant C' independent of f, such that

O LD oy < 10 i) < CIM(H) o gy -

Proof. Let f € D'(R™), supp (f) € @ and M, (f) € LP*)(R™). Suppose that
¥ € D(R™) is a radial function such that supp(¢)) C Q := Q((_)’m 1) and
fRn Y(x)dz = 1, where and in what follows, 0, denotes the origin of R™. Pro-
ceeding as in the proof of [8, Proposition 2.6], we know that

sup | fx ¢ (2)] S M= (f)(2),

t€(0, 00)
which, together with (1.3) and Definition 1.1, implies that f € HP()(R™).
Notice that supp (f) C €, this implies that f € Hf(')(Q) and ||f||Hp<.>(Q) <

M=)l re) -
On the contrary, let f € Hf(')(Q). By Definition 1.2 and [15, Theorem 4.6
and Definition 1.5], we conclude that f = Z;’il Ajaj is an atomic decomposi-

tion in HP()(R™), where {a;}32, are (p(+), 00)-atoms and {\;}52, C C satisfy

11 20> gy ~ N larocr ey ~ A ({03521, {@53524) -
Thus, we have

M= () Lo ey

< D0 INIM-(a5)14, 11D MM (05)1 4,0
j=1 Lp() (R™) =1 LrO)(R™)
(25) =TI+1IL

For the term I, by = € 4Q; and a (p(-), 00)-atom a; with supp (a;) C Q;, we
have

M. (aj)(z) = sup
PEFL(2)

/ aj<y>¢<y>dy‘s up [olqeey [ i)l dy
Rn ) anQ

PEF,L(Q

1 -1
< sup la; ()| dy < lla5ll poo @y < {1105 || Locr ny -
verne 1@l Jano J Gl Lo (Rm) H QJHLP()(R )

which, together with Remark 2.4, implies that

o p
1< Z l |)\J|14Qj ]
)

=1 Hle ”LP(‘)(]R"

1/p

Lr() (R™)
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For II, from = ¢ 4Qj;, ¢ € F,(Q) with supp(¢) C Q, and the fact that
f . a;(y)dy = 0, we deduce that

/ ) aj<y>¢<y>dy] = ‘ /Q i) [6(y) = ¢ (cq,)] dy

S s oo gy @D TH IV e )
n —1
(2.7) SNVl Loe ny QN 120, | oo gy -

If supp (a;)Nsupp (¢) = 0, then fRn a;(y)¢(y)dy = 0. If supp (a;)N supp( ) #
0, then Q; N Q # 0. Notice that ¢ 4Q; and = € @, and hence 3£(Q;) <
|z —y| < £(Q) for each y € Q; N Q, which implies that

|2 = cq;| < la =yl + [y - o, S UQ)-
By this and (2.7), we find that

Q n+1 Q n+1
[ st < G 0 ko 3 pred s 16 e
which implies that, for any = ¢ 4Q;,
M:(a;)(x) < m H QJHLP( )(R™)

< M (10,) @] "™ 10, | s ey -

From this, § := (n + 1)/n, Lemmas 2.2 and 2.3, and Remark 2.4, we deduce
that

Aj
Im<g ; 1q, ||Lp1)(R") [M (le)]e LpO) (R™)
i N 1/0||%
N 0
N\ & e lowy M e
0o 2] 1/0)|° o
A 0
S Z 110, [l e @ny Ga) op()
LoP(O) (R™)
A,
. N Z o )](Rn . S Il g -

Combining (2.5) (2.6), and (2.8), we obtain the desired result. This finishes
the proof of Lemma 2.7. (|
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In consideration of Lemma 2.7, in order to prove (i) and (ii) of Theorem 1.3,
it remains to prove that ||M.(f)llLrc)®ny ~ IM=(f)|l e (). To do this, we
need the following lemma, which is a slight modification of [8, Lemma 2.7], with
LP(Q) norm therein replaced by LP()(Q) norm here, the details being omitted.

Lemma 2.8. Let ) be a special Lipschitz domain, p(-) € C'°8(Q) and i <

p— <p4 <1, where p_ and p; are as in (1.1). Then f € Hf(‘)( Q) if and only
if f € D'(R™), supp (f) C Q and M,(f) € LP*)(Q). Moreover, there exists a
positive constant C' independent of f, such that

CTHIM ()l s ) < NFll 20 ) < CIM=(H) oo ey -

Now let us deal with the general case of 2. In what follows, for each strongly
Lipschitz domain  and € € (0, 00), we assume 2, := {x € R™ : dist(z, Q) < €}.
The following lemma is an analogue of [8, Lemma 2.8], since the proof is regular,
its proof is omitted.

Lemma 2.9. Let Q be a strongly Lipschitz domain, p(-) € C'°%(Q) and i <
p_ <py <1, where p_ and py are as in (1.1). If f € D'(R™), supp (f) C Q
and M (f) € LPO)(Q). Then there exist positive constants C' and ¢ independent

of f, such that
IM= (Nl oor @oey < CIM=(F)l oo (g)-

By [9, Corollary 2.27], we have the following embedding relationship between
the variable and classical Lebesgue spaces.

Lemma 2.10. Given  and p(-) : @ — [1,00), let |Q| < co. Then there exist
constants c1,co > 0 such that

allfller- ) < 1fllero ) < el fllzr+ @),
where 1 < p_ < py < oco. In particular, given any Q, if f € LPC)(Q), then f is
locally integrable.

The following Lemma 2.11 extends [8, Lemma 2.9] from constant exponent
case to the variable exponent case.

Lemma 2.11. Let Q be a bounded Lipschitz domain, p(-) € C'°8(£ dte <

) an
p— < py <1, where p_ and py are as in (1.1). Then f € Hf(')(Q) if and only
if f € D'(R™), supp(f) € Q, M.(f) € LPO)(Q) and (f, ¢) = O for each
¢ € DR™) with ¢ = 1 on Q. Moreover, there exists a positive constant C
independent of f, such that

c! HMZ(f)HLP(-)(Q) < Hf”Hg(’)(Q) <C HMZ(f)HLP(-)(Q) .
Proof. Let f € Hf(')(Q). From the fact that f € H?()(R™) with supp (f) C Q,

(f, @) = 0 for each ¢ € D(R™) with ¢ = 1 on 2 and Lemma 2.7, it follows that
M (H)lzeer @) S N e -
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On the contrary, by Lemma 2.7, we know that ||f||H5(.>(Q) SIM ()l e @nys
which implies that, to prove ||fHH5<.>(Q) S M ()l Lo (), it suffices to show
M ()l Loy @ny S NIM=(f)|Locr (o) This, further implies that, it suffices to
show ||M2(f)H[£(-)(QG) S ”MZ(f)”LP(')(Q)'

For x € Q\{, from Lemma 2.9, we deduce that there exists an € € (0, c0)
such that

(2.9) 1M (Dl s gy S 1M (D oo -

For z € 2B\Q., we choose a ball B := B(Gn, rp) with rp large enough such
that Q. C B. For any x € 2B\, and any Z € Q, by the proof of [8, Lemma
2.9], we know that, M, (f)(z) < M.(f)(Z) for each x € 2B\, and hence

1 PMZ(f)(x)TW e
12B\Q| Jom\0. A
p(z) p(z)
<y [DEOEN < D]
s€2B\0. A z€Q A
p(z)
< L [ [,
€ Jo A
which further implies that, for any = € 2B\Q.,
) Mz f T p(x)
Mz<f>||Lp<.>(QB\QG)mf{xem, S ['(AW} dr <1
2B\Q.

smf{Ae 0.50: [ [WF(I) dr < 1}

(2.10) ~ HMZ(f)”LP(‘)(Q)'

For z € (2B)L, let ¢ € F, () with supp(¢) C Q and 2 € Q. If QN Q. = 0,
then (f, ¢) = 0. Otherwise, we have |z| < ¢(Q) and hence [((Q)] " ! <
|#z|~"~L. Thus, by choosing I to be a cube centered at origin such that 2B C T
and £(I) ~ diam(Q) (see, [8, Lemma 2.9]), where and in what follows, diam(2)
denotes the diameter of 0, namely, diam(Q2) := sup{|lz —y| : z, y € Q} (see,
for example, [1]), and similarly to the proof of [8, Lemma 2.9], we see that

M) S P nf M)

< |7|diam(€2) 1
~ |x|n+1

1M () 1o
R e

which, together with Lemmas 2.2 and 2.10, 75 < p4+ < 1, further implies that
|7]|diam(€2) 1
2B)0) ~ H19||Lp(-)(9) |l‘|”+1

1M () oo 1M () oo

LrO)((2B)°)
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. n+1 —1/p—
S [diam(@)]" ™ () 1,55
e 1/p-
[l ey M (Dl
1/p—
p_—1/p- (—n—1)p_
S e Hm ‘m/%((w)ﬂ)
X [IMo ()l v o)
oo » 1/p+
"
< / / [|x\<*"*1>} AL dzd)
2rg J|z|=X
X HMZ(f)HLP(‘)(Q)
(2.11) S IM(H)llro @)
Combining the estimates of (2.9), (2.10) and (2.11), we obtain the desired
inequality. This finishes the proof of Lemma 2.11. O

To prove Theorem 1.3(ii), we need the following Lemma 2.12, its proof is a
repetition of the argument in [8, Lemma 2.10] except that [8, Lemma 2.7] is
modified to be Lemma 2.8 and we omit the details here.

Lemma 2.12. Let Q) be an unbounded strongly Lipschitz domain, p(-) € C'°8(Q)
and 37 <p- < py <1, where p_ and p+ are as in (1.1). Then f € Hf(')(Q)
if and only if f € D'(R™), supp (f) € Q and M,(f) € LPO)(Q). Moreover,

there exists a positive constant C independent of f, such that
c! HMZ(f)HLp(-)(Q) < HfHHg(')(Q) <c HMZ(f)HLP(-)(Q) :

Proofs of (1) and (ii) of Theorem 1.3. By Lemmas 2.11 and 2.12, we obtain
that the desired of (i) and (ii) of Theorem 1.3, respectively. This finishes
the proofs of (i) and (ii) of Theorem 1.3. O

Proofs of (iii) and (iv) of Theorem 1.3. We only prove for Theorem 1.3(iii),
since the proof of Theorem 1.3(iv) is analogous to that of Theorem 1.3(iii)
and we omit the details here. From the fact that F,(Q2) C F%(Q), it follows

that M, (f)(x) < Mz(q)(f)(x) for all z € R™, which, combined with Theorem
1.3(i), further implies that

120y S IM= (D)l ooy S [[MED()

LrO(Q)

On the contrary, let £ be bounded and f € Hf(')(Q). Then f € HPO)(R™)
with supp (f) C Q, for each ¢ € D(R") with ¢ = 1 on §, it follows that (f, ¢) =
0. Suppose that f = 250:1 Aja; is an atomic decomposition in H?()(R™), where
{a;}32, are (p(+), 00)-atoms and {\;}52; C C satisfy

10z ~ sy ~ A ()30 1Q3524) -
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Now let us to prove that Mz(q)(f) S LP(')(Q). For z € 4Q; and a (p(-), c0)-
atom a; with supp(a;) C @, by the proof of [8, (2.18)] and |lal|fe®n) <
1g, ||;§(.)(Rn), we find that, for any = € 4Q);,

-1
(2.12) M9 (a;) (x) < a1l oo ey < HleHLp<~>(Rn) :

For z ¢ 4Q; and ¢ € F;(Q2) with supp (¢) C Q, from the fact that [, a;(y)dy
=0, ||af| Lo @ny < H]'Qj||zpl<~>(R")’ and similar to that of [8, (2.20)], it follows
that, for any « ¢ 4Q);,
O 14n/q’
MO () @) 5 | A2
|z — Cle

(2.13) < M (1g,) ()],

Hle ||;;<->(Rn)

H;;»(Rn)'

"P= and -2 < ¢ < 0o, we know that

Moreover, by the fact that p* = — 71

0:=1/n+1/¢ =1/n+1-1/¢>1/n+1/p" =1/p_ > 1.

Thus, by (2.12), (2.13) with 6 > 1, and using the same estimates of (2.6) and
(2.8), we find that ||Mz(q)(f)||Lp(A>(Q) < ||f||Hp(.)(Q) < 00. This finishes the proof
of Theorem 1.3(iii). O

Proof of Theorem 1.4(i). Let f € Hf(')(Q). From the definition of H,I,)(')(Q), we
choose an extension F' of f on R" such that || F|| goc)@n) < 2||f||Hp(.)(Q). More-

over, by Lemma 2.6 and the proof of [8, Theorem 1.2], we conclude that, for all
z € Q, M,(f)(x) < M.(F)(x), and hence HMr(f)”LP(')(Q) N ”MZ(F)HLP(‘)(]R")v
which, combined with Lemma 2.7, implies that

1My ()| o @) S IM(E)[ Lo @ny S NE e @ey S 1l gz gy

On the other hand, proceeding as in the proof of [12, Theorem 1.12], we
know that Hf||Hp(.)(Q) S £l (@) when Q is a bounded Lipschitz domain.

Furthermore, by the proof of [12, Theorem 1.5], we find that ||f|grc) ) S
[ M- ()l e (@) when € is a proper open subset. Thus, we have Hf||Hp<.)(Q) S

M, (f)|lLr) (- This finishes the proof of Theorem 1.4(i). O

Proof of Theorem 1.4(ii). From the fact that G,(Q) C G%(1), it follows that
M, (f)(z) < Mﬁq)(f)(x) for all x € Q, which together with Theorem 1.4(i),
) < ||Mr(q)(f)||Lp<.)(Q). Conversely, by the proofs of [8,

Theorem 2.12] and Theorem 1.3(iii), we can get the desired results and leave
the details to the interested readers. This completes the proof of Theorem
1.4(ii). O

implies that Hf||H§(-)(
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3. Proof of Theorem 1.9

In this section, we give the proof of Theorem 1.9. Let us recall the fol-
lowing notion of local (p(+), ¢)-atoms (see [17, Definitions 1.3 and 1.4]).

Definition 3.1. Let p(-) € P(R") and ¢ € (1,00]. Assume that p_ and p are
as in (1.1). Fix an integer d > dpy ;= min{d € Zy : p_(n+d+1) > n}. A
measurable function a on R" is called a type (a) local (p(-),q)-atom if there
exists a cube ) such that

(i) supp (a) C Q with 0 < £(Q) < 1;
(i) Nall oo < QY Lql Lk g
(iif) [gn a(z)z“dz = 0 for |a| < d.
Moreover, a measurable function b on R™ is called a type (b) local (p(-), q)-atom
it supp (5) © @ with £(@Q) > 1 and bl zocer) < Q1711171 o
For sequences of {A;}52; C C and cubes {Q;}32,, define that

p /P
= |/\j|1Q9‘ N

A O (@) = | 2 T o

=t ’ Lp(-)(]R")

Proof of Theorem 1.9. Let [ € hf(')(Q). Then by the proof of [12, Theorem

1.12(i)], we have the atomic decomposition of hf(')(Q). Conversely, this part
of the proof largely follows [7, Theorem 2.7] and we include it here primarily
for the reader’s convenience. Then, we know that there exist two sequences
{Ai}52 € Cand {k;}32, C C, asequence {a;}32, of type (a) (p(-), q)o-atoms
and a sequence {b;}72, of type (b) (p(*), g)o-atoms such that

(3.1) f = io: )\]’aj + i Kjbj in 'D/(Rn),
Jj=1 Jj=1
and
(3.2) A 4@ + A ({r )20 @515 ) < oo,

where {Q;}52; and {QJ 321, respectively, denote the supports of {a;}32; and
{bj}32,. The type (a) (p(-),¢)o-atoms a; in (3.1) are already type (a) local

(p(+), g)-atoms and
(3.3) A ({)\j}?‘;p {Q; (;il) =A ({)\j}?‘;p {Q; jil) < o0,

hence we let those atoms stand unchanged. For type (b) (p(), ¢)o-atoms b; in
(3.1), there are two different cases.

Case 1: If b; is a type (b) (p(-), ¢)o-atom as in (3.1) and is supported on a
type (b) cube Q with £(Q) < 1, then we find a cube Q C ()¢ which has the
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same size as (). We further consider the extension (b;); of the function b; as
follows:

b;(x), for z € Q,
b;), = 1 ~
(i) —|Q|/ij(y)dy, for x € Q.

From this, we deduce that the function (b;); is supported on Q U @ Since
the distance of @ and @ to 9 are comparable to ¢(Q)), we may find another

cube @ such that (QuUQ) C Q and Q| < |C§| < |@Q]- By this and the Hélder
inequality, we know that

1
100 ey < Do+ | (=17 [ i) 1

/ij(y) dy‘

~11/q _ ’ |@‘1/q
< Wosllgaquey + @] QI 15llze @ = oo mm

1
/n (bj), (x)dx = /ij(:v) dx /@ <@| /Q bj(x) dx) 15(y) dy
- [nwa-|a]iar [ nwa-o.
Q Q
which further implies that (b;); is an acceptable type (a) local (p(-),q)-atom
in R” and
(34 A ({roleca {Qteca)) = Al{rataca {Qgeq.) < o,

where Q1 :={Q C Q: Q is a type (b) cube with £(Q) < 1}.
Case 2: If b; is a type (b) (p(-),q)q-atom as in (3.1) and is supported on a
type (b) cube @ with £(Q) > 1. Now we just define

(b)) = { b;(z), for x € Q,

0, elsewhere,

La(Rn)

~ Y
< bl oy + @] 12

and

which implies that (b;)2 is an acceptable type (b) local (p(-), ¢)-atom in R™ and

35) A ({rQ}eeq. {Q}qeq,) = A({KQ} e {Q}qeq,) < o,

where Q2 := {Q C Q:Q is a type (b) cube with ¢(Q) > 1}. Moreover, from
Definition 1.7, [17, Theorem 1.5], (3.3), (3.4), (3.5) and (3.2), we deduce that

1120y < NFllneorny S A ({A3520:{Q53521) + A" ({r@t e {Qqean)
+ A ({ro}eeq. {Qqeq,) <
which implies that f € hff(')(Q). This finishes the proof of Theorem 1.9. O
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