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CURVATURE ESTIMATES FOR GRADIENT EXPANDING
RICCI SOLITONS

LIANGDI ZHANG

ABSTRACT. In this paper, we investigate the curvature behavior of com-
plete noncompact gradient expanding Ricci solitons with nonnegative
Ricci curvature. For such a soliton in dimension four, it is shown that
the Riemann curvature tensor and its covariant derivatives are bounded.
Moreover, the Ricci curvature is controlled by the scalar curvature. In
higher dimensions, we prove that the Riemann curvature tensor grows at
most polynomially in the distance function.

1. Introduction

A complete Riemannian manifold (M™,g) is called a gradient expanding
Ricci soliton if there exists a smooth function f on M™ such that the Ricci
tensor Ric of the metric g satisfies the equation

(1) Ric+ Hess f = Ag

for some negative constant A\. The function f is called a potential function
of the expanding soliton. By scaling the metric g, one customarily normalizes
A= —% so that

1
(2) Ric+Hessf:f§ .

It is well-known that a compact gradient expanding Ricci soliton is neces-
sarily an Einstein metric (see [8]). In this paper, we shall focus our attention
on complete noncompact gradient expanding Ricci solitons.

In recent years, much effort has been devoted to study gradient expanding
Ricci solitons. In dimension 3, P. Peterson and W. Wylie [12] proved that such
a soliton with constant scalar curvature is a finite quotient of R3, H? x R, or
H3. For a 3-dimensional gradient expanding Ricci soliton with nonnegative
Ricci curvature and integrable scalar curvature, i.e., R € L'(M3), G. Catino,
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P. Mastrolia and D. D. Monticelli [4] showed that it is isometric to a quotient
of the Gaussian soliton R3.

Moreover, H. D. Cao et al. [1] proved that a 3-dimensional complete expand-
ing gradient Ricci soliton with nonnegative Ricci curvature and divergence-free
Bach tensor, i.e., divB = 0 is rotationally symmetric. In higher dimensions,
they also obtained a classification theorem that a complete Bach-flat gradi-
ent expanding Ricci soliton with nonnegative Ricci curvature is rotationally
symmetric. In 2017, G. Catino, P. Mastrolia and D. D. Monticelli [5] proved
that a gradient expanding Ricci soliton with nonnegative Ricci curvature and
fourth order divergence-free Weyl tensor, i.e., div*W = 0 has harmonic Weyl
curvature.

For a complete noncompact expanding Ricci soliton with nonnegative Ricci
curvature, Y. Deng and X. Zhu [6] proved that the scalar curvature is bounded
and it attains the maximum at the unique equilibrium point. It is obvious that
the Ricci curvature must be bounded.

Motivated by the work of Munteanu-Wang [10], Cao-Cui [2] and Munteanu-
Wang [11], we study curvature estimates of complete noncompact gradient
expanding Ricci solitons. In [10], O. Munteanu and J. Wang derived several
curvature estimates for 4-dimensional complete noncompact gradient shrinking
Ricci solitons with bounded scalar curvature. Under some conditions on the
Ricci curvature and the scalar curvature, H. D. Cao and X. Cui [2] proved
certain curvature estimates for 4-dimensional complete noncompact gradient
steady Ricci solitons. In general dimensions, O. Munteanu and M. T. Wang
[11] showed that a complete noncompact gradient shrinking Ricci soliton with
bounded Ricci curvature satisfies that the Riemann curvature tensor grows at
most polynomially in the distance function. The main theorems of this paper
are following.

For 4-dimensional complete noncompact gradient expanding Ricci solitons
with nonnegative Ricci curvature, the first theorem concerns the boundness of
the Riemann curvature tensor and its covariant derivatives.

Theorem 1.1. Let (M*, g, f) be a four-dimensional complete noncompact gra-
dient expanding Ricci soliton with nonnegative Ricci curvature. Then the Rie-
mann curvature tensor and its covariant derivatives are bounded.

The second theorem provides that the Riemann curvature tensor can be
controlled by the scalar curvature.

Theorem 1.2. Let (M*,g, f) be a four-dimensional complete noncompact gra-
dient expanding Ricci soliton with nonnegative Ricci curvature. Then for each
0 < a < 1, there exists a universal constant ¢ > 0 such that

(3) |Ric|* < cR".
In dimension n (n > 5), we prove that the Riemann curvature tensor of a

complete noncompact gradient expanding Ricci soliton with nonnegative Ricci
curvature grows at most polynomially in the distance function.
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Theorem 1.3. Let (M",g, f) be an n-dimensional (n > 5) complete noncom-
pact gradient expanding Ricci soliton with nonnegative Ricci curvature. Then
the Riemann curvature tensor is at most polynomial growth in the distance
function, i.e., there exist positive constants b and K so that

(4) |Rm|(z) < K(r(z) +1)°,
where r(x) = d(xo, x) is the distance function from some fixed point xo € M.

Remark 1.4. From the proof of Theorem 1.3, we will see that b depends only
on n and the upper bound of Ric, while K depends only on n and the volume
of unit geodesic ball centered at z, i.e., Vol(Bg(1)).

The rest of this paper is organized as follows. In Section 2, we fix our
notations and present some formulas needed in the proof of main theorems.
In Section 3, we prove Theorem 1.1 and Theorem 1.2. We finish the proof of
Theorem 1.3 in Section 4.

2. Preliminaries

Here is a well-known identity for expanding Ricci solitons by tracing (3) (see
e.g. [3,8]).

(5) R+ Af= fg.
Normalize the potential function f, up to an additive constant, by
(6) R+|Vf*+ f=0.

The following formula can be obtained by using the second Bianchi identity
and the soliton equation (2) (see e.g. [7]).

(7) ViRijk = RijuVif.

Recall three elliptic equations for curvatures. We may refer to Peterson-
Wylie [12] for detail proofs.

Proposition 2.1. Let (M7, g;;,f) (n > 3) be a gradient expanding soliton.
Then we have

(8) AfR = —R — 2|Ric|*,
(9) ARy = —Rij — 2R Ry,
and

(10) AfRm = —Rm+ Rm * Rm,

where Ay := A—Vyy and Rm*Rm denotes a finite number of terms involving
quadratics in Riemann curvature Rm.

We need the asymptotic behavior of the potential function of complete non-
compact gradient expanding Ricci solitons.
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Proposition 2.2 (H. D. Cao et al. [1]). Let (M", g5, f) (n > 3) be a complete
noncompact gradient expanding soliton with nonnegative Ricci curvature. Then,
there exist some constants c1 > 0 and ca > 0 such that the potential function f
satisfies the estimates

1) ) ) e < —f(@) < 1) + 2V O]

where r(x) is the distance function from any fized base point in M™. In par-
ticular, f is a strictly concave exhaustion function achieving its maximum at
some interior point O, which we take as the base point, and the underlying
manifold M™ is diffeomorphic to R™.

According to the result of Y. Deng and X. Zhu [6] mentioned in the intro-
duction, we set 0 < Ric < cog for some positive constant ¢y throughout the
paper. Therefore, the scalar curvature R satisfies 0 < R < ncg.

Define the set

D(r)y:={xzeM:—f(x) <r}.

Let ¢ be a smooth nonnegative function defined on Rt so that ¢(¢) = 1 on
[0, s] and ¢(t) = 0 on [2s,00). We may choose ¢ so that

(¢ O + 16" (1)) < c

for some universal constant ¢ > 0.
For s > 1, D(s) is compact since — f is of quadratic growth (see Proposition
2.2). We use ¢(—f(x)) as a cut-off function with support in D(2s)\D(s).
Since 0 < R < ncy, it follows from (5) that |Af| < & 4 ncy. Moreover, (6)
implies that |V f| < v/—f < v/2s on D(2s)\D(s). It is obviously that

’ c| V£ c
(12) vol-ni<1¢ve < T < = <.
and
2
(13) 1A )| =161V - oap < AL L C 0 g <e

on D(2s)\D(s).

3. The four-dimensional case

In this section, we derive certain curvature estimates for 4-dimensional gra-
dient expanding Ricci solitons with nonnegative Ricci curvature. Throughout
the section, ¢ > 0 denotes some universal constant depending only on cy.

First of all, we present the following key fact due to Munteanu-Wang [10]
and Cao-Cui [2].

Proposition 3.1. Let (M*,g, f) be a four-dimensional complete noncompact
gradient expanding Ricci soliton. Then, there exists some universal constant
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c > 0 such that

|VRic| |Ric|®>+1 ‘ >
14 Rm| < c( + |Ric| ) .
" e Uogr * g e
Proof. This result follows from the same arguments as in the proof of Propo-
sition 1.1 of [10] but without replacing |V f|?> by f in their proof. O

Lemma 3.2. Let (M*%,g, f) be a four-dimensional complete noncompact gra-
dient expanding Ricci soliton with nonnegative Ricci curvature. Then, outside
a compact set, there exists some universal constant ¢ > 0 such that

VRic
(15) |Rm|§c(||vf| 1).
Furthermore, we have
(16) |Rm| < ¢(]VRic| + 1).
Proof. Since 0 < R < 4cy, it follows from (6) and Proposition 2.2 that
(17) IVfl = Co

for some constant Cy > 0 outside a compact set.
Applying (17) and 0 < Ric < cgg to Proposition 3.1, we obtained (15) and
(16) immediately. O

Lemma 3.3. Let (M*,g, f) be a four-dimensional complete noncompact gra-
dient expanding Ricci soliton with nonnegative Ricci curvature. Then, outside
a compact set, there exist a constant C7 > 0 and a universal constant ¢ > 0
such that

(18) A¢(|Rm| + Cy|Ricl*) > = (|Rm| + Cy|Ric|*)* — c.

N | =

Proof. From (10), we know that
A¢|Rm|* = 2|VRm|* + 2(Rm, A Rm)
= 2|VRm/|? — 2|Rm|*> — Rm * Rm x Rm
> 2|VRm|? — 2|Rm|?* — ¢|Rm|>.

It follows from Kato’s inequality immediately that

(19) A¢|Rm| > —|Rm| — ¢|Rm|? > |Rm|* — ¢(|Rm|* + 1).
Applying (16) to (19), we have
(20) A¢|Rm| > |Rm|? — ¢(|VRic|* + 1).

By direct computations, we obtain
Ay|Ric|® = 2|VRic]* + 2R;; A R;;
= 2|VRic|® — 2|Ric|* — 4R;1j1Ri; Ry
(21) > 2|VRic|? — ¢(|V Ric| + 1),
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where we used (9) in the second equality. Moreover, we used the fact of 0 <
Ric < ¢pg and (16) in the last.
Combining (20) and (21), we can find a constant C; > 0 such that
A¢(|Rm| + C1|Ric|*) > |Rm|? + 2C1|V Ric|? — ¢(|V Ric|* 4+ |V Ric| + 1)
> |Rm|* — ¢

1 .
> 5(\Rm| + C1|Ric|*)? — ¢. 0

Now we are ready to prove Theorem 1.1.

Theorem 3.4. Let (M*,g, f) be a four-dimensional complete noncompact gra-
dient expanding Ricci soliton with nonnegative Ricci curvature. Then the Rie-
mann curvature tensor and its covariant derivatives are bounded.

Proof. Define the nonnegative smooth function v := |Rm/| + C;|Ric|?, where
C is the constant in Lemma 3.3. It follows that

1
(22) Apv = 5112 —c

By direct computations, we have
&* (=) A (0p* (= 1))
= ¢ (=F)Agv +v* (= ))As (6° (= 1)) +20* (=) (Vo,Ve*(—f))
= ' (=N)Asv + 206" (=) (6(=F)As (6(=1)) +IVS(=1)I?)
+2(V (0% (= 1)), Vo (= f)) — 8vp* (= f)|Vo(~f)I?

(3) > S(weA(1) — ewd () + 2AV (06 (~ ), V(D) — e,

where we used (22), (12) and (13).
The maximum principle implies that on D(2s)\D(s)

v (—f) <e.
Note that ¢ is independent of s. Taking s — +o00, we have
v = |Rm|+ C|Ric|* < c.
Since the Ricci curvature is bounded, we conclude that
(24) |Rm| < c.

Furthermore, we use Shi’s estimates (see [14] or [10] for details) to prove
that [VRm| < c.
From (10) and (2), we can derive that

1
AyVRm = —§VRm + Rm x VRm.

Moreover, we have
A¢|VRm* = 2|V?Rm|? + 2(VRm, A;VRm)
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> 2|V2Rm|? — [VRm|? — ¢|Rm||V Rm/|?
> 2|V|VRm||> — ¢|[VRm/|?,
where we used Kato’s inequality and (24). Therefore, we get
(25) A¢|VRm| > —c|VRm]|.
It follows from (10) and (24) that
A¢|Rm|* = 2|]VRm|* + 2(Rm, A ;Rm)
(26) > 2|VRm|* —c.
Hence, (24), (25) and (26) imply that
A¢(|VRm| +|Rm|?) > ([VRm| + |Rm|*)? — c.

543

The maximum principle argument as above shows that |VRm| + |Rm/|? is

bounded on M*. Therefore, we obtain

(27) [VRm| < c.

Using the same method, we conclude that higher order derivatives of the

Riemann curvature |V!Rm| (I € {2,3,4,...}) are bounded.
This completes the proof of this theorem.

O

Lemma 3.5. Let (M*,g, f) be a four-dimensional complete noncompact gra-
dient expanding Ricci soliton with nonnegative Ricci curvature. Then, outside

a compact set, we have

| Ric|? cR | Ric|* | Ric|?
28 A —— ) >(2a— —
2%) ()2 (- i) oo
for each constant a € (0,1).

Proof. By direct computations, we have
A¢|Ric|® = 2|V Ric|* + 2R;j A ¢ R;;
= 2|VRic|* — 2|Ric|* — 4R Rir. Rji
> 2|VRic|? — 2|Ric|? — 4| Rm||Ric|?
|V Ric||Ric|?
VS

where we used (9) in the second equality and (15) in the last.
From (8), we can derive that

Ay(R™) = —aR “'AjR+a(a+1)R™ VR
(30) =aR™ "+ 2a|Ric’ R~ + ala + 1)R™*2|VR|?.
Using (29) and (30), we get

(29) > 2|VRic|? — ¢|Ric|* — ¢

Ra

- 12
A <|RZC> = R™"Aj|Ricl? + |Ric2A;(R™") + 2(V|Ric|2, VR™)
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1 ) . VRic||Ric|2>
> — | 2|VRic|? — ¢|Ric|? — 21
s (2IVRicP - dlRic e
| Ric|? | Ric|? |VR|?
+a Toa 1+2 7 +(a+1) 72
|V R||Ric||V Ric|
— 4a—R“+1
|V Ric|? |V R||Ric||V Ric| |Ric|?|VR|?
=2 e 4a Rt a(a 1)7}%G_|r2
B C\VRZ'CHRZ’CF 42 | Ric|* Fla—o) | Ric|?
[V f|Re Ro+T Re
2(1 — a) |VRic|? |V Ric||Ric|? |Ric|* |Ric|?
> —c + 2a —c
1+a Ro |V f|IRe Ra+1 Re
cR |Ric|* | Ric|?
31 > | 2a — — .
(31) = ( - anP) R+~ Ra 0

Next, we finish the proof of Theorem 1.2.

Theorem 3.6. Let (M*,g, f) be a four-dimensional complete noncompact gra-
dient expanding Ricci soliton with nonnegative Ricci curvature. Then for each

0 < a <1, there exists a universal constant ¢ > 0 such that

(32) |Ric|* < cR.

Proof. Since 0 < R < 4cy, it follows from (6) and Proposition 2.2 that |V f|?
is of quadratic growth. Therefore, outside a compact set, we can obtain that

2a — % > a.
(1—a)|V/f]
Define the smooth function u := u%%ilg. By Lemma 3.5, we have
) a 2
(33) Afu 2 FU/ — CU Z WU — CU.

By direct computations, we obtain that
0*Ap(ug?) = 6" Agu+ $*ul ;¢ + 207 (Vu, Vo?)

> ﬁww — cud* + 2ud? ($A1p + [Vol?)

+2(V(ug?), Vo?) — 8u¢?|Vo|?

> ﬁ(u&)? — cud? + 2(V (ug?), Vo?).

The maximum principle implies that

up?(—f) <c

(34)
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on D(2s)\D(s). Note that c is independent of s. Taking s — +o0o, we obtain
that
| Ric|? <
u=-—-
Re  —
This completes the proof. (I

4. The n-dimensional case

In this section, we estimate the curvature operator of n-dimensional (n > 5)
complete noncompact gradient expanding Ricci solitons with nonnegative Ricci
curvature. Let b be a fixed number to be determined later and C be a universal
constant depending only on p, ¢, n and ¢y. For s > 1, we set ¢ be a smooth
nonnegative function defined on R* so that ¢(t) =1 on [0, s, ¢(t) = 2% on
(s,2s), and ¢(t) = 0 on [2s,00). Then ¢(—f(x)) is still a cut-off function with
support in D(2s)\D(s).

First of all, we prove the following proposition.

Proposition 4.1. Let (M™,g, f) be an n-dimensional (n > 5) complete non-
compact gradient expanding Ricci soliton with nonnegative Ricci curvature. For
any integer p > 3 and integer ¢ > 2p + 1, there exist positive constants Co and
C3 such that

(b-C) / [RmfP(1 — )~ ($(—f))"
M
< / IV Ricl| RmfP~ (1 — f)~(6(~ )"
M
(35) +C [ [V RmPRmp(1 = 1) (0(-1)" + ot Ca
M
Proof. Integrating by parts, we obtain
b / [Rm[P|V fP(1L— )10
M
/ [Rm[P(V,V(1— f)™)g0
M
- / [Rm[PAF(1— )¢t — / [Rm[P(1— £)™"(Vf, V")
M M
- / (V|Rm[P, V) (1~ f) g0
M
(36) < - / [Rm[PAF(1— )¢t — / (VIRmp?, ¥ f)(1— ).
M M
Here we used (Vf,Voi(—f)) = M > 0 to get the inequality.

Note that R < ncy. Using (5) and (6), we obtain that

4vsPa- e asa- = (R o mya - g
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(37) > (b—n—nco)(l—f)_b

on M\D(2b(1 + co)).
Applying (37) to (36), we have

(6= —nco) [ |RmP (1= 1)
< _/ (V|Rm|?, V£)(1 — £)~"¢7 + Ca,
M

where C := [} 9414 ¢y (b—n =100 — BIVIP(L—f)~" = Af)|[Rm[P(1— )"0
By direct computations, we have

- / (VIRm[P, V1) (1— f)~g0
M

- p/ ViRijuRiju Vi fIRmP~2(1 — f)~b¢?
M

- P/ (ViRijn + ViRijen) Rija Vi fIRm[P~2(1 — f)~0¢?
M
= - 210/ ViRijinRijiu Vi fIRm[P~2(1 — f)~¢?
M

= 217/ RijenVi(Rija Vi fIRm[P~2(1 = £)~°¢9)
M
(38) =I+II+III+1V+V,

where we used the second Bianchi identity in the second equality. Moreover,
we define

I= QP/ RijenViRijra Vi fIRmP~2(1 — f)~"¢9,
M

11 = 2p/ RijinRijiaViVn fIRmP=2(1 — )71,
M

1 =2 / RojinRipa Vi Vol Rm[P=>(1 — )¢,
M
and

1V = pr/ RijknRijimVafIRm|P2(1 = f)~"7'V, fo?,
M

V= QPQ/ RijenRijiaVuf|IRmP~2(1 = f) P61 Vi(~ f).
M
It follows from the second Bianchi identity and (7) that

T+1IT< c/ |V Ric||V Rm||Rm|P=2(1 — f)~%¢?
M
1
<5 | IVRicl Rl (1~ )
2 M

+ C/ |VRm|* | Rm[P~3(1 — ) b¢.
M
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Note that the Ricci curvature is bounded. Using (2), we have
1 _ -
II= 2p/ RijinRijia (=5 9m — By |[Rm|"~2(1 = f)~"¢*
M

< [ Rmp(-)te,
M
Moreover, we get

IV < 2p / IV Ric|[Rm|P~ 1|V £|(1 — f>-b—1¢q
M

IN

3 ]| VRicPlRmr 1= o+ S [ (Rl - e
5 [ IVRi Rl (= o+ /M (R (1~ 1)

1 — f)~ 0Py
wen) [ (=g,

where we used Young’s inequality in the last inequality.
Now we work on the term V' of the right-hand of (38).

IN

2
V= pq / Rz]khvthz]klvlf|Rm|p 2( f)_b¢q_1

4
2pq / Y, Rix Rija Vo f|[Rm|P=2(1 — f) g7~

4 _ b oo
= _%q RV (RijaVif|Rm|P2(1 = f)~P¢?")
M
(39) =444t + i + v + v,

where we used the second Bianchi identity in the second equality. Moreover,
we define

4 o

P pq/ RtV RijuVif|[RmfP=2(1 — )07,
4

P pq/ RuxRiyuV,Vof|[RmlP~2(1 — f) g1,

4
it = - RixRijaVif V| Rm|P~2(1 — )¢,
M

and

4
P | / RixRijiaVif [RmP=2V;(1 — f)~bga—,

4
V== pq / RZkR”kZVZf‘RmV) 2( f)_bvj(z)q_l'

Next, we deal Wlth i to v.
It follows from R > 0 and (6) that |V f|? < —f. Moreover, we have |V f| <
V25 on D(2s)\D(s).
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By direct computations, we obtain

. 4 _ b o
P RixRijia Vi fV f|IRm[P~2(1 — f)~Pgr?
M

s
C _ b g
<C [ VRRmp - g e
$ JD(2s)\D(s)
(10) < [ Rmpia- gy tert,
M
where we used (7) in the first equality.

4 _
i = — pq/ RipRijniV; Vlf|Rm\p 2( f)_b(bq !

4pq Rszzﬂcl(;g]l + Rjy)|Rm|P~ 2( f>—b¢q—1
(11) << / Rl (1 - f)~tgY,
where we used (2) in the second equality.
il = — % MRikRijklvlwam\P*?u — f) gt

C _2 —b q—1
< ﬁ/M |[VRm||Rm|P~=(1 — f)"¢*
< / IVRm|*|[Rm[P~3(1 — f)~P¢97"
M
(42) + % /M [Rm[P~H (1 — f) g,
iv= 4pq/ RixRijia Vi f|[Rm[P2V;(1 — ) Pgr
- 4pq/ RixRijia Vi f|[Rm|P~>V; f(1 = f)7 07 gt}

< S [ vsRIRmpi - gy

(43) < ¢ / [Rm[P=1(1 — f)~bgrT,
S Jm
and
4
v= *% R Rijia Vi f|Rm[P~2(1 — £)70V,¢7!
M
4
L / RitRijiaVif|Rm[P=2(1 — f)70%; f9~2
C _ b
<= IVfIP[Rm|P~H (1 — ) Pg?

$ JD(25)\D(s)
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@) <[ Rmpia e
Note that ¢ <1 and s > 1. Plugging (40) to (44) into (39), we have
V< / [V Rm[*|Rm[P=*(1 — f)™"¢" + C/ |Rm|P~H (1 — f) g2,
Furthermorl\g, Young’s inequality implies that N

[ mmpia o
M
< /M [Rm[P(1— )~ + C /M<1 g,

Finally, it results that
(b-C) / [Rm[P(1— f)~¢
M
< / VRic[Rm[P~ (1~ )~ + C / Y Rm|2[Rm|P~3(1 — f)~0g0
M M

(45) +C /M(1 — /)71 4 ¢(n, p) /M(1 — )7PyT 4 Cy.

Note that Ric > 0, the Bishop volume comparison theorem implies that each
geodesic ball B, (r) of M™ is still at most Euclidean growth. By Proposition
2.2, we can derive that for any m > 4 + 1,

(46) |/M(1 — )7 < 4o0.

Therefore, there exists a finite constant C5 so that
6=0) [ |RmP(L- ) o
M

< [ IVRicPRmp 1= 1) 060+ C [ [VRmPIRRP S0~ ) e
M M
+ Cs + Cs. 0
Lemma 4.2. Let (M", g, f) be an n-dimensional (n > 5) complete noncompact
gradient expanding Ricci soliton with nonnegative Ricci curvature. For any

integer p > 2 and integer q > 2p + 1, there exist positive constants b and A
depending only on n, p and cy such that

(47) [ mmpa =gt <a
M
In particular, for any x € M we have
(48) [P <A@ @),
Bx(1)

where r(x) = d(xg, ) is the distance function from some fixed point xo € M.
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Proof. We discuss the case of p > 3 first. From (9) and (10), we can derive the
following inequalities respectively by using the condition of 0 < Ric < ¢pg.

fAf\chF IVRic|* + RijAyR;;
= |VRiC|2 — |RiC|2 — QRijklRikle
(49) > |VRic|* — nct — 2nci|Rml,
and
1
§Af|Rm|2 = |[VRm|* + Riju A Rijn
(50) > |[VRm|> — |Rm|*> — C|Rm/|>.
By (49), we have
[ 19 Ric? Rmpt - gy o
M
<5 | AlRicP\Rmp - gy e
2 M
1
~ 3 | VerlRicP|Rmp i - gy e
2 M

+c(2)/ |Rm|p*1(1ff)’b¢>q+ncg/ |[Rm|P(1— f)~"¢?
M M
(51) =T+ II+IIT+1V,

where
1;:1/ Al|Ricl?| Rm[P~1(1 — f) o1,
2 Jm

1
Il := —7/ Vv | Ric*|[Rm[P~ (1 — f)~b¢1,
2/
and

II] := nc%/ |Rm|P~1(1 *f)ib(lsqa
M

IV := nc? /M |IRm|P(1 — )¢
‘We observe that

I= %/MA|Ric|2|Rm|p_1(1 — et
- _%/ (V|Ric>, VIRm|P~1) (1 — f)P¢?
/ (V|Ric|*, Vf)|Rm[P~ (1 — f)~0~ g1

_Zi/ (V|Ric?, V)| Rm|P~1(1 — f)~b¢p1!
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(52) = i+ i + i,
where
s 71 - 12 p—1 o —b 1q
1= (V|Ric|*, VIRm[P~")(1 — f) 97,
2 Jm
b
it 5 [ (VIRIR, T H)Rmp (1= 1),
M
and

il = —% /M<V|Ric|2,Vf>\Rm|p_1(1 — f) bt

It is easy to see that

,__1 . 12 -1 _ b
i = Q/M(V\de ,VIRm[P~1) (1 — f)~ g1

< c/ IV Ric||V Rl [Rm[P=2(1 — f)~¢"
M

< é / |V Ric?|[Rm[P~} (1 = £)~'¢7 + C / [V Rm[*[Rm[P=*(1 = )~"¢".
M M

Note that 2s > —f > /s > 1 on D(2s)\D(s) and R > 0. It follows from (6)
that |V f| < +/—f <1— f. Therefore,

i1 = —é/ (V|Ric|?, Vf)|[Rm|P~1(1 — f)~0"1p?
2 J/m

< Cb/ |V Ric|| Rm|P~(1 — )~ b¢?
M

1 - 12 p—1 . —b _1q 2 p—1 . —b _1q
§8/M\VRZC| |[Rm|P~*(1— )" ¢?7+ Cb /M |[Rm|P~* (1 — f)" o2

Moreover, we have

i = —2% /M<V|Ric|27Vf>|Rm|”‘1(1 — )Pt

IN

\% /M |V Ric||[Rm[P~(1 — f)~bpa~t

IN

1
’/ [V Ricl?| Rmf? (1~ 1) 60 + < / [RmlPL(1 — f)~bgr2.
8 ) .
It follows that
I= 1/ A|Ric*|Rm|P~H(1 — f) g1
2 m

g%/ IVRicF\le“(lff)*b¢q+0/ [V Rm|?| Rm|" (1 = f)~"¢
M M

+ Cb2/ |Rm|p71(1 _ f)*b¢q72
M

IN

3 / IV RicP[Rm[P~ (1 — )¢ + C / IV Rmf?[Rm|P=3(1 — f)~0g0
8 M M
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1
s [ Ammpa - p oo [ o gy ter
6 Jm M
<3 [ IVRicPIRmP 1= ot € [V RmP RS0 )
8 Jm M
1
63+ [ [RmP@ =)o c
6 Jum
where we used Young’s inequality in the second inequality and
Cy = ob2p|/ (1= )] < 400,
M
Similarly, we obtain that
1
= — 7/ Vv | Ric*|[Rm[P~H(1 — f)~¢?
2 m
<C [ [VRid| R (111 - 1) 0"
M
1
<5 | IVRicPRmpi1 - gt
8 Jm

e /M RmP~ [V A2(1 — f)bgt

IN

1
5 [ IV Rick AP = 1)

1
+g [ Rmpra = e [ - pe e

IN

1
! / IV Ric|[Rm[P~ (1 — )~
8 M

1 P(1 — £)~bpe _ fybtp g
+5 [ Rmpa=peree [ a- g

IA

1
5 [ IWRicPiRmP 10 ) o
8 Jm
1
(54) + 7/ |IRm[P(1— f)~%¢7 + Cs,
6 Jum
where we used Young’s inequality in the second inequality and C5 := C| [ A (=

f)70P| < 4o0.
It follows from Young’s inequality that

IIT = ncg/ |[Rm[P~(1 — f)~0¢?
M

1 mlP(1 — f)bp? — )~bye
(59) <5 [ Empa e [ o
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Applying (53), (54) and (55) to (51), we obtain that
[ 19RicPIRmP i o
M
<C [ VRmPRmp-(1 - p) e
M

(56) +c/ \Rm|P(1 — £)~¢7 + Cy + Cs.
M

Furthermore, we can derive the following inequality by combining (56) and
Proposition 4.1.

6-C) [ [Rmp(i- 7)o"
(57) M
< C [ VR Rmp=(1 - £)"97 4 Ca + G,
M

From (50), we can derive that

[ 19 RS )
M

<5 | (@IRmP) B2 = e
=5 | VIRmE. VD A 1 gy

(58) + /M [RmfP (1~ )67 4 C /M [Rm[P(1 — f) g0,

We finish the proof by estimating each term in the right-hand side of (58).
Using the similar method in (52), we find that

/ (A[RmP?)| RmfP=3(1 — f)~g"
M

_ - / Vi Rm V(| Rm[P=3 (1 — f)~¢7)
M

_ 2(p - 3) /M |Rm‘P*3|V|Rm||2(1 - f)ibqﬁq
M

L[ (To R RS )t

27b
T V5 Jpes\D(s)

2q / -2 —b q—1
+—= [VRm|[Rm[P~=(1 = f)""¢*
Vs D(2s)\D(s)

|V Rim||[Rm[P~2(1 — f) ™"
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IN

3 [ Rl gy e+ 2 [ R e
M
[ Rl 1= )
M
3 | IVRmPI R et [ R gy

IN

+4q2/ |[Rm|P~H(1 — f) P12
M

| /\

/ IV Rm[2|RmfP=3(1 — f)~¢0 + / [Rm[P(1 — f)~bg0
+C / (1= f) b= 4 Cp?» / (1— f)"bg2
M

M

(59)

IN

! / VRmP|RmP3 (1~ )¢t + [ |RmlP(1— £)b67 + C.
2 M M
Moreover, we have

- / (V|Rm?, ¥ f)[Rm|?=3(1 — f)~"¢"

M

<2 /M IV Rm||[Vf|[Rm[P-2(1 — f)~bg0

1
<5 [ IVRmPIRmP = )

+2 / [Rm[P~ [V f12(1 — f)bg0

M

IN

} 2 P=3(1 — £)~bpe
2/M\v3m| [Rm|P=3(1 - )

RmlP(1 = )07 + C — A\ fI2P g
b [ mmp - p v [ a- g

IN

1 - —b
3 [ IV RmPIRmp=(1 = 1)
(60) +/ |[Rm|P(1— f)~¢* + Cs,

M

where we used Young’s inequality in the third inequality.
It follows from Young’s inequality that

[ 1mmpia e
M
< /M [Rm[P(1— f)~¢1 + C /M<1 _p)g

(61) < [ |Rm[P(1 = f)""¢7 + Cs,
M
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where Cj is a finite constant equals to C| [,,(1— f)7°|.

Applying (59), (60) and (61) to (58), we can derive that
[ 19 RS- ) e
M

(62) < c/ |IRm[P(1 — f)~%¢% + Cy + Cs5 + Cs.
M

Combining (57) and (62), we conclude there exists some constant A which
is independent of s, so that

(63) [ 1Rl pyrer < a

Taking s — 400, for p > 3, we have

[ mmpa <
M

Consider the case of ¢ = 2. Using Young’s inequality, we obtain

/ Rm(1— )
M

<3 [ Rmpa-pteg [ a-p
(64) <A

Therefore, we (47) is proved.
Applying Proposition 2.2 to (47), we conclude (48).
This completes the proof. (I

Now we are ready to finish the proof of Theorem 1.3.

Theorem 4.3. Let (M",g, f) be an n-dimensional (n > 5) complete noncom-
pact gradient expanding Ricci soliton with nonnegative Ricci curvature. Then
the Riemann curvature tensor is at most polynomial growth in the distance
function i.e., there exist positive constants b and K so that

(65) Rim|(z) < K(r(z) + 1),
where r(x) = d(xg, x) is the distance function from some fized point xo € M.
Proof. From (50), we infer that
A|Rm|* > 2|VRm* + (V|Rm|?,V f) — |[Rm|* — ¢|Rm/|?
(66) > —Cw|Rm|?,

where w := C(|Rm| + [V f]? + 1).
Since Ric > 0, by the Sobolev inequality in [13], there exists a constant Cg
depending only on n so that for any % with support in B, (1), we have

o \ C
(/Bz(l)lp“) < Vol(Bj(l))i/Bm (IVe|? +?).
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Then the standard Moser iteration (see e.g. [9]) implies that

(67)

whe

|Rm[*(z) < CM(/ w" + 1) / |Rm|?,
B,(1) B, (1)

re Cpy depends only on n, Cs and Vol(B,(1)).

Finally, this theorem follows immediately from Lemma 4.2 and (67). O

Acknowledgements. The author would like to thank Professor Kefeng Liu
for his encouragement and guidance.

[1]

2]

3]

[5]
[6]

(10]
(11]
(12]
(13]

(14]

References

H.-D. Cao, G. Catino, Q. Chen, C. Mantegazza, and L. Mazzieri, Bach-flat gradient
steady Ricci solitons, Calc. Var. Partial Differential Equations 49 (2014), no. 1-2, 125—
138. https://doi.org/10.1007/s00526-012-0575-3

H.-D. Cao and X. Cui, Curvature estimates for four-dimensional gradient steady Ricct
solitons, J. Geom. Anal. 30 (2020), no. 1, 511-525. https://doi.org/10.1007/s12220~
019-00152-z

H.-D. Cao and X.-P. Zhu, A complete proof of the Poincaré and geometrization
conjectures—application of the Hamilton-Perelman theory of the Ricci flow, Asian J.
Math. 10 (2006), no. 2, 165-492. https://doi.org/10.4310/AJM.2006.v10.n2.a2

G. Catino, P. Mastrolia, and D. D. Monticelli, Classification of expanding and steady
Ricci solitons with integral curvature decay, Geom. Topol. 20 (2016), no. 5, 2665-2685.
https://doi.org/10.2140/gt.2016.20.2665

, Gradient Ricci solitons with vanishing conditions on Weyl, J. Math. Pures
Appl. (9) 108 (2017), no. 1, 1-13. https://doi.org/10.1016/j.matpur.2016.10.007
Y. Deng and X. Zhu, Complete non-compact gradient Ricci solitons with nonnegative
Ricci curvature, Math. Z. 279 (2015), no. 1-2, 211-226. https://doi.org/10.1007/
s00209-014-1363-x

M. Eminenti, G. La Nave, and C. Mantegazza, Ricci solitons: the equation point of view,
Manuscripta Math. 127 (2008), no. 3, 345-367. https://doi.org/10.1007/s00229-008-
0210-y

R. S. Hamilton, The formation of singularities in the Ricci flow, in Surveys in differential
geometry, Vol. IT (Cambridge, MA, 1993), 7-136, Int. Press, Cambridge, MA, 1995.

P. Li, Lecture notes on geometric analysis, Lecture Notes Series, 6, Seoul National
University, Research Institute of Mathematics, Global Analysis Research Center, Seoul,
1993.

O. Munteanu and J. Wang, Geometry of shrinking Ricci solitons, Compos. Math. 151
(2015), no. 12, 2273-2300. https://doi.org/10.1112/50010437X15007496

O. Munteanu and M.-T. Wang, The curvature of gradient Ricci solitons, Math. Res.
Lett. 18 (2011), no. 6, 1051-1069. https://doi.org/10.4310/MRL.2011.v18.n6.a2

P. Petersen and W. Wylie, On the classification of gradient Ricci solitons, Geom. Topol.
14 (2010), no. 4, 2277-2300. https://doi.org/10.2140/gt.2010.14.2277

L. Saloft-Coste, Uniformly elliptic operators on Riemannian manifolds, J. Differential
Geom. 36 (1992), no. 2, 417-450. http://projecteuclid.org/euclid. jdg/1214448748
W.-X. Shi, Deforming the metric on complete Riemannian manifolds, J. Differential
Geom. 30 (1989), no. 1, 223-301. http://projecteuclid.org/euclid. jdg/1214443292



https://doi.org/10.1007/s00526-012-0575-3
https://doi.org/10.1007/s12220-019-00152-z
https://doi.org/10.1007/s12220-019-00152-z
https://doi.org/10.4310/AJM.2006.v10.n2.a2
https://doi.org/10.2140/gt.2016.20.2665
https://doi.org/10.1016/j.matpur.2016.10.007
https://doi.org/10.1007/s00209-014-1363-x
https://doi.org/10.1007/s00209-014-1363-x
https://doi.org/10.1007/s00229-008-0210-y
https://doi.org/10.1007/s00229-008-0210-y
https://doi.org/10.1112/S0010437X15007496
https://doi.org/10.4310/MRL.2011.v18.n6.a2
https://doi.org/10.2140/gt.2010.14.2277
http://projecteuclid.org/euclid.jdg/1214448748
http://projecteuclid.org/euclid.jdg/1214443292

CURVATURE ESTIMATES GERS

LIANGDI ZHANG

CENTER OF MATHEMATICAL SCIENCES

ZHEJIANG UNIVERSITY

HaNGzHOU 310027, P. R. CHINA

AND

YANQI LAKE BEIJING INSTITUTE OF MATHEMATICAL SCIENCES AND APPLICATIONS
BELING 101408, P. R. CHINA

Email address: zhangliangdi@zju.edu.cn

557



