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POLYNOMIALITY OF THE EQUIVARIANT
GROMOV-WITTEN THEORY OF P!

HyeENHO LHO

ABSTRACT. We study the equivariant Gromov-Witten theory of P71
for all » > 2. We prove a polynomiality property in r of the Gromov-
Witten classes of P"~1. Using this polynomiality property, we define a set
of polynomial valued classes in H*(M,,,) which generalize the limit of
Witten’s s-spin classes studied by Pandharipande, Pixton and Zvonkine.

1. Introduction
1.1. Overview

Since the study of relations in the cohomology of the moduli space of curves
by Mumford in the 1980s ([11]), there has been substantial progress in the
study of the structure of the tautological rings

RH*(M,,) C H*(M,,).

We refer the reader to [1] for an introduction to the tautological rings.
Recently, certain polynomiality properties were proved in [7, 13] for sets

of classes in RH*(M,,). Our main result is the proof of a polynomiality

property in r for a set of equivariant Gromov-Witten classes of P*~!. Using

the polynomiality, we define a new set of classes
P> ,d <7
Q4" € H*(Myn) ® Qlu, 7]

for g,d > 0 and A = (ay,...,a,) € Z%, satisfying
g—1+d=>) a;=0.

For d = g —1, the new class, after restriction to u = 0, recovers the Witten’s
s-spin class ([13]) with » = s — 1. Finding a geometric interpretation of the
new class Qﬂ;’ A’d is an interesting question.
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1.2. Equivariant Gromov-Witten theory of P"—1!

For r € N, the cohomological field theory (CohFT) associated to P"~! can
be constructed as follows. Let the algebraic torus

Tr — (C*)T
act with the standard linearization on P"~! with weights Ag,..., \,_1 on the
vector space HO(P™1, Opr—1(1)).
Let M, (P"~!,d) be the moduli space of stable maps to P"~! equipped with
the canonical T,-action, and let

i My (P d) = My,

be the natural morphism forgetting the map. Let A = (ay,...,a,) € {0,...,r—
1}". The Gromov-Witten classes of the P"~! are defined via the equivariant
push-forward

r—1 . ; 5V r— vir
1) 0 (ar,. . a) = quﬂ*(Her(Ha‘) N [M (P L, d)] ) .

>0 i=1
The sum (1) defines a polynomial valued class

r—1 r—1 <
QE,A (q) == Qg’n (a1,...,a,) € H*(Mg4,) ® Clq]
after the specialization '
Ai =G,

for a primitive rth root of unity (.

Let V := H*(P"~!,C) be the cohomology ring of P"~! with basis H°, H!, ...,
H"! and bilinear form

Nab = ,',](Ha’ Hb) = 6a+b,7‘71 3
and unit vector 1 = H?. The Gromov-Witten classes (1) define a CohFT by
OF Ve o B (M, ,)®Clq], QF, (H - -0H™) = QF (a1, a,).
The genus 0 sector defines a quantum product e on V with unit 1,
a b N P!
n(H*e H”, HC) =3 (a,b,c).
The resulting algebra is semisimple if and only if ¢ # —1.
1.3. Tautological class via P°°

Here we state a polynomiality property in r of the class Qg?;l. Denote by

Q4 e H*(M,,) @ Clq]
the degree 2d part of the class Qg;l € H*(M,,) ® C[q].
Theorem 1. For Z?Zl a; =g —1—d with a; > 0, we have

(i) Q]g;l’d € H* (M, ,) ® Clq] is a polynomial in q of degree g — 1.
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(ii) The coefficient of ¢* for 0 <k <g—1in
QF 1 e H?(M,,,) ® Clg]

18 a polynomial in r for all sufficiently large r.

For A = (a1,...,an) € Z%, satisfying Y ' | a; = g — 1 — d, we denote by
Q?,Ad(qv T) € H2d(ﬂg,n) ® (C[qv T}

the polynomial valued class associated to QS::’d by Theorem 1. Via the change
of the variable

u=q+1,
we define the kth polynomial class
Oy e H*(M,,,) ® Clr]
for 0 < k < g —1 to be the coefficient of uF in
Qi:’d(u, r) € H**(M,,,) ® Clu,r].

In [12], the authors proved a polynomiality property in s for Witten’s s-spin
class W7, (a1, ..., a,).

Theorem 2 (Pandharipande, Pixton and Zvonkine [12]). For > " | a; = 29—2,
s9TYWE L (ar,. . an) € HXO7D (M, )
is a polynomial in s for all sufficiently large s.

For (d, k) = (g —1,0), the class (—1)971- Q]S:”%_l equals! the polynomial in
Theorem 2 with r = s — 1. In [12], the following was conjectured.

Conjecture 3. For Z?:o a; =29 — 2, we have
P g PN
Q457N (=1) = [Hg(ar,...,an)] € H* OV (DM,,).

Here, Hy(a,...,ayn) is the class of the closure of the locus of holomorphic
differentials with multiplicities of the zeroes given by (a1, ..., a,). We refer the
reader to [12, Appendix] for an introduction to the moduli space of holomorphic
differentials. Finding a geometric interpretation of Q]; A’fi for (d, k) # (¢9—1,0)
is an interesting question.

IThe (—1)9~" factor is due to the fact that the R-matrix for Witten’s s-spin class differs
from the R-matrix for P*~2 by a factor (—s).
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1.4. Stable graphs and strata

1.4.1. Summation over stable graphs. The strata of M, , are the substacks
parameterizing pointed curves of a fixed topological type. The moduli space
M, , is a disjoint union of finitely many strata.

The main result of the paper is the proof of an explicit formula for QE: (u, )
in the cohomology ring H*(M,,,) ® Clu,r]. The formula is written in terms
of a summation over stable graphs I' indexing the strata of Mgmn We review

here the standard indexing of the strata of Mg,n by stable graphs.

1.4.2. Stable graphs. The strata of the moduli space of curves correspond to
stable graphs

'=(WV,H,L,g:V —-Nw:H—=V,.:H— H)
satisfying the following properties:

(i) V is a vertex set with a genus function g : V. — N,

(ii) H is a half-edge set equipped with a vertex assignment v : H — V and
an involution ¢,

(iii) The edge set E of T is defined by the 2-cycle of + in H (self-edges at
vertices are allowed),

(iv) L, the set of legs, is defined by the fixed points of ¢ and is placed in
bijective correspondence with a set of markings,

(v) the pair (V, E) defines a connected graph,

(vi) for each vertex v, the stability condition holds:

2g(v) =2+ n(v) >0,
where n(v) is the valence of T at v including both half-edges and legs.
An automorphism of I' consists of automorphisms of the sets V' and H which
leave the structures L, g, v and ¢ invariant. Denote by Aut(I") the automorphism

group of T.
The genus of a stable graph I' is defined by:

g(T) = g(v) + A\ (D).

veV

A stratum of M, corresponding to Deligne-Mumford stable curves of fixed
topological type naturally determines a stable graph of genus g with n legs
by considering the dual graph of a generic pointed curve parameterized by the
stratum.

Let Gg , be the set of isomorphism classes of stable graphs of genus g with
n legs. The set Gy 5, is finite.

1.4.3. Strata algebra. To each stable graph I' € G, ,,, we associate the moduli
space

Mr =[] Myw)nw)-
veV



POLYNOMIALITY OF THE EQUIVARIANT G-W THEORY OF P! 577

Let
(2) gF : MP — Mg,n

be the canonical morphism whose image is equal to the closure of the stratum
associated to the stable graph I'. We require a family of stable pointed curves
over Mr to comstruct &r. Such a family is easily constructed by attaching
the pull-backs of the universal families over the Mg(v),n(v) along the sections
corresponding to the two halves of each edge in E(T).

Each half-edge h € H(T") determines a cotangent line
,Ch — Mr .

For h € L(T), Ly, is the pull-back via &r of the corresponding cotangent line of
Mg,. If b is a side of an edge e € E(T'), then L is the cotangent line of the
corresponding side of a node. We write

Y = c1(Ly) € H*(Mr,Q).

Let T be a stable graph. A basic class on My is defined to be a product of
monomials in x classes at each vertex of the graph and powers of v classes at
each half-edge (including the legs),

= [ I wl® [T i € 1 (071, Q).
VvEV i>0 heH

where #;[v] is the i'" kappa class on M
of v, we impose the condition

Z ixi[v] + Z y[h] < dimcM g(y) n(o) = 39(v) — 3 + n(v)
>0 heH[v]

g(v),n(v)- To avoid the trivial vanishing

at each vertex of I'. Here, H[v] C H is the set of half-edges (including the legs)
incident at v.

Consider the Q-vector space S, whose basis consists of the isomorphism
classes of pairs [I', 7] for stable graphs I" of genus g with n legs and a basic class
v on Mr. Sy.n is finite dimensional, since there are only finitely many pairs
T', v up to isomorphism.

Via the product on S, defined by intersection theory with respect to the
morphism (2), Sy, is a finite dimensional Q-algebra, called the strata algebra
[12]. Push-forward along &r defines a canonical ring homomorphism

q: Sg,n — H*(Mg,na(@) ’ q([F,’yD = 51’*(7)

from the strata algebra to the cohomology ring of the moduli space of curves.
1.5. Generalization of Pixton’s formula

The series

(3) Bro(u, z) = Z Bmk(u)zk

k>0
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will be defined in Section 3.2.
Let f(T) be a power series with vanishing constant and linear terms,

F(T) e T*Q[[T]]-
We define
1 *
(4) K’(f) = Z mpm* (f(¢n+1 e wn+m)> €H ( g,n» Q)
m>0
where p,, is the canonical map which forgets the last m markings.
Pm : Mg’,nﬁkm — Mg,n .

Due to the vanishing in degree 0 and 1 of f, the sum (4) is finite.

Definition 4. For k € Z, define the class Q") ! .(u) by the term of degree k
(in variable u) of the mixed degree cohomology class

q( Z |Au1( ] HHvaHA )GH*( gm@)@@[%

TeGy n veV leL ecE

ﬁ\»—-

where
r—1\9v—1
e ForveV,let k, = (ru rl) (T — T B,o(u, —mUT)).
e Forl e L, let y = 2,% Brq, (u, —24,91), where v; € V' is the vertex to which
the leg [ is assigned.
e Foree E, let
Soig (@) (@) T = Y (@) T Bri(u, —a¥) (@) T By i(u, —2"y")
Ae = ’
,[/)/ + 1/)//
where 2, " are the xz-variables assigned to the vertices adjacent to the edge
e and 9/, 1" are the 1)-classes corresponding to the half-edges.

For a polynomial ] in variables x,,, the notation [J[], means the term of degree
0 in all variables x,. The numerator of A, is divisible by the denominator due
to the identity

r—1
> Bi(u, T)Brr_y—i(u, ~T) =7.
1=0
We write 1 -
P Z u QH; Ak~
kEZ

The following fundamental polynomiality property of Q;_Al can be proven
by the argument of [7, Section 4.6].

Proposition 5. For fized g and A, the class
Qg;}(u) € H*(M,,) ® Clu,u™?]
is a polynomial in r for all sufficiently large r.

Via the torus localization technique, we obtain the following result.
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Theorem 6. For g >0 and A € {0,...,r —1}", we have
Q) = Q) € H* (M) © Clu,u™).

By Proposition 5, Theorem 1 follows from Theorem 6. Since

—1

O, e H*(My,) @ Clul

the coefficients of u* for k < 0 in Q;__Al give us tautological relations in

H*(M,,) whose coefficients are rational functions in r.
1.6. Plan of the paper

After a review of the localization formula for P*~! in the precise form re-
quired for the proof of the polynomiality property in Sections 2 and 3, Propo-
sition 5 and Theorem 6 are proven in Section 4.

Acknowledgments. I thank Y. Bae, H. Fan, F. Janda, R. Pandharipande,
J. Schmitt and L. Wu for discussions over the years about the moduli space of
curves and the tautological classes. This work was supported by research fund
of Chungnam National University.

2. Localization graphs
2.1. Torus action

Let T = (C*)" act diagonally on the vector space C" with weights
=05y Ap_1 -
Let
Po, -5 Pr—1

be the T-fixed points of the induced T-action on P"~!. The weights of T on
the tangent space T, (P"~') are given by

)‘j_)‘()a"'v)‘j_)‘jv"‘a)‘j_)\rfl'

There is an induced T-action on the moduli space M ,,(P"~!, d) of stable maps.
The localization formula of [5] will play a fundamental role in our paper. The
T-fixed loci are represented in terms of dual graphs, and the contributions of the
T-fixed loci are given by tautological classes. The formulas here are standard,
see [4,9].

2.2. Graphs

Let the genus g and the number of markings n for the moduli space be in
the stable range
20—-24+n>0.
We organize the T-fixed loci of Mg,n (P™=! d) according to decorated graphs.
A decorated graph T € G, ,,(P"~!) consists of the data (V,E,N,g, p) where

(i) V is the vertex set,
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(ii) E is the edge set (including possible self-edges),
(iii) N:{1,...,n} — V is the marking assignment,
(iv) g:V — Z>o is a genus assignment satisfying
9= glv)+h'(T)
veV

and for which (V,E, N, g) is a stable graph,
(v) p:V — (Pr=1)T is an assignment of a T-fixed point p(v) to each vertex

veV.

We will often call the markings L = {1,...,n} legs. We write the localization
formula as

S [Myn® =t d) ¢ = Y Contr.

d>0 PEGy . (Pr1)
While G, , (P"~!) is a finite set, each contribution Contr is a series in ¢ obtained
from an infinite sum over all edge possibilities.

2.3. Basic correlators

2.3.1. Overview. We review here basic series in ¢ which arise in the genus 0
theory of Gromov-Witten invariants of P*=1. We fix a torus action T = (C*)"
on P"~1 with weights

_A07 L) _>\7"—1
on the vector space C". The following specialization
(5) A=

will be imposed for our entire study of P*~!. Here ¢, is a primitive rth root of
unity.

2.4. First correlators

We require several correlators defined via Gromov-Witten invariants of P" 1.
The first two are obtained from standard Gromov-Witten invariants. For ; €
H:(P—1), define

n

(M, Y ) gnd = T ([Mg,napr_lv d)]Vir n H ev; (7)™ )7

i=1
q°
<<71'(/)a1a s 77nwan>>g>n = Z a@ﬂ/f“, s 77n"/)an>g,n7d7
d>0
where
T Mg)n(]P”"_l7 d)— Mgy,
is the canonical morphism which forgets the map. For each T-fixed point
p; € P71 let
e; = G(TpiPril)
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be the equivariant Euler class of the tangent space of P"~! at p;. Let
Hj;éi(H B )‘j )

€i

¢i = , @' = e € HF(P™1)
be cycle classes.
The following series will play a fundamental role in our paper.

gf’i’(/}7’>/>>0,2 )

Pi b,
Vi = .
5= (25
Unstable degree 0 terms are included by hand in the above formulas. The

unstable degree 0 term for $;(y) (resp. V;;) is 7y|p, (resp. ei(iiiy) ). We write

r—1
S(v) =D ¢:S:(7)-
i=0
The series $; and V;; satisfy the basic relation

r:l Sz z:xS' k .
(6) eiVij(z,y)e; = =E=0 (QS’;)Ly ICAIES

which follows from the WDVV equation ([4]).

2.5. Further calculations
Define the I-function by

0 d

_ q R 1
I(q) = g T i € R el Sl

Define differential operators

d
D=qg—, M=H+:D.
(7) Uig + z

Using Birkhoff factorization, an evaluation of the series $(H7) can be obtained
from the I-function, see [8,10]:

S(1) =I,
(8) S(H)) =MS(H'™') for1<j<r—1,
s(pry < MSUH)

LT‘

s

3=

Here, L,(q) = (1 +q)7.
equation

(9) (M’“flfq)]I:O.

The function I satisfies the following Picard-Fuchs
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The restriction I| =y, admits the following asymptotic form
z Z\2
(10) I|p—», = e/ (Ro + Ry (*) + RQ(*) + - )
Ai Ai
with series p, Ry, € C[[q]] .
A derivation of (10) can be obtained via the Picard-Fuchs equation (9) for

I|g=»,. The series p and Ry, are found by solving differential equations obtained
from the coefficient of z*. For example,

]. + D’LL = LT R
1—r
RO =L;? s
143r
L. %
R = (r—1)(=2r — 1+ (1 +7)LE + rL*7) |
24r
o
Ry = T75—5 (r = 1)(23+ 697 + 48 + 4r® — 2L7(23 + 467 + 25 + 2r7)

— 2L (=1 — v 4 2r%) + L27(23 + 237 + 1% 4+ 1®)
+ 202 (=1 4 7)) + L2 T2 (r — 1)r?).

The specialization (5) is used for these results.
From the equations (8) and (10), we can show the series $(H7) have the
following asymptotic expansions:

BAG Z\F
: Eijj(y) for 0<j<r.
k>0 i

(11) S;(H)) =e

The following constraints play a fundamental role for the proof of polynomiality
in Proposition 5.

Proposition 7. For all k > 0, we have
Rki = Pk (i, T)

1

with Py(w,v) € (C[Lfi][w, v,v~Y], where w,v are formal variables.

Proof. By induction on k, we prove that there exists a polynomial Pj(w,v)
such that Ry; = Pi(i,7). By applying (11) to (8), we have
(12) Ry; =Ly Ri—1+DRi 141
By applying the above equation repeatedly, we obtain the following equation
i—1
(13) Rii=LiRi+ > L DRy y;.
j=0
Especially we have
X 1—r42i
Ro; = LRy = Ly *

and therefore the induction hypothesis is true for £ = 0.
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Now suppose the induction hypothesis is true for [ < k — 1. Since R;; =
1 ~
P,(j,r) for some Pj(w,v) € C[Lri2][w,v,v_1], we also have DR;; = P;(j,r) for
~ 1
some Pj(w,v) € (C[sz][w,v,v_l}. Therefore the sum in the equation (13)

i—1
> LimVIDRy = Qui(So(i — 1), 81(i — 1), Sy, (i = 1),7)
j=0
for some ny;; € N and Q; € C[Lf%][wl,wg,...,wn“,v,v’l]. Here S,(b) =

Zzzo s® for a,b € Z>¢. Since S, (¢ — 1) is a polynomial in ¢ for all a € Z>q, we
conclude

i—1
(14) > LT DR = Qui,r)
j=0

for some @li(w,v) € (C[Lri%][w,v,v_l]. By applying (9) to the case (I,i) =
(k+1,7) of (13), we obtain

r—1 )

> LI7'IDRy; =0.

Jj=0

Applying the argument of (14) to the above equation, we have
D(L,? Ry)+ Wi(r) DL, =0

for some Wy (v) € (C[L;t%][v,v’l]. By solving the above differential equation
for Ry, we conclude

Ry = Py(r)
for some Py (v) € (C[L;_L%][v, vl
Finally using (13), we have
RM = Pk(i, T)

1

for some Py (w,v) € (C[L,jfi][uuv,v_l] satisfying
Pi(0,v) = Py(v). 0

3. Higher genus series on P71
3.1. Higher genus reconstruction theory

We review here the now standard method first used by Givental [4,9,10] to
express genus g correlators in terms of genus 0 data.

Let I' € G, ,,(P"!) be a decorated graph defined in Section 2. The flags of I
are the half-edges. Denote by F' the set of flags. From the standard argument
of the torus localization technique, we obtain the following result.



584 H. LHO

Proposition 8 (Givental [4]). We have

<<H1117 s 7Han>>ga"

1 *
= Z |Aut( 1_[’%1_[7%1—[A J € HY( gn)®CHQHa

LeGy,n(Pr=1)

where
B (v _
e Forv €V, let k, = Hodge, (77— yom )28(v)=2+n(v) n(TfTe g <M>) ,

Roo
where

| Hj;ép(v)()\P(U) = Aj = ps)
€p(v)
with Chern roots p1 ... pg of the Hodge bundle on Mg(v),n(v),

Hodge, =

HAy (1)
o forlel,lety =€ " (Sp(v(l))( oy (— wl)), where v(l) € V is the vertex

to which the leg is attached.
e ForecE,let

nA P(v’>+” p(v’")

Ac=e ¥ o7 Vo) porm) (=9, —4"),
where ', )" are the -classes corresponding to the half-edges assigned to
v v
3.2. Grothendieck-Riemann-Roch formula

Using Mumford’s Grothendieck-Riemann-Roch formula [11], we can remove
the factor Hodge, at each vertex v in the localization formula of

((H*,...,H" Mg n

in Proposition 8 by modifying the edge terms.
Define a new series B} (z) in z by

(15) ]B;( —Exp( 222k1 S;ﬁz;k o)™ 2kB2k)(ZRk]( ))

k>0 k>0

In Section 4, the polynomiality of the series
. +1
Bj(2) € C[Lr ?, 2]
will be proven. We define the series B,;(u, z) € C[u, z] by the following equation

—14r—2j

(16) BY(z) =L, * By(L;,z).

Proposition 9. We have
((H*,...,H"))gn
1
= Z |Aut 7HH?)HTHHA GH gna@)@)c[[ H
IeGy (Pr—1)

where
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v)—1 v)— ) v
o ForveV, let k, = eigvg (R%O)%( )=2+n( )H(T - R%)OIBS( )(—T)) .
e forlel, letn = (]B‘;Ev(l))(—wl)), where v(l) € V is the vertex to which

the leg is attached.
o ForecE,let

S B (0)BPY ) (0) — S0y BYY) (—) BPY ) (—y)

Ae = ¢/ 4 11[}// ’
where ', 1" are the 1-classes corresponding to the half-edges assigned to
v, v,

Proof. Using the Grothendieck-Riemann-Roch formula [11] at each vertex term,
we can remove the factor Hodge, at each vertex v in the localization formula
of ((H*,...,H%))y, in Proposition 8 by modifying the half edge terms by
(15). See [4, Section 2.3] for more explanations.

The proof of the proposition follows by applying (6), (11) to the localization
formula of ((H™,...,H%)),., in Proposition 8 after the previous vertex-half
edge modification. O

4. Polynomiality

4.1. R-matrix

Define the polynomial Py, € C[L,] in L, by the following normalization:

1—r—2k(1+47r)+2a

Rka:Lr 2 Pk:a~

Applying the equation (8) to the asymptotic expansions (11) of $;,(H?), we
obtain recursive relations for Py,.

Lemma 10. The polynomials Py, satisfy the relations
I-r)=2k—1(r+1)+2(a—-1)

Pro = Pyg—1+ or (L7 —1)Py_14-1
+L;DPy_14-1,
Py = Py, .

Proof. Applying the equation (8) to the asymptotic expansions (11) of $;(H?),
we obtain the first equation using

Ll—r
DL == Ll —1).
(- )
The second equation follows from the third equation in (8). O

Let
Pra(0) = Pralr,—0 -
From the constant term with respect to L, in the equations of Lemma 10, we
obtain:
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Lemma 11. The restrictions Pgo(0) satisfy the relations

Pra(0) — Pra_1(0) = %((21@ ) +1) = 2a)Pe_1a_1(0),

Pi0(0) = P (0) .

Remark 12. The equations for Py, (0) in the above Lemma equal the equation
for Pi(r+1,a) in [12, Lemma 4.3] up to a factor 1/r. Therefore the solutions of
the equations in the above Lemma will differ from the solutions of the equation
in [12, Lemma 4.3] by the factor (1/r)*.

4.2. Equivariant mirror of P71

We review here an explicit description of the oscillating integrals on the
mirror manifold of P*~1 in [2]. Givental introduced the mirror manifold for
]P)T—l

{(Toy. .., Toy) | €To - Tr1=0 = CT)

with superpotential

Consider the integrals given by

—(r—1)

T, = e MDA/2(_orz) Tz RACOVE

/FiC{Z Tj=Ingq}
along (r — 1)-cycles T'; through a specific critical point of the superpotential F
which can be constructed via the Morse theory of the real part of @ Here,
w is the restriction of dTy A --- AdT._1 to T';.

There are r critical points of F at which the integral Z; admits a stationary
phase expansion. Let Z; be the solution to

r—1

[Tx-x) =4

i=0

with limit A\; as ¢ — 0. For each ¢, if we choose the critical point T; =
In(Z; — Aj), the factor

r—1
e Exp(( > (2 - A+ Aln(Zi - A)) — Ailn q) /z)
j=0
is well defined in the limit as ¢ — 0. Via the shift of the integral to the critical
point and re-scaling of coordinates by +/z, we have

k k—
o Th(—z)(k=2)/2

(17) L:e%/Exp(—Z(Zj —/\j)ZT)dM,

J k=3
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where dyu; is the Gaussian distribution

- T?
= J
(2m) " Exp( DICE Aj)7) .
J
In order to find the asymptotic expansion, we formally expand the exponential
in (17) and integrate over the real part of the image of the mirror. The integrals
are moments of u; which can be calculated via the covariance matrix

—+ 1L (Zi—A;) for k#1,
oi(Ty, Th) = { 1 N A sz _ )\J. for k=1
A, Zm;ﬁk ngé{k,m}( i j) for k=1.
From the vanishing of odd moments of Gaussian distributions, we find that the
asymptotic expansion of e~ = Z; is a power series in the variable z.
In conclusion, we obtain the following asymptotic expansion

ug i1-r z )
Ii:eT'LTQ Fr(77L;)7
)\iL;Jrl

with F,.(z,y) € Clz, y].
From the mirror theorem for P"~!, we have the following result.

Theorem 13 (Givental [3, Section 10]). We have the equality of power series
m z,

. 1—7r z
]BB(Z) = LTZ FT-<W,L:> .
Vet

We do not know the closed form of F,.(z,y). For r = 2, we obtain the
following result from the argument in [6, Section 3.3].

(61)! —x\i
Fy(z,0) = = .
2(,0) ;(32')!(22')!(576)
4.3. Proof of Proposition 5

Definition 14. Consider a stable graph I' of genus g with n + k marked legs.
A weighting a of ' is a function on the set of half-edges
HT)— {0,...,r—1}, h—ay
satisfying the following conditions:
(i) If h and A’ are the two half-edges of a edge, then a + ap =7 — 1,
(ii) If h corresponds to the leg i for 1 < i < n, then a; = a;,
(iii) If h is a k-leg, then ap = 0.
Let T" be a stable graph with n + k legs. Let m be a function
m: H(IT) —- N, h—my
satisfying the conditions

() > jenay ma =d+ [E(D)],
(ii) If h and A’ are the two half-edges of a edge, then (mp, my) # (0,0).
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Define the sum

v—1 mp—a
SI‘,m = E pk*{H Jﬁg H B’r‘ah myp Ly " h}z ;
v h

weighting a

where py, : Mg,nH; — Mg,n is the map which forgets the last & markings. Here
we recall the series Byq(2) := Y ;50 Brakz" in (3). Since we can write the
coefficient of the formula of Definition 4 in terms of £S5t m, the polynomiality
assertion of Proposition 5 follows from the following lemma.

Lemma 15. The sum St m 15 a polynomial in r for all sufficiently large .

Proof. The proof here follows closely the argument in [13, Section 4.6]. Let I
be the graph obtained from I' by adding a vertex at the end of each leg and
in the middle of each edge. Let M be the edge-vertex adjacency matrix of I".
The matrix M satisfies the assumptions of [7, Proposition Al]. The vertex x
of [7, Proposition A1] assigns an integer xp, to each edge of I or, equivalently
to each half-edge h of I”. The vectors a and b of [7, Proposition Al] assign an
integer to each vertex of IV. We summarizes what these integers are for each
vertex of IV and what conditions are imposed by the equation

(18) Mx=a-+7b.
type of vertex of I a b effect on x
le_dli)ﬁlﬁf FOf edge r—1 0 Tzhp+xpy =7 —1
endpoint of leg h in an 0 Th = an
g TopFT  condition
vertex v of T Go— 1+, .. mn b, from the variable

Ly

The conditions on x imply that x is a weighting of I. For each weighting a,
we can find the unique solution (a, b) of the equation (18). For a given graph I'
and a given choice of integers my,, there are only finitely many possible values
by. Therefore, the sum St , over all weightings can be decomposed into a finite
number of sums of the form of [7, Proposition Al]. Hence, the polynomiality
of Sp m follows from [7, Proposition Al]. O

4.4. Proof of Theorem 6

The formula is essentially a reformulation of the localization formula of
Proposition 9 using (16). We give a few more explanations.

TopFT conditions at the vertices. The powers of x, keep track of the re-
mainders modulo . More precisely, ¥~/ is assigned to the factor Ry;. There-
fore the coefficients of ¥™ in the formulas come with an mth power of the
corresponding vertex variable.



POLYNOMIALITY OF THE EQUIVARIANT G-W THEORY OF P! 589

Powers of ru”= at the vertices. The factor r corresponds to ep, and
u(" /7 = (1 4 ¢)"=V/" corresponds to Rog = LSH")/Q at each vertex. Here,
we recall L, := (1+¢)'/". The factor (Rog) "(*) at the vertex v in the formula
of Proposition 9 is absorbed into the edge factors in the formula of Definition
4.

4.5. Examples

oo

We give a few examples of QS)A’d. Forg—1=dand ) ,a, =2(g—1), the
results here coincide with Witten’s classes calculated in [13, Section A.3]. More
precisely, we have QD;A’Q_1|u:0 = (—s)g_lW;VA with » = s — 1. For the results
here, Conjecture 3 was verified using classical results in the moduli of curves
in [13, Section A.3].

Genus 1. For A = (0,...,0), we have
Oy 4 =re H (M) ®Clu].
Genus 2, n =1,a;1 =1,d = 0. For A = (1), we have
Qg:’o =ru€ H'(My,) ® Clu].

Genus 2, n = 2,a; = 2,d = 1. Let dscp, Ononsep be the classes in H?(Ma,),
where the indices sep and nonsep refer to the boundary divisors with a sepa-
rating or a nonseparating node. The kappa class x; satisfies

7 1
K1 =11 + gdsep + g(snonsep .
For A = (2), we have

. 1 1
oF ’1:(—— D@+ 1)+ —r(r? =1 )
2.4 247‘(7‘ )(2r + )+247“(7“ Yu ) K1

1 1
(202 — 250 +4T) — —1(r? — 247 + 4 )
+ (247"( r 5r +47) 247"(1“ r 4+ 47)u )iy

1 1
+ (ﬂr(r _ 1) — ﬂ'r(’r — 1)(7‘ + l)u)5nonsep

+ (— ir(r — 1)(27" - 11) + 27147”(7” - 1)(”’ - 11)U>5sep

€ H*(M3,1,Q) @ Clu].
Genus 2, n=2,a; =ax =1,d = 1.

e Let a be the locus of curves with a rational component carrying both
markings and a genus 2 component,

e Let 3 be the locus of curves with two elliptic components carrying one
marking each,

e Let 7y be the locus of curves with two elliptic components one of which
carries both markings and the other one no markings,

o Let dnonsep be the locus of curves with a nonseparating node.
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For A = (1,1), we have

1]

2]

3]

(4]
[5]
[6]

7]

(8]
[9]
(10]

(11]

(12]

(13]

ng’l = ( - i7”(7" -D@2r+1)+ i7"(7" —1(r+ 1)u) K1

24 24
+ (2—14r(r —1)(2r —11) — ir(r —1)(r — 11)u) (Y1 +1b2)
+ ( - ir(%g —25r +47) + ir(?“2 — 24r + 47)u)a
+ ( - i?‘(r -12r+1)+ 2—14r(r —1)(r+ 1)u)ﬁ
+ ( - ir(r -1)(2r—-11) + iT(T - (- 11)“)7
+ (g =1 = g7 = D0+ 1) Suonsep
S HQ(MZQ) ® (C[U]
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