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GENERAL ITERATIVE ALGORITHMS FOR MONOTONE

INCLUSION, VARIATIONAL INEQUALITY AND

FIXED POINT PROBLEMS

Jong Soo Jung

Abstract. In this paper, we introduce two general iterative algorithms
(one implicit algorithm and one explicit algorithm) for finding a common

element of the solution set of the variational inequality problems for a con-

tinuous monotone mapping, the zero point set of a set-valued maximal
monotone operator, and the fixed point set of a continuous pseudocontrac-

tive mapping in a Hilbert space. Then we establish strong convergence
of the proposed iterative algorithms to a common point of three sets,

which is a solution of a certain variational inequality. Further, we find

the minimum-norm element in common set of three sets.

1. Introduction

Let H be a real Hilbert space with the inner product 〈·, ·〉, and let C be a
nonempty closed convex subset of H. For the mapping T : C → C, we denote
the fixed point set of T by Fix(T ), that is, Fix(T ) = {x ∈ C : Tx = x}.

The monotone inclusion problem plays an essential role in the theory of
nonlinear analysis and optimization. Let B : H → 2H be a maximal monotone
operator. The monotone inclusion problem consists of finding a zero element
of B, that is, a solution of the inclusion problem:

(1.1) 0 ∈ Bx.

The solution set of the problem (1.1) is denoted by B−10. A classical method
for solving the problem is proximal point algorithm, proposed by Martinet [9]
and generalized by Rockafellar [11]. In some concrete cases including variational
inequalities, the monotone inclusion problem requires to find a zero of the sum
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of two monotone operator. That is, in the case of F = A+B, where A and B
are monotone operators, the problem is reduced to as follows:

find z ∈ C such that 0 ∈ Fz.

The solution set of this problem is denoted by F−10.
Let A : C → H be a nonlinear mapping. The variational inequality problem

is to find a u ∈ C such that

(1.2) 〈v − u,Au〉 ≥ 0, ∀v ∈ C.

This problem is called Hartmann-Stampacchia variational inequality ([13]).
We denote the set of solutions of the variational inequality problem (1.2) by
V I(C,A). As we also know, variational inequality theory has emerged as an
important tool in studying a wide class of numerous problem in physics, opti-
mization, variational inequalities, minimax problem, Nash equilibrium problem
in noncooperative games and others.

A fixed point problem is to find a fixed point z of a nonlinear mapping T
with property:

(1.3) z ∈ C, Tz = z.

In order to study the variational inequality problem (1.2) coupled with the
fixed point problem (1.3), many researchers have invented some iterative al-
gorithms for finding an element of V I(C,A) ∩ Fix(T ), where A and T are
nonlinear mappings. For instance, in case that A : C → H is an inverse-
strongly monotone mapping and T : C → C is a nonexpansive mapping, see
[5, 6] and the references therein, and in case that A : C → H is a continuous
monotone mapping and T : C → C is a continuous pseudocontractive mapping,
see [4, 16,20].

In 2016, Jung [8] proposed an iterative algorithm for finding an element of
Fix(T )∩V I(C,A)∩B−10, where T : C → C is a continuous pseudocontractive
mapping and A : C → H is a continuous monotone mapping.

Some iterative algorithms for finding an element of Fix(T ) ∩ (A + B)−10
have been provided by several authors. For instance, in case that T : C → C is
a nonexpansive mapping and A : C → H is an inverse-strongly monotone map-
ping, see [15]. In [1], Afassinou et al. considered a ceratin iterative algorithm
for split monotone variational inclusion problem combined with variational in-
equality and fixed point problems in case that T : C → C is a demicontractive
mapping and A : C → H is an inverse-strongly monotone mapping.

In this paper, as a continuation of study in this direction, we introduce im-
plicit and explicit iterative algorithms for finding a common element of the
set Ω := Fix(T ) ∩ V I(C,A) ∩ B−10, where T : C → C is a continuous pseu-
docontractive mapping, A : C → H is a continuous monotone mapping and
B : H → 2H is a maximal monotone operator. Then we establish strong con-
vergence of the sequences generated by the proposed iterative algorithms to
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a common point of three sets, which is a solution of a certain variational in-
equality. As a direct consequence, we find the unique minimum-norm element
of Ω.

2. Preliminaries and lemmas

Let H be a real Hilbert space with the inner product 〈·, ·〉 and the induced
norm ‖ · ‖, and let C be a nonempty closed convex subset of H. A mapping A
of C into H is called monotone if

〈x− y,Ax−Ay〉 ≥ 0, ∀x, y ∈ C.
A mapping A of C into H is called α-inverse-strongly monotone (see [5]) if
there exists a positive real number α such that

〈x− y,Ax−Ay〉 ≥ α‖Ax−Ay‖2, ∀x, y ∈ C.
Clearly, the class of monotone mappings includes the class of α-inverse-strongly
monotone mappings.

A mapping T of C into H is said to be pseudocontractive if

‖Tx− Ty‖2 ≤ ‖x− y‖2 + ‖(I − T )x− (I − T )y‖2, ∀x, y ∈ C,
and T is said to be k-strictly pseudocontractive (see [3]) if there exists a constant
k ∈ [0, 1) such that

‖Tx− Ty‖2 ≤ ‖x− y‖2 + k‖(I − T )x− (I − T )y‖2, ∀x, y ∈ C,
where I is the identity mapping. Note that the class of k-strictly pseudocon-
tractive mappings includes the class of nonexpansive mappings as a subclass.
That is, T is nonexpansive (i.e., ‖Tx−Ty‖ ≤ ‖x− y‖, ∀x, y ∈ C) if and only if
T is 0-strictly pseudocontractive. Clearly, the class of pseudocontractive map-
pings includes the class of strictly pseudocontractive mappings and the class
of nonexpansive mappings as a subclass. Moreover, this inclusion is strict (see
Example 5.7.1 and Example 5.7.2 in [2]).

Let B be a mapping of H into 2H . The effective domain of B is denoted by
dom(B), that is, dom(B) = {x ∈ H : Bx 6= ∅}. A set-valued mapping B is said
to be monotone on H if 〈x− y, u− v〉 ≥ 0 for all x, y ∈ dom(B), u ∈ Bx, and
v ∈ By. A monotone operator B on H is said to be maximal if its graph is not
properly contained in the graph of any other monotone operator on H. For a
maximal monotone operator B on H and λ > 0, we may define a single-valued
operator JBλ = (I + λB)−1 : H → dom(B), which is called the resolvent of B.
It is well known that B−10 = {x ∈ H : 0 ∈ Bx} = Fix(JBλ ) for all λ > 0 is
closed and convex and the resolvent JBλ is firmly nonexpansive, that is,

(2.1) ‖JBλ x− JBλ y‖2 ≤ 〈x− y, JBλ x− JBλ y〉, ∀x, y ∈ H,
and that the resolvent identity

(2.2) JBλ x = JBµ

(
µ

λ
x+

(
1− µ

λ

)
JBλ x

)
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holds for all λ, µ > 0 and x ∈ H.
In a real Hilbert space H, the following hold:

(2.3) ‖x− y‖2 = ‖x‖2 + ‖y‖2 − 2〈x, y〉

and

(2.4) ‖αx+ βy‖2 = α‖x‖2 + β‖y‖2 − αβ‖x− y‖2 ≤ α‖x‖2 + β‖y‖2

for all x, y ∈ H and α, β ∈ (0, 1) with α+ β = 1.
We recall that

(i) a mapping V : C → H is said to be l-Lipschitzian if there exists a
constant l ≥ 0 such that

‖V x− V y‖ ≤ l‖x− y‖, ∀x, y ∈ C;

(ii) a mapping G : C → H is said to be η-strongly monotone if there exists
a constant η > 0 such that

〈Gx−Gy, x− y〉 ≥ η‖x− y‖2, ∀x, y ∈ C.

We need the following lemmas for the proof of our main results.

Lemma 2.1 ([2]). In a real Hilbert space H, the following inequality holds:

‖x+ y‖2 ≤ ‖x‖2 + 2〈y, x+ y〉, ∀x, y ∈ H.

Lemma 2.2 ([14]). Let {xn} and {zn} be bounded sequences in a real Ba-
nach space E, and let {γn} be a sequence in [0, 1] which satisfies the following
condition:

0 < lim inf
n→∞

γn ≤ lim sup
n→∞

γn < 1.

Suppose that xn+1 = γnxn + (1− γn)zn for all n ≥ 1 and

lim sup
n→∞

(‖zn+1 − zn‖ − ‖xn+1 − xn‖) ≤ 0.

Then limn→∞ ‖zn − xn‖ = 0.

Lemma 2.3 ([17]). Let {sn} be a sequence of nonnegative real numbers satis-
fying

sn+1 ≤ (1− ξn)sn + ξnδn, ∀n ≥ 1,

where {ξ} and {δn} satisfy the following conditions:

(i) {ξn} ⊂ [0, 1] and
∑∞
n=1 ξn =∞;

(ii) lim supn→∞ δn ≤ 0 or
∑∞
n=1 ξn|δn| <∞.

Then limn→∞ sn = 0.

The following lemmas are Lemma 2.3 and Lemma 2.4 of Zegeye [19], respec-
tively.
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Lemma 2.4 ([19]). Let C be a closed convex subset of a real Hilbert space H.
Let A : C → H be a continuous monotone mapping. Then, for ν > 0 and
x ∈ H, there exists z ∈ C such that

〈y − z,Az〉+
1

ν
〈y − z, z − x〉 ≥ 0, ∀y ∈ C.

For ν > 0 and x ∈ H, define Aν : H → C by

Aνx =

{
z ∈ C : 〈y − z,Az〉+

1

ν
〈y − z, z − x〉 ≥ 0, ∀y ∈ C

}
.

Then the following hold:

(i) Aν is single-valued;
(ii) Aν is firmly nonexpansive, that is,

‖Aνx−Aνy‖2 ≤ 〈x− y,Aνx−Aνy〉, ∀x, y ∈ H;

(iii) Fix(Aν) = V I(C,A);
(iv) V I(C,A) is a closed convex subset of C.

Lemma 2.5 ([19]). Let C be a closed convex subset of a real Hilbert space H.
Let T : C → H be a continuous pseudocontractive mapping. Then, for r > 0
and x ∈ H, there exists z ∈ C such that

〈y − z, Tz〉 − 1

r
〈y − z, (1 + r)z − x〉 ≤ 0, ∀y ∈ C.

For r > 0 and x ∈ H, define Tr : H → C by

Trx =

{
z ∈ C : 〈y − z, Tz〉 − 1

r
〈y − z, (1 + r)z − x〉 ≤ 0, ∀y ∈ C

}
.

Then the following hold:

(i) Tr is single-valued;
(ii) Tr is firmly nonexpansive, that is,

‖Trx− Try‖2 ≤ 〈x− y, Trx− Try〉, ∀x, y ∈ H;

(iii) Fix(Tr) = Fix(T );
(iv) Fix(T ) is a closed convex subset of C.

The following lemma is a variant of a Minty lemma (see [10]).

Lemma 2.6. Let C be a nonempty closed convex subset of a real Hilbert space
H. Assume that the mapping G : C → H is monotone and weakly continuous
along segments, that is, G(x+ty)→ G(x) weakly as t→ 0. Then the variational
inequality

x̃ ∈ C, 〈Gx̃, p− x̃〉 ≥ 0, ∀p ∈ C,
is equivalent to the dual variational inequality

x̃ ∈ C, 〈Gp, p− x̃〉 ≥ 0, ∀p ∈ C.

The following lemmas can be easily proven (see [18]), and therefore, we omit
their proof.
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Lemma 2.7. Let H be a real Hilbert space. Let V : H → H be an l-Lipschitzian
mapping with a constant l ≥ 0, and let G : H → H be a κ-Lipschitzian and
η-strongly monotone mapping with constants κ, η > 0. Then for 0 ≤ γl < µη,

〈(µG− γV )x− (µG− γV )y, x− y〉 ≥ (µη − γl)‖x− y‖2, ∀x, y ∈ H.
That is, µG− γV is strongly monotone with constant µη − γl.

Lemma 2.8. Let H be a real Hilbert space. Let G : H → H be a κ-Lipschitzian
and η-strongly monotone mapping with constants κ > 0 and η > 0. Let 0 <
µ < 2η

κ2 and 0 < t < 1. Then I − tµG : H → H is a contractive mapping with

a constant 1− tτ , where τ = 1−
√

1− µ(2η − µκ2).

In the following, we write xn ⇀ x to indicate that the sequence {xn} con-
verges weakly to x. xn → x implies that {xn} converges strongly to x.

3. Iterative algorithms

Throughout the rest of this paper, we always assume the following:

• H is a real Hilbert space with the inner product 〈·, ·〉 and the induced
norm ‖ · ‖;
• C is a nonempty closed convex subset of H;
• B : H → 2H is a maximal monotone operator with dom(B) ⊂ C;
• B−10 is the set of zero points of B, that is, B−10 = {z ∈ H : 0 ∈ Bz};
• JBλt : H → dom(B) is the resolvent of B for λt ∈ (0,∞), t ∈ (0, 1), and

lim inft→0 λt > 0;
• JBλn : H → dom(B) is the resolvent of B for λn ∈ (0,∞) and

lim infn→∞ λn > 0;
• G : C → C is a κ-Lipschitzian and η-strongly monotone mapping with

constants κ, η > 0;
• V : C → C is an l-Lipschitzian mapping with constant l ∈ [0,∞);
• Constants µ > 0 and γ ≥ 0 satisfy 0 < µ < 2η

κ2 and 0 ≤ γl < τ , where

τ = 1−
√

1− µ(2η − µκ2);
• A : C → H is a continuous monotone mapping;
• V I(C,A) is the solution set of the variational inequality problem (1.2)

for A;
• T : C → C is a continuous pseudocontractive mapping with Fix(T ) 6=
∅;
• Aνt : H → C is a mapping defined by

Aνtx =

{
z ∈ C : 〈y − z,Az〉+

1

νt
〈y − z, z − x〉 ≥ 0, ∀y ∈ C

}
for x ∈ H and νt ∈ (0,∞), t ∈ (0, 1), lim inft→0 νt > 0;
• Aνn : H → C is a mapping defined by

Aνnx =

{
z ∈ C : 〈y − z,Az〉+

1

νn
〈y − z, z − x〉 ≥ 0, ∀y ∈ C

}
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for x ∈ H and νn ∈ (0,∞), lim infn→∞ νn > 0;
• Trt : H → C is a mapping defined by

Trtx =

{
z ∈ C : 〈Tz, y − z〉 − 1

rt
〈y − z, (1 + rt)z − x〉 ≤ 0, ∀y ∈ C

}
for x ∈ H and rt ∈ (0,∞), t ∈ (0, 1), and lim inft→0 rt > 0;
• Trn : H → C is a mapping defined by

Trnx =

{
z ∈ C : 〈Tz, y − z〉 − 1

rn
〈y − z, (1 + rn)z − x〉 ≤ 0, ∀y ∈ C

}
for x ∈ H and rn ∈ (0,∞), and lim infn→∞ rn > 0;
• Ω := Fix(T ) ∩ V I(C,A) ∩B−10 6= ∅.

By Lemma 2.4 and Lemma 2.5, we note that Aνt , Aνn , Trt and Trn are
nonexpansive, V I(C,A) = Fix(Aνt) = Fix(Aνn) and Fix(Trt) = Fix(Trn)
= Fix(T ).

Now, we introduce the following iterative algorithm that generates a net
{xt} in an implicit way:

(3.1) xt = θtxt + (1− θt)Trt(tγV xt + (I − tµG)JBλtAνtxt), t ∈ (0, 1),

where 0 < θt < 1 for t ∈ (0, 1). For t ∈ (0, 1), consider the following mapping
Qt on C defined by

Qtx = θtx+ (1− θt)Trt(tγV x+ (I − tµG)JBλtAνtx), ∀x ∈ C.

Then Qt is contractive. In fact, since Trt , J
B
λt

and Aνt are nonexpansive, for
x, y ∈ C, we have

‖Qtx−Qty‖
= ‖θtx+ (1− θt)Trt(tγV x+ (I − tµG)JBλtAνtx)

− (θty + (1− θt)Trt(tγV y + (I − tµG)JBλtAνty))‖
≤ θt‖x− y‖

+ (1− θt)‖Trt(tγV x+ (I−tµG)JBλtAνtx)−Trt(tγV y + (I−tµG)JBλtAνty)‖
≤ θt‖x−y‖+(1−θt)‖tγV x+(I−tµG)JBλtAνtx−(tγV y + (I−tµG)JBλtAνty)‖
≤ θt‖x−y‖

+ (1−θt)(t‖γV x− γV y‖+ ‖(I − tµG)JBλtAνtx− (I − tµG)JBλtAνty‖)
≤ θt‖x− y‖+ (1− θt)(tγl‖x− y‖+ (1− tτ)‖x− y‖)
= (1− (1− θt)(τ − γl)t)‖x− y‖.

Since 0 < 1 − (1 − θt)(τ − γl)t < 1, Qt is a contractive mapping. By Banach
contraction principle, Qt has a unique fixed point xt ∈ C, which uniquely solves
the fixed point equation

xt = θtxt + (1− θt)Trt(tγV xt + (I − tµG)JBλtAνtxt), t ∈ (0, 1).
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We summarize the basic property of {xt} and {yt}, where yt = tγV xt+(I−
tµG)JBλtAνtxt.

Proposition 3.1. Let the net {xt} be defined by (3.1) and let the net {yt} be
defined by yt = tγV xt + (I − tµG)JBλtAνtxt for t ∈ (0, 1). Let wt = Aνtxt for
t ∈ (0, 1). Then

(1) {xt} and {yt} are bounded for t ∈ (0, 1);
(2) xt defines a continuous path from (0, 1) into C and so does yt provided

θt : (0, 1) → (0, 1) is continuous and rt, λt, νt : (0, 1) → (0,∞) are
continuous and 0 < a ≤ min{rt, λt, νt} for t ∈ (0, 1);

(3) limt→0 ‖Aνtxt − JBλtAνtxt‖ = limt→0 ‖wt − JBλtwt‖ = 0;
(4) limt→0 ‖xt − wt‖ = 0;
(5) limt→0 ‖xt − yt‖ = 0;
(6) limt→0 ‖xt − JBλtAνtxt‖ = limt→0 ‖xt − JBλtwt‖ = 0;
(7) limt→0 ‖xt − Trtxt‖ = 0;
(8) limt→0 ‖yt − Trtyt‖ = 0.

Proof. (1) Let p ∈ Ω. Observing p = Trtp, p = Aνtp, p = JBλtp and p = JBλtAνtp,
we derive

‖xt − p‖ = ‖θtxt + (1− θt)Trtyt − p‖
≤ θt‖xt − p‖+ (1− θt)‖Trtyt − p‖
≤ θt‖xt − p‖+ (1− θt)‖yt − p‖,

and so

‖xt − p‖ ≤ ‖yt − p‖
= ‖tγV xt + (I − tµG)JBλtAνtxt − p‖
≤ t‖γV xt − µGp‖+ ‖(I − tµG)JBλtAνtxt − (I − tµG)p‖
≤ t(‖γV xt − γV p‖+ ‖γV p− µGp‖) + (1− tτ)‖xt − p‖
≤ t(γl‖xt − p‖+ ‖γV p− µGp‖) + (1− tτ)‖xt − p‖
= (1− (τ − γl)t)‖xt − p‖+ t‖γV p− µGp‖.

Thus, it follows that

‖xt − p‖ ≤
‖γV p− µGp‖

τ − γl
and ‖yt − p‖ ≤

‖γV p− µGp‖
τ − γl

.

Hence {xt} and {yt} are bounded and so are {V xt}, {Trtxt}, {JBλtAνtxt} =

{JBλtwt}, {Trtyt}, {Gxt}, {GJ
B
λt
Aνtxt} and {JBλtAνtyt}.

(2) Let t, t0 ∈ (0, 1) and calculate

‖xt − xt0‖
= ‖θtxt + (1− θt)Trtyt − (θt0xt0 + (1− θt0)Trt0 yt0)‖
= ‖(θt − θt0)xt + θt0(xt − xt0) + (θt0 − θt)Trtyt + (1− θt0)(Trtyt − Trt0 yt0)‖
≤ |θt − θt0 |‖xt‖+ θt0‖xt − xt0‖+ (1− θt0)‖yt − yt0‖

+ (1− θt0)‖Trtyt0 − Trt0 yt0‖+ |θt − θt0 |‖Trtyt‖,
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which implies

(1− θt0)‖xt − xt0‖ ≤ |θt − θt0 |(‖xt‖+ ‖Trtyt‖)
+ (1− θt0)(‖yt − yt0‖+ ‖Trtyt0 − Trt0 yt0‖).

Thus, we have

(3.2) ‖xt−xt0‖ ≤
|θt − θt0 |
1− θt0

(‖xt‖+ ‖Trtyt‖) + ‖yt− yt0‖+ ‖Trtyt0 −Trt0 yt0‖.

And, from definition of yt, we derive

(3.3)

‖yt − yt0‖
≤ ‖(t− t0)γV xt + t0(γV xt − γV xt0)‖

+ ‖(I − tµG)JBλtAνtxt − (I − t0µG)JBλtAνtxt‖
+ ‖(I − t0µG)JBλtAνtxt − (I − t0µG)JBλt0Aνt0xt0‖

≤ |t− t0|‖γV xt‖+ t0γl‖xt − xt0‖+ |t− t0|‖µGJBλtAνtxt‖
+ (1− t0τ)(‖JBλtAνtxt − J

B
λtAνtxt0‖+ ‖JBλtAνtxt0 − J

B
λt0
Aνt0xt0‖)

≤ |t− t0|‖γV xt‖+ t0γl‖xt − xt0‖+ |t− t0|‖µGJBλtAνtxt‖
+ (1− t0τ)(‖xt − xt0‖+ ‖JBλtAνtxt0 − J

B
λt0
Aνt0xt0‖)

= |t− t0|(‖γV xt‖+ ‖µGJBλtAνtxt‖) + (1− (τ − γl)t0)‖xt − xt0‖
+ (1− t0τ)‖JBrtArtxt0 − J

B
λt0
Aνt0xt0‖.

Combining (3.2) and (3,3), we obtain

(3.4)

‖xt − xt0‖

≤ ‖xt‖+ ‖Trtyt‖
(1− θt0)(τ − γl)t0

|θt − θt0 |+
‖γV xt‖+ ‖µGJBλtAνtxt‖

(τ − γl)t0
|t− t0|

+
1

(τ−γl)t0
‖Trtyt0−Trt0 yt0‖+

1−t0τ
(τ−γl)t0

‖JBλtAνtxt0−J
B
λt0
Aνt0xt0‖.

Now, let Aνtxt0 = wt and Aνt0xt0 = wt0 . Then, from Lemma 2.4, we get

(3.5) 〈y − wt, Awt〉+
1

νt
〈y − wt, wt − xt0〉 ≥ 0, ∀y ∈ C

and

(3.6) 〈y − wt0 , Awt0〉+
1

νt0
〈y − wt0 , wt0 − xt0〉 ≥ 0, ∀y ∈ C.

Putting y := wt0 in (3.5) and y := wt in (3.6), we obtain

(3.7) 〈wt0 − wt, Awt〉+
1

νt
〈wt0 − wt, wt − xt0〉 ≥ 0

and

(3.8) 〈wt − wt0 , Awt0〉+
1

νt0
〈wt − wt0 , wt0 − xt0〉 ≥ 0.
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Adding up (3.7) and (3.8), we deduce

−〈wt − wt0 , Awt −Awt0〉+ 〈wt0 − wt,
wt − xt0

νt
− wt0 − xt0

νt0
〉 ≥ 0.

Since A is monotone, we get

(3.9) 〈wt0 − wt,
wt − xt0

νt
− wt0 − xt0

νt0
〉 ≥ 0.

From (3.9), we derive

‖wt − wt0‖2 ≤ 〈wt − wt0 , (1−
νt
νt0

)(wt0 − xt0)〉

≤ ‖wt − wt0‖|νt − νt0 |
‖wt0 − xt0‖

a
,

and hence

(3.10) ‖wt − wt0‖ ≤ |νt − νt0 |
M1

a
,

where M1 > 0 is an appropriate constant. Moreover, from the resolvent identity
(2.2) and (3.10), we deduce

‖JBλtAνtxt0 − J
B
λt0
Aνt0xt0‖ = ‖JBλtwt − J

B
λt0
wt0‖

=

∥∥∥∥JBλt0
(
λt0
λt
wt +

(
1− λt0

λt

)
JBλtwt

)
− JBλt0wt0

∥∥∥∥
≤
∥∥∥∥λt0λt (wt − wt0) +

(
1− λt0

λt

)
(JBλtwt − wt0)

∥∥∥∥(3.11)

≤ ‖wt − wt0‖+ |λt − λt0 |
‖JBλtwt − wt‖

a

≤ |νt − νt0 |
M1

a
+ |λt − λt0 |

M2

a
,

where M2 > 0 is an appropriate constant.
Again, let Trtyt0 = zt and Trt0 yt0 = zt0 . Then, by Lemma 2.5, we have

(3.12) 〈y − zt, T zt〉 −
1

rt
〈y − zt, (1 + rt)zt − yt0〉 ≤ 0, ∀y ∈ C

and

(3.13) 〈y − zt0 , T zt0〉 −
1

rt0
〈y − zt0 , (1 + rt0)zt0 − yt0〉 ≤ 0, ∀y ∈ C.

Putting y := zt0 in (3.12) and y := zt in (3.13), we get

(3.14) 〈zt0 − zt, T zt〉 −
1

rt
〈zt0 − zt, (1 + rt)zt − yt0〉 ≤ 0

and

(3.15) 〈zt − zt0 , T zt0〉 −
1

rt0
〈zt − zt0 , (1 + rt0)zt0 − yt0〉 ≤ 0.
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Adding up (3.14) and (3.15), we obtain

(3.16)

〈zt0 − zt, T zt − Tzt0〉

− 〈zt0 − zt,
(1 + rt)zt − yt0

rt
− (1 + rt0)zt0 − yt0

rt0
〉 ≤ 0.

Since T is pseudocontractive, by (3.16), we have

〈zt0 − zt,
zt − yt0
rt

− zt0 − yt0
rt0

〉 ≥ 0,

and hence

(3.17) 〈zt0 − zt, zt − zt0 + zt0 − yt0 −
rt
rt0

(zt0 − yt0)〉 ≥ 0.

From (3.17), we derive

‖zt − zt0‖2 ≤ 〈zt0 − zt, (1−
rt
rt0

)(zt0 − yt0)〉

≤ ‖zt0 − zt‖|rt − rt0 |
‖zt0 − yt0‖

a
,

and hence

(3.18) ‖Trtyt0 − Trt0 yt0‖ = ‖zt − zt0‖ ≤ |rt − rt0 |
M3

a
,

where M3 > 0 is an appropriate constant. From (3.4), (3.11) and (3.18), we
have

‖xt − xt0‖

≤ ‖xt‖+ ‖Trtyt‖
(1− θt0)(τ − γl)t0

|θt − θt0 |+
‖γV xt‖+ ‖µGJBλtAνtxt‖

(τ − γl)t0
|t− t0|

+
1

(τ − γl)t0
‖Trtyt0 − Trt0 yt0‖+

1− t0τ
(τ − γl)t0

‖JBλtAνtxt0 − J
B
λt0
Aνt0xt0‖

≤ ‖xt‖+ ‖Trtyt‖
(1− θt0)(τ − γl)t0

|θt − θt0 |+
‖γV xt‖+ ‖µGJBλtAνtxt‖

(τ − γl)t0
|t− t0|

+
1

(τ − γl)t0
|rt − rt0 |

M3

a
+

1− t0
(τ − γl)t0

(|νt − νt0 |
M1

a
+ |λt − λt0 |

M2

a
).

Since θt : (0, 1) → (0, 1) and rt, νt, λt : (0, 1) → (0,∞) are continuous, we
deduce that xt is continuous. Also, it follows from (3.3) and (3.11) that yt is
continuous.

(3) Let p ∈ Ω. Then, it follows from the resolvent identity (2.2) that

JBλtAνtxt = JBλtwt = JBλt
2

(
1

2
wt +

1

2
JBλtwt).
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Then we get

‖JBλtwt − p‖ = ‖JBλt
2

(
1

2
wt +

1

2
JBλtwt)− p‖

≤ ‖(1

2
wt +

1

2
JBλtwt)−Aνtp‖

= ‖1

2
(wt −Aνtp) +

1

2
(JBλtwt −Aνtp)‖.

Thus, by (2.4), we obtain

‖JBλtwt − p‖
2 ≤ ‖1

2
(wt −Aνtp) +

1

2
(JBλtwt −Aνtp)‖

2

=
1

2
‖wt −Aνtp‖2 +

1

2
‖JBλtwt −Aνtp‖

2 − 1

4
‖wt − JBλtwt‖

2

=
1

2
‖Aνtxt −Artp‖2 +

1

2
‖JBλtAνtxt − J

B
λtAνtp‖

2(3.19)

− 1

4
‖wt − JBλtwt‖

2

≤ 1

2
‖xt − p‖2 +

1

2
‖xt − p‖2 −

1

4
‖wt − JBλtwt‖

2

= ‖xt − p‖2 −
1

4
‖wt − JBλtwt‖

2.

Therefore, from (3.1), definition of yt and (3.19), we derive

(3.20)

‖xt − p‖2 ≤ ‖yt − p‖2

≤ (t‖γV xt − µGp‖+ ‖(I − tµG)JBλtAνtxt − (I − tµG)p‖)2

≤ (t‖γV xt − µGp‖+ (1− tτ)‖JBλtwt − p‖)
2

= t2‖γV xt − µGp‖2 + 2t(1− tτ)‖γV xt − µGp‖‖JBλtwt − p‖
+ (1− tτ)2‖JBλtwt − p‖

2

≤ tM4 + (1− tτ)‖JBλtwt − p‖
2

≤ tM4 + (1− tτ)[‖xt − p‖2 −
1

4
‖wt − JBλtwt‖

2],

where M4 > 0 is an appropriate constant. This implies that

‖wt − JBλtwt‖
2 ≤ 4t

1− tτ
(M4 − τ‖xt − p‖2).

By boundedness of {xt}, letting t→ 0 in above inequality yields

lim
t→0
‖wt − JBλtwt‖ = 0.
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(4) Let p ∈ Ω. Then, since p = Aνtp and Aνt is firmly nonexpansive, we
deduce from (2.3)

‖wt − p‖2 = ‖Aνtxt −Aνtp‖2

≤ 〈wt − p, xt − p〉

=
1

2
(‖xt − p‖2 + ‖wt − p‖2 − ‖xt − wt‖2),

and hence

‖wt − p‖2 ≤ ‖xt − p‖2 − ‖xt − wt‖2.
Thus, we have

(3.21) ‖JBλtwt − p‖
2 ≤ ‖wt − p‖2 ≤ ‖xt − p‖2 − ‖xt − wt‖2.

From (3.20) and (3.21), we derive

‖xt − p‖2 ≤ ‖yt − p‖2

≤ tM4 + (1− tτ)‖JBλtwt − p‖
2

≤ tM4 + ‖JBλtwt − p‖
2

≤ tM4 + (‖xt − p‖2 − ‖xt − wt‖2),

and hence

‖xt − wt‖2 ≤ tM4.

This implies that

lim
t→0
‖xt − wt‖ = 0.

(5) Since

‖xt − yt‖ = ‖xt − (tγV xt + (I − tµG)JBλtwt)‖
= ‖t(µGxt − γV xt) + (I − tµG)xt − (I − tµG)JBλtwt‖
≤ t‖µGxt − γV xt‖+ (1− tτ)‖xt − JBλtwt‖
≤ t‖µGxt − γV xt‖+ ‖xt − JBλtwt‖
≤ t‖µGxt − γV xt‖+ ‖xt − wt‖+ ‖wt − JBλtwt‖

by boundedness of {Gxt} and {V xt}, (3) and (4), we obtain

lim
t→0
‖xt − yt‖ = 0.

(6) Since

‖xt − JBλtAνtxt‖ = ‖xt − JBλtwt‖ ≤ ‖xt − wt‖+ ‖wt − JBλtwt‖

by (3) and (4), we have

lim
t→0
‖xt − JBλtAνtxt‖ = lim

t→0
‖xt − JBλtwt‖ = 0.
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(7) In fact, since

‖xt − Trtxt‖ = ‖θtxt + (1− θt)Trtyt − Trtxt‖
= ‖θt(xt − Trtxt) + (1− θt)(Trtyt − Trtxt)‖
≤ θt‖xt − Trtxt‖+ (1− θt)‖Trtyt − Trtxt‖

by (5), we obtain

‖xt − Trtxt‖ ≤ ‖Trtyt − Trtxt‖ ≤ ‖yt − xt‖ → 0 (t→ 0).

(8) From (5) and (7), it follows that

‖yt − Trtyt‖ ≤ ‖yt − xt‖+ ‖xt − Trtxt‖+ ‖Trtxt − Trtyt‖
≤ ‖yt − xt‖+ ‖xt − Trtxt‖+ ‖xt − yt‖
= 2‖yt − xt‖+ ‖xt − Trtxt‖ → 0 (t→ 0). �

By using Proposition 3.1, we establish strong convergence of the path xt,
which guarantees the existence of solutions of the variational inequality (3.22)
below.

Theorem 3.2. Let the net {xt} be defined by (3.1). Let θt : (0, 1) → (0, 1)
be continuous and let rt, λt, νt : (0, 1) → (0,∞) be continuous and 0 < a ≤
min{rt, λt, νt} for t ∈ (0, 1). Then {xt} converges strongly, as t → 0, to a
point q ∈ Ω, which is the unique solution of the variational inequality:

(3.22) 〈(µG− γV )q, p− q〉 ≥ 0, ∀p ∈ Ω.

Proof. We first note that the uniqueness of a solution of the variational in-
equality (3.22) is a consequence of the strong monotonicity of µG − γV (see
Lemma 2.7). In fact, suppose that both q1 ∈ Ω and q2 ∈ Ω are solutions to
(3.22). Then we have

(3.23) 〈(µG− γV )q1, q1 − q2〉 ≤ 0

and

(3.24) 〈(µG− γV )q2, q2 − q1〉 ≤ 0.

Adding up (3.23) and (3.24) yields

〈(µG− γV )q1 − (µG− γV )q2, q1 − q2〉 ≤ 0.

The strong monotonicity of µG− γV implies that q1 = q2 and the uniqueness
is proved.

Let the net {yt} be defined by yt = tγV xt+(I− tµG)JBλtAνtxt for t ∈ (0, 1).
Let {tn} ⊂ (0, 1) be a sequence such that tn → 0 as n → ∞. Put xn := xtn ,
yn := ytn , rn := rtn , λn := λtn and νn := νtn . Since {xn} is bounded by (1)
in Proposition 3.1, there exists a subsequence {xni} of {xn}, which converges
weakly to q. First of all, we show q ∈ Ω. To this end, we divide its proof into
three steps.



GENERAL ITERATIVE ALGORITHMS 539

Step 1. We prove that q ∈ Fix(T ). To show this, put zn = Trnyn. Then, by
Lemma 2.5, we have

(3.25) 〈y − zn, T zn〉 −
1

rn
〈y − zn, (1 + rn)zn − yn〉 ≤ 0, ∀y ∈ C.

Put lε = εv + (1 − ε)q for ε ∈ (0, 1] and v ∈ C. Then lε ∈ C, and from (3.25)
and pseudocontractivity of T , it follows that

(3.26)

〈zn − lε, T lε〉 ≥ 〈zn − lε, T lε〉+ 〈lε − zn, T zn〉

− 1

rn
〈lε − zn, (1 + rn)zn − yn〉

= − 〈lε − zn, T lε − Tzn〉 −
1

rn
〈lε − zn, zn − yn〉

− 〈lε − zn, zn〉

≥ − ‖lε − zn‖2 −
1

rn
〈lε − zn, zn − yn〉 − 〈lε − zn, zn〉

= − 〈lε − zn, lε〉 − 〈lε − zn,
zn − yn
rn

〉.

Since
‖xn − zn‖ ≤ ‖xn − Trnxn‖+ ‖Trnxn − Trnyn‖

≤ ‖xn − Trnxn‖+ ‖xn − yn‖ → 0 (n→∞)

by (5) and (7) in Proposition 3.1, it follows that zni ⇀ q as i → ∞. Also, by

(8) in Proposition 3.1, we have ‖zn−yn‖rn
≤ ‖zn−yn‖a → 0. So, replacing n by ni

and letting i→∞, we derive from (3.26)

〈q − lε, T lε〉 ≥ 〈q − lε, lε〉

and

−〈v − q, T lε〉 ≥ −〈v − q, lε〉, ∀v ∈ C.
Letting ε→ 0 and using the fact that T is continuous, we obtain

(3.27) − 〈v − q, T q〉 ≥ −〈v − q, q〉, ∀v ∈ C.

Let v = Tq in (3.27). Then we have q = Tq, that is, q ∈ Fix(T ).

Step 2. We prove that q ∈ V I(C,A). To this end, let wn = Aνnxn. Then, by
Lemma 2.1, we induce

(3.28) 〈y − wn, Awn〉+ 〈y − wn,
wn − xn
νn

〉 ≥ 0, ∀y ∈ C.

Set lε = εv+ (1− ε)q for ε ∈ (0, 1] and v ∈ C. Then lε ∈ C, and it follows from
(3.28) that

(3.29)

〈lε − wn, Alε〉 ≥ 〈lε − wn, Alε〉 − 〈lε − wn, Awn〉

− 〈lε − wn,
wn − xn
νn

〉.
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By (4) in Proposition 3.1, we have ‖wn−xn‖νn
≤ ‖wn−xn‖a → 0 as n→∞, and so

wni ⇀ q as i→∞. From monotonicity of A, it follows that

〈lε − wn, Alε −Awn〉 ≥ 0.

Thus, replacing n by ni and letting i→∞, from (3.29), we obtain

0 ≤ 〈lε − q,Alε〉,
and hence

〈v − q,Alε〉 ≥ 0, ∀v ∈ C.
If ε→ 0, then the continuity of A yields that

〈v − q, Aq〉 ≥ 0, ∀v ∈ C.
This means that q ∈ V I(C,A).

Step 3. We prove that q ∈ B−10. To this end, let un = JBλnwn. Then it
follows that

wn ∈ (I + λnB)un, that is,
wn − un
λn

∈ Bun.

Since B is monotone, we know that for any v ∈ Bu,

(3.30) 〈un − u,
wn − un
λn

− v〉 ≥ 0.

Since ‖wn−un‖λn
≤ ‖wn−JBλnwn‖

a → 0 as n → ∞ by (3) in Proposition 3.1 and

‖xn−wn‖ → 0 as n→∞ by (4) in Proposition 3.1, we have uni ⇀ q as i→∞.
By replacing n by ni in (3.30) and letting i→∞, we have

〈q − u,−v〉 ≥ 0.

Since B is maximal monotone, we get 0 ∈ Bq, that is, q ∈ B−10. This along
with Steps 1 and 2 obtains q ∈ Ω.

Next, we show that q is a solution of the variational inequality (3.22). In
fact, from (3.1), we write for p ∈ Ω,

xt − p = θt(xt − p) + (1− θt)(Trtyt − p)⇐⇒ xt − p = Trtyt − p,
and ‖xt − p‖ = ‖Trtyt − p‖ ≤ ‖yt − p‖. Observing

yt − p = t(γV xt − γV p) + t(γV p− µGp) + (I − tµG)JBλtAνtxt − (I − tµG)p,

we deduce

‖yt − p‖2 = 〈yt − p, yt − p〉
= 〈t(γV xt − γV p), yt − p〉+ t〈γV p− µGp, yt − p〉

+ 〈(I − tµG)JBλtAνtxt − (I − tµG)p, yt − p〉
≤ tγl‖xt − p‖‖yt − p‖+ t〈γV p− µGp, yt − p〉

+ (1− tτ)‖xt − p‖‖yt − p‖
≤ tγl‖yt − p‖2 + (1− tτ)‖yt − p‖2 + t〈γV p− µGp, yt − p〉
= (1− (τ − γl)t)‖yt − p‖2 + t〈γV p− µGp, yt − p〉,
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and hence

‖yt − p‖2 ≤
1

τ − γl
〈γV p− µGp, yt − p〉.

In particular,

(3.31) ‖yni − p‖2 ≤
1

τ − γl
〈γV p− µGp, yni − p〉.

Since q ∈ Ω, by (3.31), we obtain

(3.32) ‖yni − q‖2 ≤
1

τ − γl
〈γV q − µGq, yni − q〉.

Since xni ⇀ q and ‖xn−yn‖ → 0 (n→∞) by (5) in Proposition 3.1, it follows
that yni ⇀ q as i → ∞. Thus, from (3.32), we derive yni → q as i → ∞.
Moreover, by taking the limit as i→∞ in (3.31), we get

‖q − p‖2 ≤ 1

τ − γl
〈(µG− γV )p, p− q〉.

In particular, q solves the following variational inequality

q ∈ Ω, 〈(µG− γV )p, p− q〉 ≥ 0, p ∈ Ω,

or the equivalent dual variational inequality (see Lemma 2.6)

q ∈ Ω, 〈(µG− γV )q, p− q〉 ≥ 0, p ∈ Ω.

Finally, we show that the net {xt} converges strongly, as t→ 0, to q. For this
purpose, let {sk} ⊂ (0, 1) be another sequence such that sk → 0 as k →∞. Put
xk := xsk and yk := ysk . Let {xkj} be a subsequence of {xk} and assume that
xkj ⇀ q. Then, by the same proof as the one above, we have q ∈ Ω. Moreover,
from strong monotonicity of µG − γV , it follows that q = q. Therefore, we
conclude that xt → q ∈ Ω as t → 0, which is the unique solution to the
variational inequality (3.22). This completes the proof. �

By taking V ≡ 0, G ≡ I, µ = 1 in Theorem 3.2, we obtain the following
result.

Corollary 3.3. Let the net {xt} be defined by

xt = θtxt + (1− θt)Trt((1− t)JBλtAνtxt), t ∈ (0, 1).

Let θt : (0, 1) → (0, 1) be continuous and let rt, λt, νt : (0, 1) → (0,∞) be
continuous and 0 < a ≤ min{rt, λt, νt} for t ∈ (0, 1). Then {xt} converges
strongly, as t → 0, to q, which solves the following minimum-norm problem:
find q ∈ Ω such that

‖q‖ = min
x∈Ω
‖x‖.

Proof. From (3.22) with V ≡ 0, G ≡ I and µ = 1, we derive

0 ≤ 〈q, p− q〉, ∀p ∈ Ω.
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This obviously implies that

‖q‖2 ≤ 〈p, q〉 ≤ ‖p‖‖q‖, ∀p ∈ Ω.

It turns out that ‖q‖ ≤ ‖p‖ for all p ∈ Ω. Therefore, q is the minimum-norm
point of Ω. �

Now, we propose a new iterative algorithm which generates a sequence {xn}
in an explicit way: for an arbitrarily chosen x0 ∈ C,

(3.33) xn+1 = βnxn + (1− βn)Trn(αnγV xn + (I − αnµG)JBλnAνnxn), n ≥ 0,

where {αn} and {βn} are two sequences in (0, 1), and {rn}, {λn}, {νn} ⊂ (0,∞),
and establish strong convergence of this sequence to an element of Ω.

Theorem 3.4. Let the sequence {xn} be generated iteratively by the explicit
algorithm (3.33). Let {αn}, {βn} ⊂ (0, 1) and {rn}, {λn}, {νn} ⊂ (0,∞) satisfy
the following conditions:

(C1) limn→∞ αn = 0;
(C2)

∑∞
n=1 αn =∞;

(C3) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1;
(C4) 0 < a ≤ rn <∞ and limn→∞ |rn+1 − rn| = 0;
(C5) 0 < a ≤ λn <∞ and limn→∞ |λn+1 − λn| = 0;
(C6) 0 < a ≤ νn <∞ and limn→∞ |νn+1 − µn| = 0.

Then {xn} converges strongly to a point q ∈ Ω, which is the unique solution of
the variational inequality (3.22).

Proof. Let q ∈ Ω be the unique solution of the variational inequality (3.22).
(The existence of q follows from Theorem 3.2.)

From now, we put yn = αnγV xn + (I − αnµG)JBλnAνnxn and wn = Aνnxn
for n ≥ 0.

We divide the proof into several steps.

Step 1. We show that {xn} is bounded. To this end, let p ∈ Ω. It is obvious
that p = JBλnAνnp, p = Aνnp, p = JBλnp and Trnp = p. And we obtain

‖yn − p‖ = ‖αnγV xn + (I − αnµG)JBrnwn − p‖
≤ ‖αn(γV xn − γV p) + αn(γV p− µGp)‖

+ ‖(I − αnµG)JBλnwn − (I − αnµG)p‖
≤ αn‖γV xn − γV p‖+ αn‖γV p− µGp‖+ (1− αnτ)‖wn − p‖(3.34)

≤ αnγl‖xn − p‖+ αn‖γV p− µGp‖+ (1− αnτ)‖xn − p‖
= (1− (τ − γl)αn)‖xn − p‖+ αn‖γV p− µGp‖.

Thus, since Trn is nonexpansive (by Lemma 2.5), from (3.33) and (3.34), we
deduce

‖xn+1 − p‖ ≤ βn‖xn − p‖+ (1− βn)‖Trnyn − p‖
≤ βn‖xn − p‖+ (1− βn)‖yn − p‖
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≤ βn‖xn − p‖
+ (1− βn)[(1− (τ − γl)αn)‖xn − p‖+ αn‖γV p− µGp‖]

= (1− (1− βn)(τ − γl)αn)‖xn − p‖

+ (1− βn)(τ − γl)αn
‖γV p− µGp‖

τ − γl

≤ max

{
‖xn − p‖,

‖γV p− µGp‖
τ − γl

}
.

Using an induction, we have

‖xn − p‖ ≤ max

{
‖x0 − p‖,

‖γV p− µGp‖
τ − γl

}
.

Hence, {xn} is bounded. Also, {yn}, {wn} = {Aνnxn}, {un} = {JBλnwn},
{Gxn}, {GJBλnwn}, {zn} = {Trnyn} and {V xn} are bounded.

Step 2. We show that limn→∞ ‖xn+1 − xn‖ = 0. For this purpose, first, we
derive

‖yn − yn−1‖(3.35)

= ‖αnγV xn + (I − αnµG)JBλnAνnxn

− (αn−1γV xn−1 + (I − αn−1µG)JBλn−1
Aνn−1

xn−1)‖
≤ ‖(αn − αn−1)γV xn−1 + αn(γV xn − γV xn−1)‖

+ ‖(I − αnµG)JBλnwn − (I − αnµG)JBλn−1
wn−1‖

+ ‖(I − αnµG)JBλn−1
wn−1 − (I − αn−1µG)JBλn−1

wn−1‖
≤ |αn − αn−1|‖γV xn−1‖+ αnγl‖xn − xn−1‖

+ (1− αnτ)‖JBλnwn − J
B
λn−1

wn−1‖+ |αn − αn+1|‖µGJBλn−1
wn−1‖

= |αn − αn−1|(‖γV xn−1‖+ ‖µGJBλn−1
wn−1‖)

+ αnγl‖xn − xn−1‖+ (1− αnτ)‖JBλnwn − J
B
λn−1

wn−1‖

≤ |αn−αn−1|M5+αnγl‖xn−xn−1‖+(1−αnτ)‖JBλnwn−J
B
λn−1

wn−1‖,
where M5 > 0 is an appropriate constant. Let wn = Aνnxn and wn−1 =
Aνn−1xn−1 again. Then we get

(3.36) 〈y − wn, Awn〉+
1

νn
〈y − wn, wn − xn〉 ≥ 0, ∀y ∈ C

and

(3.37) 〈y − wn−1, Awn−1〉+
1

νn−1
〈y − wn−1, wn−1 − xn−1〉 ≥ 0, ∀y ∈ C.

Putting y := wn−1 in (3.36) and y := wn in (3.37), we obtain

(3.38) 〈wn−1 − wn, Awn〉+
1

νn
〈wn−1 − wn, wn − xn〉 ≥ 0
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and

(3.39) 〈wn − wn−1, Awn−1〉+
1

νn−1
〈wn − wn−1, wn−1 − xn−1〉 ≥ 0.

Adding up (3.38) and (3.39), we deduce

−〈wn − wn−1, Awn −Awn−1〉+ 〈wn−1 − wn,
wn − xn
νn

− wn−1 − xn−1

νn−1
〉 ≥ 0.

Since A is monotone, we get

〈wn−1 − wn,
wn − xn
νn

− wn−1 − xn−1

νn−1
〉 ≥ 0,

and hence

(3.40) 〈wn − wn−1, wn−1 − wn + wn − xn−1 −
νn−1

νn
(wn − xn)〉 ≥ 0.

From (3.40), we derive

‖wn − wn−1‖2 ≤ 〈wn − wn−1, wn − xn + xn − xn−1 −
νn−1

νn
(wn − xn)〉

= 〈wn − wn−1, xn − xn−1 +

(
1− νn−1

νn

)
(wn − xn)〉

≤ ‖wn − wn−1‖
[
‖xn − xn−1‖+

1

a
|νn − νn−1|‖wn − xn‖

]
.

This implies that

(3.41) ‖wn − wn−1‖ ≤ ‖xn − xn−1‖+
1

a
|νn − νn−1|‖wn − xn‖.

Moreover, from the resolvent identity (2.2) and (3.41), we induce

‖JBλnwn − J
B
λn−1

wn−1‖(3.42)

= ‖JBλn−1

(
λn−1

λn
wn +

(
1− λn−1

λn

)
JBλnwn

)
− JBλn−1

wn−1‖

≤ ‖λn−1

λn
(wn − wn−1) +

(
1− λn−1

λn

)
(JBλnwn − wn−1)‖

≤ ‖wn − wn−1‖+
|λn − λn−1|

a
‖JBλnwn − wn‖

≤ ‖xn − xn−1‖+ |νn − νn−1|
‖wn − xn‖

a
+ |λn − λn−1|

‖JBλnwn − wn‖
a

.

Substituting (3.42) into (3.35), we derive

‖yn − yn−1‖(3.43)

≤ |αn − αn−1|M5 + αnγl‖xn − xn−1‖
+ (1− αnτ)‖JBλnwn − J

B
λn−1

wn−1‖
≤ |αn − αn−1|M5 + αnγl‖xn − xn−1‖+ (1− αnτ)‖xn − xn−1‖
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+ |νn − νn−1|
‖wn − xn‖

a
+ |λn − λn−1|

‖JBλnwn − wn‖
a

≤ (1− αn(τ − γl))‖xn − xn−1‖+ |αn − αn−1|M5

+ |νn − νn−1|M6 + |λn − λn−1|M7,

where M6 and M7 > 0 are appropriate constants.
On the other hand, let zn = Trnyn. Then, since zrn−1 = Trn−1yn−1, we have

(3.44) 〈y − zn, T zn〉 −
1

rn
〈y − zn, (1 + rn)zn − yn〉 ≤ 0, ∀y ∈ C

and

(3.45) 〈y−zn−1, T zn−1〉−
1

rn−1
〈y−zn−1, (1+rn−1)zn−1−yn−1〉 ≤ 0, ∀y ∈ C.

Putting y := zn−1 in (3.44) and y := zn in (3.45), we get

(3.46) 〈zn−1 − zn, T zn〉 −
1

rn
〈zn−1 − zn, (1 + rn)zn − yn〉 ≤ 0

and

(3.47) 〈zn − zn−1, T zn−1〉 −
1

rn−1
〈zn − zn−1, (1 + rn−1)zn−1 − yn−1〉 ≤ 0.

Adding up (3.46) and (3.47), we obtain

(3.48)

〈zn−1 − zn, T zn − Tzn−1〉

− 〈zn−1 − zn,
(1 + rn)zn − yn

rn
− (1 + rn−1)zn−1 − yn−1

rn−1
〉 ≤ 0.

Using the fact that T is pseudocontractive, we have by (3.48)

〈zn−1 − zn,
zn − yn
rn

− zn−1 − yn−1

rn−1
〉 ≥ 0,

and hence

(3.49) 〈zn−1 − zn, zn − zn−1 + zn−1 − yn −
rn
rn−1

(zn−1 − yn−1)〉 ≥ 0.

From (3.49), we derive

‖zn − zn−1‖2 ≤ 〈zn−1 − zn, yn−1 − yn + (1− rn
rn−1

)(zn−1 − yn−1)〉

≤ ‖zn−1 − zn‖
(
‖yn−1 − yn‖+

|rn − rn−1|
a

‖zn−1 − yn−1‖
)
.

Thus we obtain

(3.50) ‖zn − zn−1‖ ≤ ‖yn−1 − yn‖+
|rn − rn−1|

a
‖zn−1 − yn−1‖.

Substituting (3.43) into (3.50) yields

‖zn − zn−1‖ ≤ (1− αn(τ − γl))‖xn − xn−1‖+ |αn − αn−1|M5(3.51)

+ |νn − νn−1|M6 + |λn − λn−1|M7 + |rn − rn−1|M8
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≤ ‖xn − xn−1‖+ |αn − αn−1|M5

+ |νn − νn−1|M6 + |λn − λn−1|M7 + |rn − rn−1|M8,

where M8 > 0 is an appropriate constant. In view of conditions (C1), (C4),
(C5) and (C6), we find from (3.51)

lim sup
n→∞

(‖zn − zn−1‖ − ‖xn − xn−1‖) ≤ 0.

Thus, by Lemma 2.2, we have

(3.52) lim
n→∞

‖zn − xn‖ = 0.

Since xn+1 − xn = (1− βn)(zn − xn), by (3.52) and condition (3), we conclude

lim
n→∞

‖xn+1 − xn‖ = 0.

Step 3. We show that limn→∞ ‖xn − wn‖ = 0, where wn = Aνnxn. To show
this, let p ∈ Ω. Then, since p = Aνnp, we deduce

‖wn − p‖2 = ‖Aνnxn −Aνnp‖2

≤ 〈wn − p, xn − p〉

=
1

2
(‖xn − p‖2 + ‖wn − p‖2 − ‖xn − wn‖2),

and hence

‖wn − p‖2 ≤ ‖xn − p‖2 − ‖xn − wn‖2.
Thus we have

‖Trnyn − p‖2 ≤ ‖yn − p‖2

= ‖αn(γV xn − µGp) + (I − αnµG)JBλnwn − (I − αnµG)p‖2

≤ (αn‖γV xn − µGp‖+ (1− αnτ)‖wn − p‖)2

≤ (αn‖γV xn − µGp‖+ ‖wn − p‖)2

≤ αnM9 + ‖wn − p‖2

≤ αnM9 + ‖xn − p‖2 − ‖xn − wn‖2,

where M9 is an appropriate constant. This implies

‖xn − wn‖2 ≤ αnM9 + ‖xn − p‖2 − ‖Trnyn − p‖2

= αnM9 + (‖xn − p‖+ ‖Trnyn − p‖)(‖xn − p‖ − ‖Trnyn − p‖)
≤ αnM9 + (‖xn − p‖+ ‖Trnyn − p‖)‖xn − Trnyn‖

= αnM9 +
‖xn+1 − xn‖

1− βn
M10,

where M10 is an appropriate constant. Hence, by conditions (C1) and (C3),
and Step 2, we obtain

lim
n→∞

‖xn − wn‖ = 0.
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Step 4. We show that limn→∞ ‖JBλnwn − xn‖ = 0. To this end, let p ∈ Ω.
First, we observe

‖yn − p‖2 = ‖αnγV xn + (I − αnµG)JBλnwn − p‖
2

≤ (αn‖γV xn − µGp‖+ ‖(I − αnµG)JBλnwn − (I − αnµG)p‖)2

≤ (αn‖γV xn − µGp‖+ (1− αnτ)‖JBλnwn − p‖)
2(3.53)

≤ (αn‖γV xn − µGp‖+ ‖JBλnwn − p‖)
2

≤ αnM11 + ‖JBλnwn − p‖
2,

where M11 is an appropriate constant. Next, since JBλn is firmly nonexpansive

(see (2.1)) and JBλnp = p, we derive from (2.3)

‖JBλnwn − p‖
2 ≤ 〈JBλnwn − p, wn − p〉

≤ 1

2
(‖JBλnwn − p‖

2+‖wn−p‖2−‖(JBλnwn − p)−(wn − p)‖2)

=
1

2
(‖JBλnwn − p‖

2+‖wn−p‖2−‖JBλnwn−xn + xn − wn‖2)

≤ 1

2
(‖JBλnwn − p‖

2+‖wn − p‖2

− ‖JBλnwn−xn‖
2−‖xn−wn‖2+2‖JBλnwn−xn‖‖xn−wn‖),

and so

(3.54)
‖JBλnwn − p‖

2 ≤ ‖wn − p‖2 − ‖JBλnwn − xn‖
2 − ‖xn − wn‖2

+ 2‖JBλnwn − xn‖‖xn − wn‖.
Thus, by (3.33), (3.53) and (3.54), we obtain

‖xn+1 − p‖2 ≤ βn‖xn − p‖2 + (1− βn)‖Trnyn − p‖2

≤ βn‖xn − p‖2 + (1− βn)‖yn − p‖2

≤ βn‖xn − p‖2 + (1− βn)(αnM11 + ‖JBλnwn − p‖
2)

≤ βn‖xn − p‖2 + (1− βn)(αnM11 + ‖wn − p‖2

− ‖JBλnwn − xn‖
2 − ‖xn − wn‖2 + 2‖JBλnwn − xn‖‖xn − wn‖)

≤ βn‖xn − p‖2 + (1− βn)(αnM11 + ‖xn − p‖2

− ‖JBλnwn − xn‖
2 + 2‖JBλnwn − xn‖‖xn − wn‖)

≤ ‖xn − p‖2 − (1− βn)‖JBλnwn − xn‖
2 + (1− βn)αnM11

+ 2(1− βn)‖JBλnwn − xn‖‖xn − wn‖.
This implies

(1− βn)‖JBλnwn − xn‖
2 ≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + (1− βn)αnM11

+ 2(1− βn)‖JBλnwn − xn‖‖xn − wn‖
≤ (‖xn − p‖+ ‖xn+1 − p‖)‖xn − xn+1‖
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+ αnM11 + ‖xn − wn‖M12,

where M12 is an appropriate constants. Thus, by conditions (C1) and (C3)
and Steps 2 and 3, we have

lim
n→∞

‖JBλnwn − xn‖ = 0.

Step 5. We show that limn→∞ ‖wn − JBλnwn‖ = 0. Indeed, since

‖wn − JBλnwn‖ ≤ ‖wn − xn‖+ ‖xn − JBλnwn‖

by Steps 3 and 4, we have

lim
n→∞

‖wn − JBλnwn‖ = 0.

Step 6. We show that limn→∞ ‖xn − yn‖ = 0. In fact, since

‖xn − yn‖ = ‖xn − (αnγV xn + (I − αnµG)JBλnwn)‖
≤ αn‖µGxn − γV xn‖+ ‖(I − αnµG)xn − (I − αnµG)JBλnwn‖
≤ αnM13 + (1− αnτ)‖xn − JBλnwn‖,

where M13 > 0 is an appropriate constant, by condition (C1) and Step 4, we
get

lim
n→∞

‖xn − yn‖ = 0.

Step 7. We show that limn→∞ ‖xn − Trnxn‖ = 0. In fact, observing

‖xn − Trnxn‖
≤ ‖xn − xn+1‖+ ‖xn+1 − Trnyn‖+ ‖Trnyn − Trnxn‖
≤ ‖xn − xn+1‖+ βn‖xn − Trnyn‖+ ‖yn − xn‖
≤ ‖xn − xn+1‖+ βn(‖xn − Trnxn‖+ ‖Trnxn − Trnyn‖)

+ ‖yn − xn‖
≤ ‖xn − xn+1‖+ βn‖xn − Trnxn‖+ (1 + βn)‖yn − xn‖,

we get

‖xn − Trnxn‖ ≤
1

1− βn
(‖xn − xn+1‖+ (1 + βn)‖yn − xn‖).

Hence, by condition (C3), Steps 2 and 6, we obtain

lim
n→∞

‖xn − Trnxn‖ = 0.

Step 8. We show that limn→∞ ‖yn − Trnyn‖ = 0. Indeed, since

‖yn − Trnyn‖ ≤ ‖yn − xn‖+ ‖xn − Trnxn‖+ ‖Trnxn − Trnyn‖
≤ 2‖xn − yn‖+ ‖xn − Trnxn‖

by Steps 6 and 7, we have

lim
n→∞

‖yn − Trnyn‖ = 0.
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Step 9. We show that

lim sup
n→∞

〈(γV − µG)q, yn − q〉 ≤ 0.

For this purpose, we can choose a subsequence {yni} of {yn} such that

lim
i→∞
〈(γV − µG)q, yni − q〉 = lim sup

n→∞
〈(γV − µG)q, yn − q〉.

Since {yni} is bounded, there exists a subsequence {ynij } of {yni} which con-

verges weakly to some point z. Without loss of generality, we can assume that
yni ⇀ z. Then, by using Steps 3, 4, 5, 6, 7 and 8 and argument similar to
those of Steps 1, 2 and 3 in the proof of Theorem 3.2, we obtain z ∈ Ω. Thus
we have

lim sup
n→∞

〈(γV − µG)q, yn − q〉 = lim
i→∞
〈(γV − µG)q, yni − q〉

= 〈(γV − µG)q, z − q〉 ≤ 0.

Step 10. We show that limn→∞ ‖xn − q‖ = 0. Indeed, from Lemma 2.1, we
derive

‖yn − q‖2 =‖αnγV xn + (I − αnµG)JBλnAνnxn − q‖
2

= ‖αn(γV xn − γV q) + αn(γV q − µGq)
+ (I − αnµG)JBλnAνnxn − (I − αnµG)q‖2

≤ ‖αn(γV xn − γV q) + (I − αnµG)JBλnAνnxn − (I − αnµG)q‖2(3.55)

+ 2αn〈γV q − µGq, yn − q〉
≤ (αnγl‖xn − q‖+ (1− αnτ)‖xn − q‖)2

+ 2αn〈γV q − µGq, yn − q〉
= ((1− (τ − γl)αn)‖xn − q‖)2 + 2αn〈γV q − µGq, yn − q〉.

Thus, by (3.33) and (3.55), we obtain

‖xn+1 − q‖2 ≤ βn‖xn − q‖2 + (1− βn)‖Trnyn − q‖2

≤ βn‖xn − q‖2 + (1− βn)‖yn − q‖2

≤ βn‖xn − q‖2 + (1− βn)((1− (τ − γl)αn)‖xn − q‖)2

+ 2(1− βn)αn〈γV q − µGq, yn − q〉
≤ βn‖xn − q‖2 + (1− βn)(1− (τ − γl)αn)‖xn − q‖2

+ 2(1− βn)αn〈γV q − µGq, yn − q〉
= (1− (1− βn)(τ − γl)αn)‖xn − q‖2

+ 2(1− βn)(τ − γl)αn
〈γV q − µGq, yn − q〉

τ − γl
= (1− ξn)‖xn − q‖2 + ξnδn,
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where ξn = (1 − βn)(τ − γl)αn and δn = 2〈γV q−µG,yn−q〉
τ−γl . From conditions

(C1), (C2) and (C3) and Step 9, it is easy to see that ξn → 0,
∑∞
n=1 ξn = ∞

and lim supn→∞ δn ≤ 0. Hence, by Lemma 2.3, we conclude

lim
n→∞

‖xn − q‖ = 0.

This completes the proof. �

By taking V ≡ 0, G ≡ I, µ = 1 in Theorem 3.4, we obtain the following
result.

Corollary 3.5. Let the sequence {xn} be generated by

xn+1 = βnxn + (1− βn)Trn((1− αn)JBrnArnxn), n ≥ 0.

Let {αn}, {βn} ⊂ (0, 1) and {rn}, {λn}, {νn} ⊂ (0,∞) satisfy the conditions
(C1), (C2), (C3), (C4), (C5) and (C6) in Theorem 3.4. Then {xn} converges
strongly to a point q ∈ Ω, which is the minimum-norm element of Ω.

If in Theorem 3.4, we take T ≡ I, the identity mapping on C, then we obtain
the following result.

Corollary 3.6. Suppose that Ω1 = V I(C,A) ∩ B−10 6= ∅. Let the sequence
{xn} be generated by

xn+1 = βnxn + (1− βn)(αnγV xn + (I − αnµG)JBλnAνnxn), n ≥ 0.

Let {αn}, {βn} ⊂ (0, 1) and {λn}, {νn} ⊂ (0,∞) satisfy the conditions (C1),
(C2), (C3), (C5) and (C6) in Theorem 3.4. Then {xn} converges strongly
to a point q ∈ Ω1, which is the unique solution of the following variational
inequality:

〈(µG− γV )q, p− q〉 ≥ 0, ∀p ∈ Ω1.

If in Theorem 3.4, we have C ≡ H, then we have the following corollary.

Corollary 3.7. Suppose that Ω2 = Fix(T )∩A−10∩B−10 6= ∅. Let T : H → H
be a continuous pseudocontractive mapping and let A : H → H be a continuous
monotone mapping. Let the sequence {xn} be generated by

xn+1 = βnxn + (1− βn)Trn(αnγV xn + (I − αnµG)JBλnAνnxn), n ≥ 0.

Let {αn}, {βn} ⊂ (0, 1) and {rn}, {λn}, {νn} ⊂ (0,∞) satisfy the conditions
(C1), (C2), (C3), (C4), (C5) and (C6) in Theorem 3.4. Then {xn} converges
strongly to a point q ∈ Ω2, which is the unique solution of the following varia-
tional inequality:

〈(µG− γV )q, p− q〉 ≥ 0, ∀p ∈ Ω2.

Proof. Since D(A) = H, we note that V I(H,A) = A−10. So the result follows
from Theorem 3.4. �
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Remark 3.8. 1) It is worth pointing out that implicit and explicit itera-
tive algorithms are new ones different from those announced by several
authors; see, for instance, [7, 8, 15] and the references therein. In par-
ticular, we use the variable parameters rt, λt, νt and rn, λn, νn in
comparison with the corresponding iterative algorithms in [7,8,15] and
the references therein.

2) We know that Fix(T )∩V I(C,A)∩B−10 ⊂ Fix(T )∩ (A+B)−10 (see
[8]). Thus, as results for finding a common element of the fixed point
set of continuous pseudocontractive mapping more general than nonex-
pansive mapping and strictly pseudocontractive mapping and the zero
point set of sum of maximal monotone operator and continuous mono-
tone mapping more general than α-inverse strongly monotone mapping,
Theorem 3.2 and Theorem 3.4 are new results, which develop and im-
prove the corresponding results in [7,12,15] and the references therein.

3) Corollary 3.3 and Corollary 3.5 are also new results for finding a mini-
mum-norm point of Fix(T )∩V I(C,A)∩B−10, where T is a continuous
pseudocontractive mapping, A is a continuous monotone mapping and
B is a maximal monotone operator.

4) By taking V ≡ 0, G ≡ I and µ = 1 in Corollary 3.6 and Corollary
3.7, we can obtain new results for finding the minimum-norm point of
V I(C,A) ∩B−10 and Fix(T ) ∩A−10 ∩B−10, respectively.

5) As applications in [15], by using Theorem 3.2 and Theorem 3.4, we can
propose implicit and explicit iterative algorithms for the equilibrium
problems coupled with fixed point problem for continuous pseudocon-
tractive mapping.

Acknowledgment. The author would like to thank the anonymous reviewers
for their careful reading and valuable comments along with providing a recent
related paper, which improved the presentation of this manuscript.
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