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BIHARMONIC-KIRCHHOFF TYPE EQUATION INVOLVING
CRITICAL SOBOLEV EXPONENT WITH SINGULAR TERM

KAMEL TAHRI AND FARES YAZID

ABSTRACT. Using variational methods, we show the existence of a unique
weak solution of the following singular biharmonic problems of Kirchhoff
type involving critical Sobolev exponent:
(Py) A?u—(a [ |Vul2dz+b)Autcu=f (x) [u| 7Y =X [ulP72u in Q,
MlAu=u=0 on 012,
where 2 is a smooth bounded domain of R™ (n > 5), A2 is the biharmonic
operator, and Vu denotes the spatial gradient of w and 0 < v < 1, A > 0,
0 < p < 2% and a,b, ¢ are three positive constants with a +b > 0 and f
belongs to a given Lebesgue space.

1. Introduction

In this work, we are concerned with a class of singular biharmonic problems
of Kirchhoff type involving critical Sobolev exponent:

(Py) A?u— (a [, |Vul*de 4+ b)Au+cu = f(x)|u] 7 — A lwfP~?u inQ,
MY lAu=u=0 on 0%},

where Q is a smooth bounded domain of R™ (n >5), A? is the biharmonic
operator, and Vu denotes the spatial gradient of v and 0 < v < 1, A > 0,
0 < p < 2% and a, b, ¢ are three positive constants with a+b > 0 and f € L7 (Q)
with ¢ :=

- — 2
satisfying f(z) > 0 for almost every x € 2, and 2 := Pt

ot
28 4y—1
denotes the critical Sobolev exponent for the embedding H? () — L* Q).
Historically, important developments have been achieved regarding the ex-
istence of solutions of critical biharmonic elliptic problems. We recall briefly
few of them.
In [7], using the upper and lower solutions and monotone iterative methods

Wang has proved the existence of nontrivial solution of the following fourth
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order elliptic problem:

P1) A%u+a(x) Au+c(z)u = f(z,u, Vu, Au) in €,
YYAu=u=0 on 012,

when  is a bounded domain of R™.

The problem (P,) is called nonlocal because of the presence of the integral
over the entire domain €, which implies that the equation in (P,) is no longer
a pointwise identity.

The original one-dimensional Kirchhoff equation was introduced by Kirch-
hoff himself [8] in 1883. His model takes into account the changes in length of
the strings produced by transverse vibrations. This problem (P,) is related to
the stationary analog of the evolution equation of Kirchhoff type:

uy + A%u — Na [, [Vul?dz + b)Au = h(z,u) in Qx (0, T),
(P2)du=0 in 90 x (0, T),
u(z, 0) =v(z), u(z, 0) = w(z),

where T is a positive constant, v and w are given functions. Dimensions one
and two are relevant from the point of view of physics and engineering because
in those situations model is considered a good approximation for describing
nonlinear vibrations of beams or plate.

Nonlocal problems arise not only from mathematical and physical fields but
also from several other branches. When they appear in biological systems, u
describes a process depending on the average of itself as population density.
Their theoretical study has attracted a lot of interests from mathematicians
for a long time and many works have been done. We quote in particular the
famous article of Lions [9]. However in most of papers, the used approach relies
on topological methods.

In addition, in the last two decades the nonlocal fourth-order equation:

(Ps) A%u— M ([, |Vul?dz) - Au= f(z,u) inQ,
Y VAu=u=0 on 012,

has also been studied by many authors, in many domains like micro-electro-
mechanical systems, surface diffusion on solids, thin film theory. We refer the
readers to [1,3,4,6,8,12-14]. Particularly, in [15] Wang has studied the following
fourth-order equation of Kirchhoff type equation:

Pa) A?u— M ([, |Vul|?dz) - Au= f(z,u) inQ,
Y1Au=u=0 on 012,

where \ is a positive parameter. The authors showed that there exists such
that the fourth-order elliptic equation has a nontrivial solution for 0 < A < A\*
by using the mountain pass iterative techniques and the truncation method.
Massar and al. [10] employing a smooth version of Ricceri’s variational principle
[11], the authors ensured the existence of infinitely many solutions for fourth-
order Kirchhoff-type elliptic problems.
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In [5], using variational methods and critical point theory, the authors estab-
lished multiplicity results of nontrivial and nonnegative solutions for a fourth-
order Kirchhoff-type elliptic problem, by combining an algebraic condition on
the nonlinear term with the classical Ambrosetti-Rabinowitz condition.

After that, many authors studied the following nonlocal elliptic boundary
value problem:

—M ([, |Vul?dz) .Au = f (z,u) in ,
(Ps) {u = O( . ) on 0fL.

Problems like (P5) can be used for modeling several physical and biological
systems where u describes a process which depends on the average of itself,
such as the population density, see [3].

Motivated by these works in [2], to study problem (P,), we combine the
term dominant of bi-Laplacian with the Kirchhoff coefficient.

Notation 1. In this paper, we make use of the following notation:
LP(Q)) for 1 < p < oo, denote Lebesgue spaces; the norm in LP(§2) is given

by
1/p
= o)

H{(£2) denotes the completion of the space C2° (£2) in the norm

Ml = /Q Vul2dz

and H?(£)) denotes the completion of the space C2° () in the norm
lelfysgoy = [ 1Auds

S is the best Sobolev constant to the Sobolev embedding H? () — L* (Q),
that is

S = inf /\Au\zdm.
{ueH2(Q) and [, |u|?*dz=1} JQ

It is well known that 2 = R™ the best constant is attained by the functions

n—4

ue () 1= ap ;2 ,
|£E—(E0‘ +€2

n—4
o, = (n(n—4)(n*—4)) ?
Let X be the space H2(Q2) N H}(Q) endowed with the norm:

where

ul % = /Q Aul? + o Vul® + culdz.
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For v € X, we define the functional Jy by:

1 a DY 1 _

Note that a function u is called a weak solution of problem (Py) if u € X such
that, for all p € X :

/ (AuAp + cup) dr + (a/ |Vul*dz + b) x / VuVpdz
Q Q Q

= A [ |ulP P updz + / (@) |ul"7 pda.
Q Q

Throughout this article, we make the following assumptions:

(H))0<y<land0<p<2i:= 20

(H?) f € L1(Q) with ¢ := ﬁi—l satisfying f(z) > 0 for almost every
x € Q.
(H?) For all z € X :

ul % = / Aul® + a|Vaf? + culde.

The main result can be described as follows.

Theorem 1.1. Assume (H'), (H?) and (H®) hold. Then the problem pos-
sesses a positive and a unique weak solution. Moreover, this solution is a global
minimizer.

This work is organized as follows: In Section 2 we give some preliminary
results which we will use later. Section 3 is devoted to the proof of the main
Theorem.

2. Some preliminary results

We give the following useful lemmas.

Lemma 2.1. The energy functional Jy is coercive and bounded from below on
X.

Proof. Since 0 < v < 1, A > 0, by Holder inequality, we have

‘ [ @ e
Q
2 4y (-

#
</ \f(x)|2ﬁ+2r1 dx) g X (/ |u\(1_7)(127u~r) dar) g
Q Q
ot

1— .
[1f11zegey % Ilull sz, with =

IN

24y -1
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Furthermore, by the Sobolev embedding H? (Q) < L (©) and using X —
H? (Q), we obtain that there exists a constant A > 0 such that

1— 1—
[l oy < (1 =) Allul &7

Hence

1 a 20 1 x
Talu) = 3llul % + 3 (/QIVuIde) +5/Qh($) Wpdﬁrﬁ/g f(vf)ld‘”’

Jul

1 a 2 —
) = gl o+ ([ 1uPae) - Al
Q

This implies that Jy is coercive.
To prove that Jy is bounded from below on X, we divided in two cases:
Case LI If ||u||x > 1 and 0 < y < 1, then

) = (5= 4) Il
Case IL If 0 < [Jul|lx <1 and 0 < < 1, then
Ja(u) > —A.
Thus, Jy is bounded from below on X. Il
Lemma 2.2. The functional Jy has a minimum my in X with my < 0.

Proof. Since Jy is coercive and bounded from below on X in Lemma 2.1,

my = ulg(J,\(u)

is well defined.

Moreover, since 0 < v < 1 and f(x) > 0 almost every z € ), we have
Jx(tp) < 0 for all p # 0 and small ¢ > 0.

Thus, we obtain

my = inf Jy(u) < 0.
ueX

The proof is complete. 0
We have the following important result.

Lemma 2.3. Assume that conditions (H') and (H?) hold. Then the functional
Jy attains the global minimizer in X, that is, there exists u* € X such that

my = J)\(u*) < 0.

Proof. From Lemma 2.1, there exists a minimizing sequence (u,),, in X such
that

In(tm) =mx+o(1).
Using Lemma 2.2, the sequence (u,,),,, is bounded in X and from the reflexivity
of X and the compact embedding theorem, up to a subsequence still noted
(Wm),, there exists u € X such that
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(1) upm — u* weakly in X.

(2) wy, — u* strongly in LP(Q) for 1 < p < 2%

(3) um () = u* (x) a.e in Q.

After these preliminaries we can prove that w,, = u,, — u* converges to 0
strongly in X.

By Vitali’s theorem, we find that

Léf@ﬂwﬁ_ M=34funmw—dx+dn.

Moreover, by using Brézis-Lieb Lemma, we obtain
2 2 2
[umllx = lwmlx = llu*llx +o(1)
and

/Qh(x)\umﬁ“ dx:/ﬂh(z) W] dm+/Qh(z) 2 dz + o(1),

where o(1) is an infinitesimal as m — +o0.
Hence, in the case that 0 < p < 2%, we deduce that

A= i ()

2
1 A
JHWLWW&+Z(Avam)+pLhmmex
1 1
e [
1 [ S @)l
1 a 2
3 2 * 112 %
5 (ol )+ (190 as)

)\/ 1 1—
+—/ h(z u*pderi/fz w7 da,
o (@) [u”] o1, (@) [u"]

* 1 . 2
my = Jx(u") + 3 mgffrloo Jwm | -
Then

= a0 + 5 T el 2 A0 2 inf () = s
which implies that
my = J,\ (u*)
In the case p = 2F, it follows that

_ * : - p
v= )+ i (Gl 2 [ @ o).
Then
my > Jxa(u*) > my

which yields that
my = J)\ (U*)
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||U.S
inf J m) — J ).
ulr )\(u ) /\(U ) O

We are now in a position to prove Theorem 1.1.

Proof of Theorem 1.1. We only need to prove that v* is a weak solution of the
problem (P,) in Q. Firstly, we show that u* is a weak solution of problem
(Py). From Lemma 2.2, we see that

min Jy(u* +tv) = Jy(u* + tv)|,_, = Ia(u”), Vv € X.
This implies that

/(Au*Av+cu*v)dx+(a/ |Vu*|*dx + b) x/Vu*Vvdx
Q Q )

= -\ [ h(x) | P ?utvd + / / (xz vdz,
Q a |u|

Ia(u* +tv) — Jy(u*)

0< ;
_1 <|u* + ][k — |U*|§(>
2 t
a 2 2
(2.1) + — (/ |Vu* +tv|2dx) — (/ |Vu*2dac> ]
4t Q Q

1 lu* + o] — Jur 'Y
SN d
7_l/ﬂfwc)( t v

* p_ *|P
3 [ (BT,
P Ja t

Using the Lebesgue Dominated Convergence Theorem, we have

lu* + tv]? — Ju* + to|”

(2.2) 1 lim A h(z) ( ; ) dr = /Qh () [u* P2 u*vdz.,

p t—0t

For any z € ), we denote

— o) [ @ @I = (@)
g(ﬂ-—f(x)( e )

e o [ @) = (Gt @)+ @) o (@) + o (@)
g<t>.—f<x>< (T ><o,

which implies that g (¢) is non increasing for ¢ > 0. Moreover, we have

Jim g(t) = £ (&) (" (2)) 770 (2)
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for every = € Q, which may be +o0o when u* (z) = 0 and v (z) > 0. Conse-
quently, by the Monotone Convergence Theorem, we obtain

. 1 lu* + o' — ur|' Y
i [7_1 fr@ < : ) dﬂ”]
= [ f@) @ (2) v (z)dz,
Q

which possibly equals to +00. Combining this with (2.1), let t — 0T, it follows
from (2.2) that

f (@) (u ()" v (x)da
Q

(2.3) < /QAu*Av (x)dz + (a/Q |Vu* |2dz + b) /Q Vu*Vo (z) dx

Jrc/Qu*v(x)der)\/ h(x) [u* [P~ uto (z) da

Q

for all v € X with v > 0.
Let e; € X be the first eigenfunction of the operator A? with e; > 0 and
ler]| = 1. Particularly, taking v = ey in (2.3), one gets that

[ 1@ @ @) e
Q
< / Au*Aerdx + (a/ |Vu*|?dx + b)/ Vu*Vedx
Q Q Q
+ c/ u*erdr + /\/ h(z) |u* P2 urerde < oo,
Q Q
which implies that u* > 0 for almost every x € ().

Finally, we prove the uniqueness of solutions of problem (P,). Assume that
w* is another solution of problem (P,), then it follows from (2.3) that

(2.4) /Au*Aw*d:z:+(a/ \Vu*\zdz+b)/ Vu*Vw*derc/u*w*d:E
Q Q Q Q

+ )\/ h(z) |u* [P~ u w*de — / [ () (u* (2)) T w*dz =0
Q Q
and
(2.5) / AurAw*dz + (a/ |Vw*|?dz + b) / Vu*Vw*dz + c/ urw*dz
Q Q Q Q
+ )\/ h(z) |w* [P~ wrw*de — / [ (z) (w* (x))" " u*dz = 0.
Q Q
From (2.4) and (2.5), we obtain

a/ |V (u* — w™) |2da:/ Vu*Vw*dr + )\/ h(z) (|u*|pi2 - |w*|p72> u*w*dz
Q Q Q
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- [ 1@ (@ @) e @) ) de =0
Q
Put
H (u*,w") = a/Q |V (u* — w") |2dx/QVu*Vw*dx
A h * p—Q _ * p—2 * *d
- /g J@ [ @) 0 @) e =0,
Using the Holder inequality, one has

H (u*,w*) > 0.
Since 0 < v < 1 and p > 0, it is well clear the following inequalities:

. (mpinp)(mfn)zoa
Vm,n >0: { (m=7 — =) (m = n) < 0.
Thus
/ h () (|u*\p72 - \w*|p72) wrwdz <0
Q
and

| i@ [w @) e - @ @) 7w dezo

Consequently we obtain,
lu* — w|% <0,

This completes the proof of the Theorem. O
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