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SYMMETRICITY AND REVERSIBILITY FROM THE
PERSPECTIVE OF NILPOTENTS

ABDULLAH HARMANCI, HANDAN KOSE, AND BURCU UNGOR

ABSTRACT. In this paper, we deal with the question that what kind of
properties does a ring gain when it satisfies symmetricity or reversibility
by the way of nilpotent elements? By the motivation of this question,
we approach to symmetric and reversible property of rings via nilpotents.
For symmetricity, we call a ring R middle right-(resp. left-)nil symmetric
(mr-nil (resp. ml-nil) symmetric, for short) if abc = 0 implies acb = 0
(resp. bac = 0) for a, ¢ € R and b € nil(R) where nil(R) is the set of
all nilpotent elements of R. It is proved that mr-nil symmetric rings are
abelian and so directly finite. We show that the class of mr-nil symmetric
rings strictly lies between the classes of symmetric rings and weak right
nil-symmetric rings. For reversibility, we introduce left (resp. right) N-
reversible ideal I of a ring R if for any a € nil(R), b € R, being ab € 1
implies ba € I (resp. b € nil(R), a € R, being ab € I implies ba €
I). A ring R is called left (resp. right) N-reversible if the zero ideal
is left (resp. right) N-reversible. Left N-reversibility is a generalization
of mr-nil symmetricity. We exactly determine the place of the class of
left N-reversible rings which is placed between the classes of reversible
rings and CNZ rings. We also obtain that every left N-reversible ring
is nil-Armendariz. It is observed that the polynomial ring over a left
N-reversible Armendariz ring is also left N-reversible.

1. Introduction

Throughout this paper, all rings are associative with identity. A ring is called
reduced if it has no nonzero nilpotent elements. A weaker condition was defined
by Lambek in [18]. A ring R is said to be symmetric if for any a, b,c € R,
abc = 0 implies acb = 0. The class of weak symmetric rings was discussed in
[26] and also studied in [12]. A ring R is called weak symmetric if abc € nil(R)
implies acb € nil(R) for all a, b, ¢ € R. Generalized weakly symmetric rings
(or GWS, for short) were studied in [30]. A ring R is called GWS if abc = 0
implies that bac is nilpotent for all a, b, ¢ € R. In [15], nil-symmetric rings
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were weakened to weak nil-symmetric rings. A ring R is called weak right nil-
symmetric if abc = 0 implies acb = 0 for all nilpotent a, b, ¢ € R and it is
called weak left nil-symmetric if abc = 0 implies cab = 0 for all nilpotent a, b,
¢ € R, and R is called weak nil-symmetric if it is both weak right nil-symmetric
and weak left nil-symmetric. In [7], Chakraborty and Das called a ring R right
(vesp. left) nil-symmetric if abc = 0 (resp. cab = 0) implies acb = 0 for all
nilpotent a, b € R and ¢ € R and the ring R is nil-symmetric if it is both right
and left nil-symmetric.

As an another generalization of the symmetric property of a ring, Cohn [9]
called a ring R reversible if for a, b € R, ab = 0 implies ba = 0. Anderson
and Camillo [3] observed the rings whose zero products commute, and used the
term ZCy for what is called reversible. Prior to Cohn’s work, reversible rings
were studied under the names of completely reflexive by Mason in [21] and
zero commutative by Habeb in [10], and Tuganbaev [28] investigated reversible
rings in the name of commutative at zero. Following [17], a ring R is called
central reversible if ab = 0 for any a,b € R implies ba is a central element of R.
Every reversible ring is central reversible. The reversible property of a ring is
also generalized as: A ring R is said to satisfy the commutativity of nilpotent
elements at zero [1, Definition 2.1] if ab = 0 for a, b € nil(R) implies ba = 0.
For simplicity, a ring is called CNZ if it satisfies the commutativity of nilpotent
elements at zero. CNZ rings were generalized in [16]. A ring is called central
CNZ if for any nilpotent a, b € R, ab = 0 implies ba is central in R. Another
generalization of reversible rings is nil-reversible. In [24], a ring R is called
nil-reversible if for every a € R, b € nil(R), ab = 0 if and only if ba = 0.

Nilpotent elements are important tools for studying the structures of rings.
In the light of aforementioned notions, we focus on the symmetricity and re-
versibility from the perspective of nilpotents. Motivated by the works on sym-
metric rings and reversible rings, the goal of this paper is to extend the notions
of symmetric rings and reversible rings via nilpotents, namely, mr-nil sym-
metric rings and left N-reversible rings. We present that the concept of left
N-reversible rings also generalizes that of mr-nil symmetric rings. We exactly
determine the places of these classes of rings in ring theory, in the meantime we
give various examples. We study the properties of mentioned classes of rings.
It is obtained that being a von Neumann regular ring and being a strongly reg-
ular ring coincide for left N-reversible rings. Also, for semiprime rings and right
p-p--rings the concepts of reduced, symmetric, reversible, mr-nil symmetric and
left N-reversible rings are the same. On the other hand, some extensions such
as Dorroh extensions, Nagata extensions, polynomial rings of left N-reversible
rings are also studied.

In what follows, Z denotes the ring of integers and for a positive integer n,
Z, is the ring of integers modulo n. For aring R, U(R), Id(R), C(R), P(R) and
J(R) denote the group of units, the set of all idempotents in R, the center of
R, the prime radical and the Jacobson radical of R, respectively. Also, M, (R)
stands for the ring of all n x n matrices, U, (R) is the ring of upper triangular



SYMMETRICITY, REVERSIBILITY FROM THE PERSPECTIVE OF NILPOTENTS 211

matrices over R for a positive integer n > 2, D, (R) is the ring of all matrices in
U, (R) having main diagonal entries equal, and V,,(R) is the subring of U, (R):

n n
Va(R) = Zzaje(ifjﬁrl)i laj € R

i=j j=1
For instance, elements of V4(R) has the form:
ay Qa2 as ag
0 a1 as asg
0 0 ay az
0 0 0 a

where a1, ag,as,a4 € R. Let (¢™) denote the ideal generated by 2™ in R[z]. It
is obvious that R[z]/(z™) = V,,(R). Also,

n k n—kn—=k
Vf(R) = Z Zaje(i,jﬂ)i + Z Z Qi €5 (k+4) | aj, aij; € R,
i=j j=1 i=j j=1

where a; € R, a;s € R, 1 <i<k, 1<j<n—-kandk+1<s <n For
instance, elements of V2(R) are of the form:

ayp az aiz ai4

0 0 a1 ag ’

where a1,0a2,0a13,0a14, @24 € R and

k n n
D} (R) = Z Z aij€ij + Z bpt1)j€h+1); + cln | aij,bij,c € R 3,
i=1 jkt1 j=kt2

where k = [n/2], i.e., k satisfies n = 2k when n is an even integer, and n = 2k+1
when 7 is an odd integer. Elements of D¥(R) for n = 4 and n = 5 are of the
form:

1 0 a3 aun ars

a1 Q23 Q24 Q25

0 a1 aga ass|,

0 0 a O

0 0 0 a

Q

ar 0 a3 aus
0 a1 a3 az
0 0 ai as4
0 O 0 ai

and

o O oo

respectively.

2. Middle right-(left-)nil symmetric rings

In this section, we introduce and study a class of rings, middle-nil symmetric
rings which is weaker than the class of symmetric rings and stronger than
the classes of nil-symmetric rings, weak symmetric rings and weak right nil-
symmetric rings.
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Definition 2.1. A ring R is called middle right-nil symmetric (simplicity, mr-
nil symmetric) if abc = 0 implies acb = 0 for a, ¢ € R, b € nil(R). Similarly,
R is called middle left-nil symmetric (ml-nil symmetric, for short) if abc = 0
implies bac = 0 for a, ¢ € R, b € nil(R).

We have the following hierarchy:
{symmetric rings} C {mr-nil symmetric rings}
C {weak right nil-symmetric rings}.

The following examples show that the aforementioned implications are strict.
The next example also shows that the middle-nil symmetricity is not left-right
symmetric.

Example 2.2. Let F be a field and define the free algebra A = F{a, b) where a
and b are noncommuting indeterminates. Let I be the two-sided ideal generated
by the elements ab and b? and consider the ring R = A/I. Then R is mr-nil
symmetric but not symmetric and not ml-nil symmetric.

Proof. Since ab = 0 and ba # 0, R is not symmetric. Also, aba = 0 but baa # 0.
Hence R is not ml-nil symmetric. Next we prove that R is mr-nil symmetric.
Note that nilpotent elements of R have the form bra, b and brb where r € R.
We write a and b for their images in the factor ring R. The elements of R is
the finite sum of the some of the monomials of the form aa’®’, gb'a™, va* and
0b where «, 8,7,0 € F and i, j, [, m and k are positive integers. Let x, y € R
and n € nil(R) with zny = 0. Then n is one of the form b, brb or bra for some
r € R. Note that (a’b)b =0, (b'a™)b =0, a*b = 0 and bb = 0 where i, j, [, m
and k are positive integers. This implies yb = 0 for any y € R. It follows that
zyn = 0. Therefore R is mr-nil symmetric. This completes the proof. (]

Example 2.3. Let R be a reduced ring. Then Us(R) is weak right nil-
symmetric but not mr-nil symmetric.

Proof. Let E;; denote the matrix units in Uz(R). Then Us(R) is weak right nil-
symmetric since the product of two nilpotents is zero in Us(R). Let A = E15 €
nil(Uz(R)), B = E11 € Uz(R) and I be the unit matrix. Then IAB = 0 but
IBA # 0. Hence Us(R) is not mr-nil symmetric. d

An idempotent e of a ring R is called right (resp. left) semicentral if ex = exe
(resp. ze = exe) for each x € R. The ring R is called right (resp. left)
semicentral in case every idempotent is right (resp. left) semicentral. A ring
R is called abelian if R is both left and right semicentral. A ring R is called
2-primal if P(R) = nil(R), and R is said to be an NI ring if nil(R) forms an
ideal. 2-primal rings are NI. In [6], Bell called a ring R to satisfy the Insertion-
of-Factors Property (in short, IFP) if ab = 0 implies aRb = 0 for a, b € R. In
[23], a ring R is called nil-semicommutative if for every a, b € nil(R), ab = 0
implies aRb = 0. In [1], a nil-semicommutative ring is called nil-IFP.
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Proposition 2.4. Let R be an mr-nil symmetric ring. Then the following
hold.

) R is abelian.

) R is nil-semicommutative.

) R is 2-primal.

) Subrings of R is mr-nil symmetric.

(1
(2
(3
(4

Proof. (1) Let e € Id(R) and r € R. Then er — ere,re — ere € nil(R) and
1(er —ere)e = 0. Hence by hypothesis, er = ere. Similarly, 1(re—ere)(1—e) =
0. By hypothesis, (1 — e)(re — ere) = 0. We have re = ere. Thus er = re for
each r € R. Therefore R is abelian.

(2) Let a, b € nil(R) with ab = 0. For any r € R, abr = 0. By hypothesis
arb = 0. Hence aRb = 0.

(3) Let a € nil(R) and a™ = 0 for some positive integer n. For any r € R,
a” ‘ar; = 0. By hypothesis, a” 'ria = 0. Let r5 € R. Then a" 'riars = 0.
By hypothesis, a” 2riarsa = 0. Let r3 € R. Then a" 2riarsars = 0. By hy-
pothesis, again a” 3r argarsa = 0. Continuing in this way ararsarsa- - - arna
= 0 for all r1,79,73,...,7, € R. Hence arjarsarsa---r,_1aRa = 0. Let
P be any prime ideal of R. Then ariarsarsa---r,_1aRa C P. If a € P,
there is nothing to do. Otherwise, arjarsarsa---r,_saRa C P. Since a ¢ P,
ariargarsa - - rp_saRa C P. Continuing in this way we reach aRa C P. Hence
a € P. This contradiction proves that all nilpotents belong to P(R).

(4) Tt is clear. O

The first three conditions of Proposition 2.4 are all left-right agnostic, so we
have the following result.

Proposition 2.5. Let R be an mi-nil symmetric ring. Then the following hold.
(1) R is abelian.

(2) R is nil-semicommutative.

(3) R is 2-primal.

(4) Subrings of R is ml-nil symmetric.

Proof. Similar to the proof of Proposition 2.4. ([

Examples 2.6. (1) For any ring R and any positive integer n > 2, U, (R)
and M, (R) are not mr-nil symmetric.
(2) For a commutative ring R and a positive integer n, V,,(R) is mr-nil
symmetric.
(3) There are abelian rings that are not mr-nil symmetric.

Proof. (1) It is enough to show for n = 2. Let R be a ring and consider
A=1[}0],C=1[§}] € Us(R) and B = [§{] € nil(Uz(R)). Then ABC = 0.
However, ACB = B # 0.

(2) Clear from the fact that R is commutative if and only if V;,(R) is com-
mutative.
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(3) We consider the ring

R:{{Z Z] € My(Z) | a,b,c,d €Z, a=d (mod 2),b=c¢=0 (mod 2)}

The idempotents of R are zero and identity matrices. So R is an abelian ring.
Let A=1[23] € R, B=[23] € nil(R), C =[32] € R. Then ABC = 0. But
ACB # 0. So R is abelian but not mr-nil symmetric. d

The class of mr-nil symmetric rings is closed under taking subrings and
isomorphisms of rings, however, it is not closed forming factor rings as the next
example shows.

Example 2.7. Let F be a field and R = F(a,b,c) be the free algebra with
noncommuting indeterminates a, b, c. Then R does not contain nonzero nilpo-
tents and so is an mr-nil symmetric ring. Let I be the ideal of R generated by
ab, a®> and b®. Let R=R/Ianda=a+1,b=b+1,7=7r+1€ R. By the
definition of the ideal I, @ is nilpotent in R and ¢ab = 0, but ¢ba # 0. Hence
R is not mr-nil symmetric.

For any ring R and a positive integer n > 2, M, (R) is not mr-nil symmetric.
However, there are subrings of M, (R) that are mr-nil symmetric as shown
below.

Proposition 2.8. Let R be a ring with no zero divisors. Then Vi, (R) is mr-nil
symmetric for every positive integer n.

Proof. The cases n =1 and n = 2 are clear. Flrstly, we give a proof forn—3
LetnzSandA:[giz},C:[ézfi}€V3 [88i}emvg
00a 00c 000

with ABC = 0. Then

0 abc abd+ azc+ xzbe
ABC = ({0 O abc =0.
0 0 0

Hence abec = 0 and abd + azc + xbec = 0. Note that

0 acb acz+ adb+ xcb
ACB= |0 0 ach
0 O 0

Since abc = 0, by hypothesis, a = 0 or bc = 0. If @ = 0, then ABC = 0 implies

xbc = 0. Then x = 0 or be = 0. Hence x = 0 or ¢b = 0. Thus ACB = 0.
Assume that @ # 0 and bc = 0. Then ¢b = 0. Hence ABC = 0 implies

abd 4+ azc = 0. We consider this equality in two cases:

Case I. If b =0 and ¢ # 0, then z = 0. Hence ACB = 0.

Case II. If b £ 0 and ¢ = 0, then d = 0. Hence ACB = 0.

To complete the proof, we generalize the dlscussmn for the integer n > 4.

Let A = E E ajeii—j+1)i € Va(R), B = Z Z bjeii—j+1yi € nil(V;,(R)) and

i=jj= 1=j j=2
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C =3 > cjeti—j+1)i € Va(R) with ABC = 0. Then we have the following
i=j j=1
equalities:

arbyc; =0,

arbaca + (a1bs + agbs)cr = 0,

arbacs + (a1bs + agbz)cy + (a1by 4 azbs 4 azbz)er =0,
arbacq + (a1bz + azba)es + (a1by + azbs + azbz)co

+ (a1bs + azbs + azbs + asbz)c1 = 0,

~ o~ o~
\V]
NN AN NI

(n-1) arbacn—2 + (a1bs + agbz)cn—3 + (a1bs + azbs + asbz)cn—s
+-+ (AB)an-nar =0,

(n) arbacn1 + (a1bs + azbz)cn—o + (a1bs + azbs + asbz)cn—3
+ 4+ (AB)(1,n-nc2 + (AB)1nyc1 =0,

where (AB) (1 1) stands for a1b, 1 +azb, 2 +azb, 3+ +an_3b3+a,_2b2
the (1,n—1) entry of AB, (AB)(1,p) is a1bp +a2bp 1 +azbp o+ - +an_3bs+
ap—2bs + an—_1bs the (1,n) entry of AB.

Since a1bac; = 0 and R has no zero divisors, we have the following cases.
Case I. a1 = 0 and bacy # 0. Then (2) implies ay = 0, (3) implies a3 =0, .. .,
(n-1) implies a,_2 = 0 and from (n) we have a,,_1 = 0. Hence ACB = 0.
Case II. a3 # 0 and bac; = 0.

Subcase (i) ¢; = 0. Then (2) implies baca = 0 and cby = 0. (3) implies
bocs + bsco = 0. Multiplying the latter from the left by ¢ yields (bzez)? = 0.
Hence bzco = 0, cobs = 0, similarly, we have bacg = 0, csba = 0. By (4) we
get bacy + bgcs + byco = 0. Multiplying the latter from the left by co, we get
caby = 0, byco = 0 and bacy+bzcs = 0. Multiplying the latter from the left by c3
and using c3by = 0, we get bscg = 0, therefore c3bs = 0, bacy = 0 and c4by = 0.
Continuing in this way, (n-1) implies b;c; = 0 and ¢;jb; =0for 1 <4,5 <n—2.
Then (n) reads bac,,—1+b3¢n—o+bscn_s+- - -+bp_2c3+b,—1020 = 0. Multiplying
the latter from the left by co we have b,,_1¢o = 0 and ¢2b,,_1 = 0. The remaining
is bocp_1 + b3cp_o + bycp_3+ -+ by_2c3 = 0. Again multiplying the latter
from the left by c3, we have b,_2c3 = 0 and c3b,—2 = 0. Continuing in this
way, bic,_—1) = 0 and c,__1y)b; = 0 for 2 <7 < n — 1. It follows that
ACB = 0.

Subcase (ii) ¢; # 0 and ba = 0. Then (2) implies a;bzc; = 0. Since a1 # 0
and ¢; # 0, bs = 0. (3) implies a;bge; = 0. So by = 0. (4) implies a1bsc; = 0.
So b5 = 0. Continuing in this way we reach to bg = --- = b,—1 = 0. Thus
ACB = 0. This completes the proof. O
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Proposition 2.9. Let R be a ring and S denote any one of the subrings Vy,(R),
VE(R), D,(R) and D¥(R) of M,,(R). If S is mr-nil symmetric, then R is mr-

nil symmetric.

Proof. Let a,c € R and b € nil(R) with abc = 0. Consider A = al,,, B = b,
and C = cI,,. Then B € nil(S) and ABC = 0. By hypothesis ACB = 0. Hence
acb = 0. It follows that R is mr-nil symmetric. O

3. Left (Right) N-reversible rings

As noted in Introduction, the reversible ring property is generalized as cen-
tral reversible, CNZ and central CNZ ring properties. In this section, we ap-
proach to reversibility from the perspective of nilpotents, namely, left (right)
N-reversible rings. This notion is also a generalization of the mr-nil symmetric
ring.

Definition 3.1. A ring R is called left N-reversible if for any nilpotent a € R
and b € R, ab = 0 implies ba = 0. Right N-reversible ring is defined similarly. A
ring R is called N-reversible if it is both left N-reversible and right N-reversible.

The concept of a left (right) N-reversible ring is placed between that of
reversible rings and CNZ rings, i.e.,

{symmetric rings} C {reversible rings}
C {left (right) N-reversible rings}
C {CNZ rings}.

Note that the subring of a left N-reversible ring is left N-reversible. In [29], a
ring R is called central reduced if all nilpotent elements of R are central. Clearly,
every central reduced ring is N-reversible. The property of N-reversibility of a
ring is not left-right symmetric as shown below.

Examples 3.2. (1) There are CNZ rings that are not left N-reversible.
(2) There are left N-reversible rings but not right N-reversible and so not
reversible.
(3) A ring is nil-reversible if and only if it is N-reversible.
(4) Every mr-nil symmetric ring is left N-reversible.
(5) There are left N-reversible rings which are not mr-nil symmetric.

Proof. (1) Let F be a field and R = Us(F'). Then nil(R) = [ §]. Let A,
B € nil(R), then AB = 0 implies BA = 0. So R is CNZ. For A = [§}],
B =[}¢] € R, we have AB =0 but BA # 0. Hence R is not left N-reversible.

(2) Let F be a field and A = F{a,b) be the free algebra generated by the
noncommuting indeterminates a and b. Let I denote the ideal of A generated
by ba and a?. Then the ring R = A/I is left N-reversible but not right N-
reversible and so not reversible. The ring R has a and ab® as only nonzero
nilpotent elements where ¢ is any positive integer. Any element of R has the
form f(a,b) = ko + k1a + kob™ + kgab™. Assume that af(a,b) = 0. Then
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koa + koab™ = 0. Hence kg = ko = 0 since a and ab™ are not in I. So
f(a,b)a = kia® + ksab™a = 0. Similarly, ab’ f(a,b) = 0 implies f(a,b)ab’ = 0.
Thus R is left N-reversible. Since ba = 0 and ab # 0, R is not right N-reversible.
This also shows R is not reversible.

(3) Let R be a nil-reversible ring and a € nil(R) and b € R with ab = 0.
Since ab = 0 if and only if ba = 0, ab = 0 implies ba = 0 and then R is left
N-reversible. If ba = 0 and R is nil-reversible, then ab = 0. Hence R is right
N-reversible. Conversely, assume that R is N-reversible. Let a € R and b €
nil(R). If ab = 0, then R being right N-reversible implies ba = 0. If ba = 0,
then R being left N-reversible implies ab = 0. Therefore R is nil-reversible.

(4) Assume that R is an mr-nil symmetric ring. Let a € nil(R) and b € R
with 1lab = 0 and 1 denote the identity of R. Then 1ba = 0. So R is left
N-reversible.

(5) Let R = A/I denote the ring considered in [20, Example 5], where
A = F(z,y, z) is the free algebra with F' a field and the ideal I is defined by
I = (ArA)? + (AyA)? + (AzA)? + Axyz A + Ayzo A + AzayA. Also it is noted
that R is a local, 13-dimensional F-algebra, with vector space basis

{1,2,y, 2, xy, yzx, x2, 22, y2, 2y, x2Y, 2y, Yz}

It is mentioned that, obviously, R is not symmetric. In fact, it is not mr-nil
symmetric. Namely, zyz = 0 with y2 = 0 but zzy # 0. It is also proved that
R is reversible, therefore it is left N-reversible. O

In [11], an ideal I of a ring R is called left N-reflexive if for any a € nil(R),
b € R, being aRb C I implies bRa C I, and the ring R is called left N-reflezive
if the zero ideal is left N-reflexive.

Theorem 3.3. Let R be a left N-reversible ring. Then the following hold.

(1) R is a nil-semicommutative ring.
(2) R is a left N-reflezive ring.
(3) R is a CNZ ring.

Proof. Assume that R is a left N-reversible ring.

(1) Let a, b € nil(R) with ab = 0. Then ba = 0. So bar = 0 for all r € R.
By assumption arb = 0. Hence R is nil-semicommutative.

(2) To show that R is left N-reflexive, let a € nil(R), b € R with aRb = 0.
Then ab = 0. For any r € R, abr = 0. By assumption bra = 0. Hence bRa = 0.
Thus R is left N-reflexive.

(3) Let a, b € nil(R) with ab = 0. By hypothesis ba = 0. O

The converse statement of Theorem 3.3(1) need not hold in general by the
following example.

Example 3.4. For every reduced ring R, Us(R) is a nil-semicommutative
ring [23, Example 2.2] which is neither left nor right N-reversible. Indeed for
A= FEy3 € Hll(Ug(R)) and B = E11 + E10+ Eo3 € Ug(R), we have AB = 0 but
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BA # 0. So Us(R) is not left N-reversible. For A = Ey1 + E13 + E33 € Us(R),
B = Es3 € nil(Us(R)), we get AB =0 but BA # 0. Hence Uz(R) is not right
N-reversible.

Proposition 3.5. FEvery left N-reversible ring is abelian.

Proof. Assume that R is a left N-reversible ring. Let e € Id(R) and = € R.
Then ex — exe,ze — exe are nilpotent and (ex — exe)e = 0. By assumption,
e(ex — exe) = 0. Hence ex = exe or e is right semicentral. On the other hand,
(ze — exe)(1 — e) = 0 and the assumption implies (1 — e¢)(ze — exe) = 0 from
which we get xe = exe. Hence ex = xe. Therefore R is abelian. ]

We now give an example of an abelian ring which is not N-reversible.

Example 3.6. We consider the ring R in Examples 2.6(3). The idempotents of
R are only zero and identity matrices. So R is an abelian ring. For A = [$8] €
nil(R) and B =[99] € R, we have AB =0 but BA # 0. Also for C' = [3§] €
R, we get CA =0 but AC # 0. Hence R is neither left N-reversible nor right

N-reversible.
Corollary 3.7. Every left N-reversible ring is directly finite.

In the next result, we show that von Neumann regularity and strongly reg-
ularity are the same for left N-reversible rings.

Theorem 3.8. Let R be a left N-reversible ring. Then R is von Neumann
reqular if and only if it is strongly regular.

Proof. Assume that R is left N-reversible and von Neumann regular and = € R.
There exists y € R such that © = xyx. Then e = zy is central by Proposition
3.5. We have z = ex = xe = 2%y. So R is strongly regular. The converse is
obvious. (]

Compare the following proposition with Proposition 2.7 in [22].

Proposition 3.9. Let R be a ring. For any e € Id(R) and a, b € R, e = ab
implies e = eba if and only if R is abelian.

Proof. For the necessity, let €2 = e,a € R. Let g = ea(l —¢) +e. Then g €
Id(R), eg = g and ge = e. By assumption eg = g implies gge = e. So g = ¢
and then ea(l —e) = 0. Now let g = (1 —e)ae+ (1 —e). Then g is idempotent,
(1—-e)g=gand g(l —e)=1-e. By invoking assumption, gg(1 —e) = g. It
implies g = 1—e. So (1—e)ae = 0. Hence ea = ae. Thus R is abelian. For the
sufficiency, assume that R is abelian. By [22, Proposition 2.7], e = ab implies
e = bae. Thus e = eba. d

Theorem 3.10. R is a left N-reversible ring if and only if for any e €Id(R)
and a € nil(R), b € R, e = ab implies e = ba.
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Proof. For the necessity, let e = ab € Id(R) where a € nil(R),b € R. By
Proposition 3.5, R is abelian. So we have e = eba = bae by Proposition 3.9.
Since ab(1 — e) = 0, by assumption b(1 — e)a = 0. Hence ba = bea. Since R
is abelian, ba = bea = bae = e. For the sufficiency, let a € nil(R), b € R with
ab = 0. Since 0 € Id(R), by assumption, ba = 0. O

Theorem 3.11. For a semiprime ring R, the following statements are equiv-
alent.

(1) R is reduced.

(2) R is reversible.

(3) R is left N-reversible.
(4) R is mr-nil symmetric.

Proof. (1) = (2) = (3) and (1) = (4) are clear.
(3) = (1) Let a € R such that a®> = 0. Then a(ar) = 0 for all r € R. Since
R is left N-reversible, ara = 0. Then a = 0 since R is semiprime. Thus R is

reduced.
(4) = (3) By Examples 3.2(4). O

By Kaplansky [13], a ring R is called a right p.p.-ring if each principal right
ideal of R is projective, or equivalently, if the right annihilator of each element
of R is generated by an idempotent. A ring R is called a p.p.-ring if it is both
a right and a left p.p.-ring.

Theorem 3.12. Let R be a right p.p.-ring. Then the following statements are
equivalent.
(1) R is reduced.
(2) R is reversible.
(3) R is left N-reversible.
(4) R is mr-nil symmetric.

Proof. (1) = (2) = (3) and (1)= (4) are clear.
(3) = (1) Let a € R such that a> = 0. Then a € rg(a) = eR for some
e? = e € R. We have ae = ea = a = 0 since R is left N-reversible.

(4)= (3) By Examples 3.2(4). O

Corollary 3.13. Let R be a von Neumann reqular ring. Then the following
are equivalent.
(1) R is reduced.
(2) R is reversible.
(3) R is left N-reversible.
) R

(4 s mr-nil symmetric.

Proof. Since every regular ring is semiprime, the results are obtained from
Theorem 3.11. 0

According to the next result, symmetricity and mr-nil symmetricity coincide
for semiprime rings and right p.p.-rings.
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Corollary 3.14. Let R be a semiprime or right p.p.-ring. Then R is symmetric

if and only if it is mr-nil symmetric.

Proof. Clear by Theorem 3.11 and Theorem 3.12. O

Proposition 3.15. For a reduced ring R, let S = {[‘é cg 8] | a,b,c € R} be a

subring of M3(R). Then S is left N-reversible.

Proof. We note that nil(S) = {[g § g)] |b,ce R} since R is reduced. Let A =

[gég} € nil(S), B = [§ %3 € S with AB = 0. Then we have bz = cx = 0.
x

Hence b = zc = 0 since R is reduced. Therefore BA = 0. ]

—

Theorem 3.16. Let R be a left N-reversible ring. Then Ra is a nil left ideal
and aR is a nil right ideal for each a € nil(R).

Proof. Let b € nil(R) with b" = 0 for some positive integer n. Then b"a =
b(b"ta) = 0 for all a € R. By hypothesis, 8" lab = 0. Multiplying the latter
by a from the right we get b(b"2aba) = 0. Again by hypothesis 6" ~2abab = 0.
Continuing on this way, we may reach b?(ab)"~2? = 0. Multiplying the latter
by a from the right we get b(b(ab)"2a) = 0. Hence b(ab)" 2ab = 0 for each
a € R. So (ab)™ = 0 and (ba)™ = 0. Hence bR is a nil right ideal and Rb is a
nil left ideal. O

Corollary 3.17. Ewvery left N-reversible ring is weak symmetric.
Proof. By Theorem 3.16 and [12, Theorem 2.2]. O
Corollary 3.18. FEwvery left N-reversible ring is 2-primal.

Proof. Note that for any a € nil(R), by Theorem 3.16, aR C nil(R) and Ra C
nil(R). We now show that nil(R) € P(R). Let b € nil(R) with b™ = 0 for
some positive integer n. For any r1,73,...,7, € R, by hypothesis, 6" 'br; =0
implies br1b"2bry = 0. Similarly, brobrib" 2r; = 0. We continue in this way,
br,brp_1---brabribRb = 0. The rest is clear from the proof of Proposition 2.4
and therefore nil(R) C P(R). O

In [8], W. Chen called a ring R nil-semicommutative if for any a, b € R, ab €
nil(R) implies aRb C nil(R).

Corollary 3.19. FEvery left N-reversible ring is nil-semicommutative.

Proof. Assume that R is a left N-reversible ring. Let ab € nil(R) for a, b € R.
Then ba € nil(R). By Theorem 3.16, bar is nilpotent for each » € R. Then
there exists a positive integer k such that (bar)* = 0. So we have (arb)**1 = 0.
Hence R is nil-semicommutative. (]

In [14], a ring R is called to satisfy the reflexive-nilpotents-property, or simply
called an RNP ring if aRb = 0 for a,b € nil(R) implies bRa = 0.
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Proposition 3.20. Every left N-reversible ring is RNP.

Proof. Let aRb = 0 for any nilpotents a,b € R. In particular, ab = 0. Then
a(br) = 0 for all r € R. Since R is left N-reversible bra = 0, and so bRa = 0.
Thus R is RNP. (]

The following example shows that there exists an RNP ring which is not left
N-reversible. By this example, we also say that U, (R) is not left N-reversible,
where n > 2 because each subring of a left N-reversible ring is also left N-
reversible.

Example 3.21. Let R be a reduced ring. Then Us(R) is RNP but not left
N-reversible.

Proof. Let R be a reduced ring. By [14, Proposition 2.12(2)], Uz(R) is RNP.
Let A = [§¢] € nil(Uz(R)) and B = [} {] € Ua(R), we have AB = 0 but
BA=[J}] £ 0. 0

For a nonempty subset S of a ring R, 7,;(r)(S) = {x € nil(R) | Sz = 0}
is called the right annihilator of S in nil(R). The left annihilator is defined
similarly and written by [,,;;(ry(S). If S = {a}, then we write r,,;(g)(a) (resp.,
lnii(r)(@)) instead of 7,5 (ry({a}) (vesp., lniry({a}))-

Proposition 3.22. For a ring R, the following are equivalent.
(1) R is left N-reversible.
(2) lni(r)(S) € Thii(r)(S) for any nonempty subset S of R.
(3) For each b € R, lyi(r)(b) C Triy(r) (D).
(4) AB =0 implies BA = 0 for any nonempty subsets A of nil(R) and B
of R.

Proof. 1t is clear from the definition of a left N-reversible ring. O

Proposition 3.23. Let R be a ring and I be a proper ideal of R. If R/I
is left N-reversible and I is reduced as a ring without identity, then R is left
N-reversible.

Proof. Let a € nil(R), b € R with ab = 0. Then a € nil(R), b € R and ab =0
where R = R/I. Since R/I is left N-reversible, ba = 0 and so ba € I. We
have (ba)? = b(ab)a = 0 and so ba = 0 since I is reduced. Hence R is left
N-reversible. (]

We say an ideal I of a ring R left N-reversible if ab € I implies ba € I for
a€VI,be R, where VT = {s € R|s" €I for some positive integer n}.

Proposition 3.24. Let I be an ideal of a ring R. Then R/I is left N-reversible
if and only if I is left N-reversible.

Proof. Let R denote the ring R/I. Assume that I is a left N-reversible ideal.
Let a € nil(R ) and b € R with ab = 0. Then there exists a positive integer
n such that a” € I and ab € I. By assumption, ba € I. So we have ba = 0.
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Hence R is left N-reversible. Conversely, assume that R is left N-reversible.
Let a € VI, b € R such that ab € I. The ring R being left N-reversible implies
ba € I. Thus I is left N-reversible. O

Proposition 3.25. Let I be an index set and {R;}icr be a class of left N-
reversible rings and let R = [[,.; R; be the direct product of {R;}icr. Then R
is left N-reversible if and only if R; is left N-reversible for each i € I.

Proof. We note that nil([[,.; Ri) = [[,cmil(R;). Assume that R; is left N-
reversible for each ¢ € I. Let a = (as)ier € nil(J[,c; Ri) and b = (bs)iecr €
Hiel R; with ab = 0. So a;b; = 0 for each ¢ € I. By assumption, b;a; = 0 for
each i € I, that is ba = 0. Conversely, assume that [, ; R; is left N-reversible.
Let a; € nil(R;) and b; € R; with a;b; = 0 for each i € I. Let a denote the
element of nil([],.; R;) having i*"-entry is a; and all other entries are zero and
b the element of [],.; R; having it"-entry is b; and all other are entries zero.
Then ab = 0. By assumption, ba = 0 and so b;a; = 0 for each ¢ € I. (Il

4. Some extensions of left N-reversible rings

In this section, we study some kinds of extensions of left N-reversible rings.
Let R be a ring. The Dorroh extension D(Z,R) = {(n,7) | n € Z,r € R} of
a ring R is the ring defined by the direct sum Z & R with the ring operations
(n1,71) +(n2,72) = (n1+n2,r1+7r2) and (n1,71)(n2,r2) = (N1ng, 7172 +N17T2 +
ngry), where r; € R and n; € Z for ¢ = 1,2. It is obvious that nil(D(Z, R)) =
{(0,7) | r € nil(R)}.

Proposition 4.1. A ring R is left N-reversible if and only if D(Z, R) is left
N-reversible.

Proof. Assume that R is left N-reversible. Let (n,a) € D(Z,R) and (0,7) €
nil(D(Z, R)) with (0,7)(n,a) = 0. Then (0,7)(n,a) = 0 implies r(a + nlg) =
0 and so (a + nlg)r = 0 since R is left N-reversible. Thus (n,a)(0,r) =
(0,(nlg + a)r) = 0. Conversely, let s € R and r € nil(R) with rs = 0. We
have (0,7) € nil(D(Z, R)) and (0,7)(0,s) = 0. By hypothesis, (0,s)(0,7) = 0.
It follows that sr = 0. So R is left N-reversible. g

Let R be a commutative ring, M be an R-module, and o be an endomor-
phism of R. Give R® M a ring structure with multiplication (r1,mq)(ra, ms) =
(rirg, 0(r1)mo+remy), where r; € R and m; € M. This extension is called the
Nagata extension of R by M and o, and denoted by N(R, M; o) (see [25]). We
now give examples to show that the left N-reversibility of Nagata extension of
the ring depends on the endomorphism o. That is, there is a Nagata extension
which is left N-reversible for some « and there is a Nagata extension which is
not left N-reversible for some .

Example 4.2. (1) Consider the direct sum R = Z4 ® Z4. Then R is a
commutative ring, and so R is left N-reversible. Let o7 : R — R be the
identity endomorphism. Then N (R, R;01) is left N-reversible.
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(2) Consider the ring in (1). Let 02 : R — R be the endomorphism defined
by o2((a,b)) = (b,a). Then N(R, R;02) is not left N-reversible.

Proof. (1) It is clear.

(2) For z = ((2,0),(0,0)
N(R, R;02), we have zy = 0

) € nil(N(R,R;02)) and y = ((0,1),(1,0)) €
but yz # 0. (]

Let R be a ring and S be the subset of R consisting of central regular
elements. Set ST'R = {s7!'r | s € S,r € R}. Then S™!R is a ring with the
usual addition and multiplication and it has an identity. Note that nil(S™'R) =
{1gr |r € nil(R)}.

Proposition 4.3. A ring R is left N-reversible if and only if ST1R is left
N-reversible.

Proof. Assume that R is left N-reversible, r € nil(R) and s~'t € S™!R with
(1gr)(s~1t) = 0. Since (1gr)(s~'t) = s~1rt and s is regular, 7t = 0. Then left
N-reversibility of R implies tr = 0. It follows that (s~'t)(1gr) = s~tr = 0.
Conversely, let r € nil(R) and t € R with 7t = 0. Then for 1zr € nil(S™'R),
1rt € SR we have (1gr)(1gt) = 1grt = 0. Since S™!R is left N-reversible,
we get (1gt)(1gr) = 0 and so tr = 0. O

Corollary 4.4. For a ring R, R[z] is left N-reversible if and only if R[z;x~!]
is left N-reversible.

Let R be a ring and S a subring of R and
T[R7S] :{(7"1,7"2,...77'”,8,5,...) |Ti ER78€S71 Sn71SZSnaZan€Z}

Then TR, S] is a ring under the componentwise addition and multiplication.
In the following we give necessary and sufficient conditions for T[R, S] to be
left N-reversible.

Proposition 4.5. Let R be a ring and S a subring of R. Then the following
are equivalent.

(1) T[R,S] is left N-reversible.
(2) R is left N-reversible.

Proof. (1) = (2) Let a € nil(R), b € R with ab =0. Let A = (a,0,0,0,...),
B = (b,0,0,0,...). Then A € nil(T[R,S]) and AB = 0. By (1), BA=01in
T[R,S]. Hence ba = 0 and so R is left N-reversible.

(2) = (1) Assume that A = (ay,a9,...,a,,8,8,...) € nil(T[R,S]) and
B = (b1,ba,...,bm,t,t,...) € T[R,S] with AB = 0. Then all components
of A are nilpotent in R. Since R is left N-reversible, we obtain BA = 0. Hence
TR, S] is left N-reversible. O
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5. Polynomial rings over left (right) N-reversible rings

Recall that a ring R is called an Armendariz ring if whenever two polynomi-
als f(z) = X% ain’, g(x) = Y07 o bja’ € R[z] satisfy f(z)g(x) = 0, we have
a;b; = 0 for all 4,5. This name is connected with the work of Armendariz [5]
and studied by many authors [2,4, 27].

Theorem 5.1 (See [23, Theorem 3.3]). If R is a nil-semicommutative ring,
then nil(R[z]) = nil(R)[x].

By Theorem 3.3(1), we have the following result.
Corollary 5.2. If R is a left (right) N-reversible ring, then
nil(R[z]) = nil(R)[z].

In [19], Liu and Zhao introduce weak Armendariz rings as a generalization
of Armendariz rings. A ring R is said to be weak Armendariz if whenever two
polynomials f(z) = 321" a;z’, g(x) = X7_( bz’ € Rla] satisty f(x)g(z) =0,
then a;b; € nil(R) for each ¢,j. In [4], Antoine introduced the notion of
a nil-Armendariz ring. A ring R is called nil-Armendariz if whenever two
polynomials f(z) = 31" a;a’, g(x) = Y7 bja? € R[z] satisfy f(x)g(x) €
nil(R)[x], then a;b; € nil(R) for all i,j. Clearly, both Armendariz and nil-
Armendariz rings are weak Armendariz.

Question 1: Is there any ring which weak Armendariz but not left (right)
N-reversible?

In [19], Liu and Zhao proved that a ring R is weak Armendariz if and only if for
any n, the upper triangular matrix ring U, (R) is weak Armendariz. However
U, (R) is not left N-reversible for a reduced ring R.

Corollary 5.3 (See [4, Corollary 5.2]). If R is an Armendariz ring, then
nil(R)[z] = nil(R[z]).

Example 5.4. There are left (right) N-reversible rings but not Armendariz.

Proof. The ring D3(Z4) is commutative so is left (right) N-reversible. Let
f(@) =[38]+[§ 3] @ € Da(Za)[z]. Then f(z)f(x) = 0but [§3][§3] #0. O

Theorem 5.5. If a ring R is left (right) N-reversible, then R is nil-Armendariz.

Proof. Let f(x) = Y "gaia’, g(x) = Y7 _objz? € Rlz] with f(z)g(z) €
nil(R)[z]. Then we have the following system of equations:
(O) agbg € Ilﬂ(R)

(1) agby + a1bg € ml(R)

(2) agbs + a1by + ashg € HII(R)

(n) agby + arbp—1+ ...+ apby € nil(R).
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Since R is left N-reversible, nil(R) is an ideal of R by Corollary 3.18. Observing
that Equation (0) yields that bpag, apbg are in nil(R). If we multiply Equation
(1) from the left by by, then boaiby € nil(R), so bypay, a1bg € nil(R). Similarly,
apby and bag are nilpotent. If we multiply Equation (2) from the right by ay,
then agbaag € nil(R), so apbe and baag are in nil(R). Then a1by + agbg is in
nil(R). If we multiply from the right by a; in this statement, we have a1bjay is
in nil(R) and then a1b; and byay are in nil(R). So we get agby is in nil(R). To
complete the proof for an arbitrary integer n, we proceed by induction on the
sum of indices ¢, j. For ¢ + j = 0, both agbg, boap are in nil(R). Assume that
it holds for ¢ + j < n. Multiplying Equation (n) by by from the left gives an
expression from nil(R). Then all byagby, boa1bn_1,...,boa,—1b; are in nil(R)
by the induction step and the subtraction yields bpa,by € nil(R), so bpa, and
anby are nilpotent as well. For b,ag, resp. agb,, one proceeds analogically by
multiplying Equation (n) by ag from the right. The induction terminates and
thus R is nil-Armendariz. O

The converse statement of Theorem 5.5 need not hold in general by the
following example.

Example 5.6. Consider the ring in [4, Example 4.12]. Let F be a field and
R = F(a | a*> = 0). Then the ring T = [ % ] is nil-Armendariz by the
argument in [4, Example 4.12]. We note that the set of all nilpotent elements
of T is [¢Balt] For A= [Ja] € nil(T) and B = [} §] € T, we have AB =0
but BA # 0. Thus T is not left N-reversible.

Theorem 5.7. Let R be a ring. If R is a left N-reversible and Armendariz
ring, then R|x] is left N-reversible.

Proof. By Corollary 5.2, we note that nil(R[z]) = nil(R)[z] since R is left N-
reversible. Let f(z) = Y1 iz’ € nil(R[z]), g(z) = 37_,bja? € Rla] with
f(z)g(z) = 0. Then we have a;b; = 0 since R is Armendariz and a; € nil(R)
for all 4,j. Thus by the left N-reversibility of R, we get bja; = 0 for all 4, j
which implies that g(x)f(x) = 0. Hence R[z] is left N-reversible. O
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