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Abstract. In this paper, first of all we prove a fixed point theorem for ψ∫
ϕ-weakly con-

tractive mapping. Next, we prove some common fixed point theorems for a pair of weakly

compatible self maps along with E.A. property and (CLR) property. An example is also

given to support our results.

1. Introduction

Dhage [4, 5] introduced a new class of generalized metric spaces named
D-metric spaces. Mustafa and Sims [7, 8] proved that most of claims con-
cerning the fundamental topological structures are incorrect and introduced
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appropriate notion of generalized metric spaces, named G-metric spaces. In
fact, Mustafa, Sims and other authors proved many fixed point results for self
mapping under certain conditions in [7, 8, 9] and in other papers [2, 10, 13, 14].

2. Preliminaries

We give some definitions and their properties for our main results.

Definition 2.1. Let X be a nonempty set and G : X3 → R+ be a function
satisfying the following properties:

(i) G(x, y, z) = 0 if x = y = z,
(ii) 0 < G(x, x, y) for all x, y ∈ X with x 6= y,

(iii) G(x, y, y) ≤ G(x, y, z) for all x, y, z ∈ X with z 6= y,
(iv) G(x, y, z) = G(y, z, x) = · · · ( symmetry in all three variables),
(v) G(x, y, z) ≤ G(x, a, a) + G(a, y, z) for all x, y, z, a ∈ X (triangle in-

equality).

The function G is called a G-metric on X and (X,G) is called a G-metric
space.

Remark 2.2. Let (X,G) be a G-metric space. If y = z, then G(x, y, y) is
a quasi-metric on X. Hence (X,Q) is a G-metric space, where Q(x, y) =
G(x, y, y) is a quasi-metric and since every metric space is a particular case of
quasi-metric space, it follow that the notion of G-metric space is a generaliza-
tion of a metric space.

Lemma 2.3. ([7]) Let (X,G) be a G-metric space. Then the function G(x, y, z)
is jointly continuous in all three of its variables.

Definition 2.4. Let (X,G) be a G-metric space. A sequence {xn} in X is
G-convergent if for ε > 0, there exists x ∈ X and k ∈ N such that for all
m,n ≥ k, G(x, xn, xm) < ε.

Lemma 2.5. ([7]) Let (X,G) be a G-metric space. Then the following condi-
tions are equivalent.

(i) {xn} is G-convergent to x,
(ii) G(xn, xn, x)→ 0 as n→∞,

(iii) G(xn, x, x)→ 0 as n→∞,
(iv) G(xn, xm, x)→ 0 as n,m→∞.

Jungck [6] introduced the new notion of weakly compatible maps as follows:

Definition 2.6. Let f and g be two self-mappings of a metric space (X, d).
Then a pair (f, g) is said to be weakly compatible if they commute at coinci-
dence points.
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In 2002, Aamri and Moutawakil [1] introduced the notion of E.A. property
as follows:

Definition 2.7. Let f and g be two self-mappings of a metric space (X, d).
Then a pair (f, g) is said to satisfy E.A. property if there exists a sequence
{xn} in X such that limn→∞ fxn = limn→∞ gxn = t for some t ∈ X.

In 2011, Sintunavarat and Kumam [12] introduced the notion of (CLR)
property as follows:

Definition 2.8. Let f and g be two self- mappings of a metric space (X, d).
Then a pair (f, g) is said to satisfy (CLRf ) property if there exists a sequence
{xn} in X such that limn→∞ fxn = limn→∞ gxn = fx for some x ∈ X.

3. Main result

In this section, we give a new notion of ψ∫
ϕ-weakly contractive mapping

and prove a fixed point theorem for a single map in G-metric spaces. Also,
common fixed point theorems for a pair of weakly compatible maps along with
E. A. property and (CLR) property are proved.

Definition 3.1. Let (X,G) be a G-metric space and ϕ : [0,∞) → [0,∞)
be a Lebesgue integrable mapping. A mapping T : X → X is said to be
ψ∫

ϕ-weakly contractive if for all x, y, z in X,

ψ

(∫ G(Tx,Ty,Tz)

0
ϕ(t)dt

)
≤ ψ

(∫ G(x,y,z)

0
ϕ(t)dt

)
−φ
(∫ G(x,y,z)

0
ϕ(t)dt

)
, (3.1)

where ψ : [0,∞) → [0,∞) is a continuous and non-decreasing function and
φ : [0,∞) → [0,∞) is a lower semi-continuous and non-decreasing function
such that φ(t) = 0 = ψ(t) if and only if t = 0.

Theorem 3.2. Let (X,G) be a complete G-metric space and T : X → X
is ψ∫

ϕ-weakly contractive mapping, where ϕ : [0,∞) → [0,∞) is a Lebesgue

integrable mapping which is summable, non-negative and such that∫ ε

0
ϕ(t)dt > 0, (3.2)

for each ε > 0 and ψ : [0,∞) → [0,∞) is a continuous and non-decreasing
function and φ : [0,∞)→ [0,∞) is a lower semi-continuous and non-decreasing
function such that φ(t) = 0 = ψ(t) if and only if t = 0. Then T has a unique
fixed point.
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Proof. Let x0 ∈ X be an arbitrary point and choose a sequence {xn} in X
such that xn = Txn−1 for all n > 0. From (3.1), we have

ψ

(∫ G(xn+1,xn,xn)

0
ϕ(t)dt

)
= ψ

(∫ G(Txn,Txn−1,Txn−1)

0
ϕ(t)dt

)
≤ ψ

(∫ G(xn,xn−1,xn−1)

0
ϕ(t)dt

)
− φ

(∫ G(xn,xn−1,xn−1)

0
ϕ(t)dt

)
≤ ψ

(∫ G(xn,xn−1,xn−1)

0
ϕ(t)dt

)
.

Using monotone property of ψ -function, we have∫ G(xn+1,xn,xn)

0
ϕ(t)dt ≤

∫ G(xn,xn−1,xn−1)

0
ϕ(t)dt. (3.3)

Let yn =
∫ G(xn+1,xn,xn)
0 ϕ(t)dt. Then 0 ≤ yn ≤ yn−1 for all n > 0. It follows

that the sequence {yn} is monotone decreasing and lower bounded. So, there
exists r ≥ 0, such that

lim
n→∞

∫ G(xn+1,xn,xn)

0
ϕ(t)dt = lim

n→∞
yn = r.

Then, by the lower semi-continuity of φ, we get

φ(r) ≤ lim inf
n→∞

φ

(∫ G(xn,xn−1,xn−1)

0
ϕ(t)dt

)
.

Let r > 0. Taking upper limit as n→∞ on either side of (3.3), we get

ψ(r) ≤ ψ(r)− lim inf
n→∞

φ

(∫ G(xn,xn−1,xn−1)

0
ϕ(t)dt

)
≤ ψ(r)− φ(r),

which is a contradiction. Thus, r = 0, that is,

lim
n→∞

(∫ G(xn+1,xn,xn)

0
ϕ(t)dt

)
= lim

n→∞
yn = 0.

Therefore, we have

lim
n→∞

G(xn+1, xn, xn) = 0. (3.4)

Now, we prove that {xn} is a G-Cauchy sequence. Suppose that {xn} is
not a G-Cauchy sequence, there exists an ε > 0 and subsequences {xm(k)} and
{xn(k)} of {xn} with n(k) > m(k) > k such that
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G(xn(k), xm(k), xm(k)) ≥ ε. (3.5)

Let m(k) be the least positive integer exceeding n(k) satisfying (3.5) such that

G(xn(k)−1, xm(k), xm(k)) < ε, (3.6)

for every integer k. Then, we have

ε ≤ G(xn(k), xm(k), xm(k))

≤ G(xn(k), xn(k)−1, xn(k)−1) +G(xn(k)−1, xm(k), xm(k))

< ε+G(xn(k), xn(k)−1, xn(k)−1).

Now

0 < δ =

∫ ε

0
ϕ(t)dt ≤

∫ G(xn(k),xm(k),xm(k))

0
ϕ(t)dt

≤
∫ ε+G(xn(k),xn(k)−1,xn(k)−1)

0
ϕ(t)dt.

Letting k →∞ and using (3.4), we get

lim
k→∞

∫ G(xn(k),xm(k),xm(k))

0
ϕ(t)dt = δ. (3.7)

By the triangular inequality,

G(xn(k), xm(k), xm(k)) ≤ G(xn(k)−1, xn(k)−1, xn(k)−1)

+G(xn(k)−1, xm(k)−1, xm(k)−1)

+G(xm(k)−1, xm(k)−1, xm(k))

and

G(xn(k)−1, xm(k)−1, xm(k)−1) ≤ G(xn(k)−1, xn(k), xn(k))

+G(xn(k), xm(k), xm(k))

+G(xm(k), xm(k)−1, xm(k)−1).

Therefore, we have∫ G(xn(k),xm(k),xm(k))

0
ϕ(t)dt

≤
∫ G(xn(k),xn(k)−1,xn(k)−1)+G(xn(k)−1,xm(k)−1,xm(k)−1)+G(xm(k)−1,xm(k)−1,xm(k))

0
ϕ(t)dt
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and∫ G(xn(k)−1,xm(k)−1,xm(k)−1)

0
ϕ(t)dt

≤
∫ G(xn(k)−1,xn(k),xn(k))+G(xn(k),xm(k),xm(k))+G(xm(k),xm(k)−1,xm(k)−1)

0
ϕ(t)dt.

Letting lim k →∞ in the above two inequalities and using (3.4) and (3.7),we
get

lim
k→∞

∫ G(xn(k)−1,xm(k)−1,xm(k)−1)

0
ϕ(t)dt = δ. (3.8)

Taking x = xn(k)−1, y = xm(k)−1, z = xm(k)−1 in (3.1), we get

ψ

(∫ G(Txn(k)−1,Txm(k)−1,Txm(k)−1)

0
ϕ(t)dt

)
= ψ

(∫ G(xn(k),xm(k),xm(k))

0
ϕ(t)dt

)
≤ ψ

(∫ G(xn(k)−1,xm(k)−1,xm(k)−1)

0
ϕ(t)dt

)
− φ

(∫ G(xn(k)−1,xm(k)−1,xm(k)−1)

0
ϕ(t)dt

)
.

Letting k →∞ , using (3.7), (3.8) and properties of ψ and φ, we get

ψ(δ) ≤ ψ(δ)− φ(δ),

which is a contradiction from δ > 0. Hence {xn} is a G-Cauchy sequence.
Since X is a complete metric space, there exists u in X such that

lim
n→∞

xn = u. (3.9)

Taking x = xn−1, y = u, z = u in (3.1), we get

ψ

(∫ G(Txn−1,Tu,Tu)

0
ϕ(t)dt

)
= ψ

(∫ G(xn,Tu,Tu)

0
ϕ(t)dt

)
≤ ψ

(∫ G(xn−1,u,u)

0
ϕ(t)dt

)
−φ
(∫ G(xn−1,u,u)

0
ϕ(t)dt

)
.

Letting n→∞, using (3.9) and properties of ψ and φ, we get

ψ(

∫ G(u,Tu,Tu)

0
ϕ(t)dt) ≤ ψ(0)− φ(0) = 0,

which implies that
∫ G(u,Tu,Tu)
0 ϕ(t)dt = 0. Thus, G(u, Tu, Tu) = 0, this means

that, u = Tu.



Common fixed point theorems in G-metric spaces 571

Now, we prove that u is the unique fixed point of T. Let v be an another
common fixed point of T , that is, Tv = v.

Putting x = u, y = v, z = v in (3.1), we get

ψ

(∫ G(Tu,Tv,Tv)

0
ϕ(t)dt

)
= ψ

(∫ G(u,v,v)

0
ϕ(t)dt

)
≤ ψ

(∫ G(u,v,v)

0
ϕ(t)dt

)
− φ

(∫ G(u,v,v)

0
ϕ(t)dt

)
.

Hence we have

φ

(∫ G(u,v,v)

0
ϕ(t)dt

)
= 0,

which implies that, G(u, v, v) = 0, that is, u = v. This completes the proof. �

Theorem 3.3. Let (X,G) be a G-metric space and let f and g be self-
mappings on X satisfying the following:

gX ⊂ fX, (3.10)

fX or gX is complete (3.11)

and

ψ

(∫ G(gx,gy,gz)

0
ϕ(t)dt

)
≤ ψ

(∫ G(fx,fy,fz)

0
ϕ(t)dt

)
−φ
(∫ G(fx,fy,fz)

0
ϕ(t)dt

)
,

(3.12)
for all x, y, z in X, where ϕ : [0,∞)→ [0,∞) is a Lebesgue integrable mapping
which is summable, non-negative and such that∫ ε

0
ϕ(t)dt > 0, for each ε > 0 (3.13)

and ψ : [0,∞) → [0,∞) is a continuous and non-decreasing function and
φ : [0,∞) → [0,∞) is a lower semi-continuous and non-decreasing function
such that φ(t) = 0 = ψ(t) if and only if t = 0. Then f and g have a unique
point of coincidence in X. Moreover, if f and g are weakly compatible, then f
and g have a unique common fixed point.
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Proof. Let x0 ∈ X. From (3.10), we can construct sequences {xn} and {yn} in
X by yn = fxn+1 = gxn, for each n = 0, 1, 2, .... Then, from (3.12), we have

ψ

(∫ G(yn+1,yn,yn)

0
ϕ(t)dt

)
= ψ

(∫ G(gxn+1,gxn,gxn)

0
ϕ(t)dt

)
≤ ψ

(∫ G(fxn+1,fxn,fxn)

0
ϕ(t)dt

)
− φ

(∫ G(fxn+1,fxn,fxn)

0
ϕ(t)dt

)
≤ ψ

(∫ G(yn,yn−1,yn−1)

0
ϕ(t)dt

)
− φ

(∫ G(yn,yn−1,yn−1)

0
ϕ(t)dt

)
≤ ψ

(∫ G(yn,yn−1,yn−1)

0
ϕ(t)dt

)
. (3.14)

Using monotone property of function ψ, we have∫ G(yn+1,yn,yn)

0
ϕ(t)dt ≤

∫ G(yn,yn−1,yn−1)

0
ϕ(t)dt.

Let un =
∫ G(yn+1,yn,yn)
0 ϕ(t)dt. Then 0 ≤ un ≤ un−1 for all n > 0. It follows

that the sequence {un} is monotone decreasing and lower bounded. So, there
exists r ≥ 0 such that

lim
n→∞

∫ G(yn+1,yn,yn)

0
ϕ(t)dt = lim

n→∞
un = r.

Then, from the lower semi-continuity of φ, we have

φ(r) ≤ lim inf
n→∞

φ

(∫ G(yn,yn−1,yn−1)

0
ϕ(t)dt

)
.

Let r > 0 and taking upper limit as n→∞ on either side of (3.14), we get

ψ(r) ≤ ψ(r)− lim inf
n→∞

φ

(∫ G(yn,yn−1,yn−1)

0
ϕ(t)dt

)
≤ ψ(r)− φ(r)

which is a contradiction. Then, r = 0, that is,

lim
n→∞

∫ G(yn+1,yn,yn)

0
ϕ(t)dt = lim

n→∞
un = 0.
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Therefore, we have

lim
n→∞

G(yn+1, yn, yn) = 0. (3.15)

Now, we prove that {yn} is a G-Cauchy sequence. Suppose that {yn} is not
a G-Cauchy sequence. Then, there exists, an ε > 0 and subsequences {ym(k)}
and {yn(k)} of {yn} with n(k) > m(k) such that

G(yn(k), ym(k), ym(k)) ≥ ε. (3.16)

Let m(k) be the least positive integer exceeding n(k) satisfying (3.16) such
that

G(yn(k)−1, ym(k), ym(k)) < ε, for every integer k. (3.17)

Then, we have

ε ≤ G(yn(k), ym(k), ym(k))

≤ G(yn(k), yn(k)−1, yn(k)−1) +G(yn(k)−1, ym(k), ym(k))

< ε+G(yn(k), yn(k)−1, yn(k)−1).

Hence, we have

0 < δ =

∫ ε

0
ϕ(t)dt

≤
∫ G(yn(k),ym(k),ym(k))

0
ϕ(t)dt ≤

∫ ε+G(yn(k),yn(k)−1,yn(k)−1)

0
ϕ(t)dt.

Letting k →∞ and using (3.15), we get

lim
k→∞

∫ G(yn(k),ym(k),ym(k))

0
ϕ(t)dt = δ. (3.18)

By the triangular inequality, we have

G(yn(k), ym(k), ym(k)) ≤ G(yn(k), yn(k)−1, yn(k)−1)

+G(yn(k)−1, ym(k)−1, ym(k)−1)

+G(ym(k)−1, ym(k)−1, ym(k))

and

G(yn(k)−1, ym(k)−1, ym(k)−1) ≤ G(yn(k)−1, yn(k), yn(k))

+G(yn(k), ym(k), ym(k))

+G(ym(k), ym(k)−1, ym(k)−1).
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Therefore, we have∫ G(yn(k),ym(k),ym(k))

0
ϕ(t)dt

≤
∫ G(yn(k),yn(k−1),yn(k−1))+G(yn(k)−1,ym(k)−1,ym(k)−1)+G(ym(k)−1,ym(k)−1,ym(k))

0
ϕ(t)dt

and∫ G(yn(k)−1,ym(k)−1,ym(k)−1)

0
ϕ(t)dt

≤
∫ G(yn(k)−1,yn(k),yn(k))+G(yn(k),ym(k),ym(k))+G(ym(k),ym(k)−1,ym(k)−1)

0
ϕ(t)dt.

Letting k → ∞ in the above two inequalities and using (3.15) and (3.18), we
get

lim
k→∞

∫ G(yn(k),ym(k),ym(k))

0
ϕ(t)dt = δ. (3.19)

Taking x = xn(k), y = xm(k), z = xm(k) in (3.1), we get

ψ

(∫ G(gxn(k),gxm(k),gxm(k))

0
ϕ(t)dt

)
= ψ

(∫ G(yn(k),ym(k),ym(k))

0
ϕ(t)dt

)
≤ ψ

(∫ G(fxn(k),fxm(k),fxm(k))

0
ϕ(t)dt

)
− φ

(∫ G(xn(k)−1,xm(k)−1,xm(k)−1)

0
ϕ(t)dt

)
= ψ

(∫ G(yn(k)−1,ym(k)−1,ym(k)−1)

0
ϕ(t)dt

)
− φ

(∫ G(yn(k)−1,ym(k)−1,ym(k)−1)

0
ϕ(t)dt

)
.

Letting k →∞, using (3.18), (3.19) and properties of ψ and φ, we get

ψ(δ) ≤ ψ(δ)− φ(δ),

which is a contradiction from δ > 0. Thus {yn} is a G-Cauchy sequence.
Now, since fX is complete, there exists a point u ∈ fX such that

lim
n→∞

yn = lim
n→∞

fxn+1 = u. (3.20)
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Now, we prove that u is the common fixed point of f and g. Since u ∈ fX,
there exists a point p ∈ X such that fp = u. From (3.12), we have

ψ

(∫ G(fp,gp,gp)

0
ϕ(t)dt

)
= lim

n→∞
ψ

(∫ G(gxn,gp,gp)

0
ϕ(t)dt

)
≤ lim

n→∞
ψ

(∫ G(fxn,fp,fp)

0
ϕ(t)dt

)
− lim
n→∞

φ

(∫ G(fxn,fp,fp)

0
ϕ(t)dt

)
.

From (3.20) and using properties of ψ and φ, we get

ψ

(∫ G(fp,gp,gp)

0
ϕ(t)dt

)
≤ ψ(0)− φ(0) = 0,

implies that,

ψ

(∫ G(fp,gp,gp)

0
ϕ(t)dt

)
= 0.

Thus, G(fp, gp, gp) = 0, that is, fp = gp = u. Hence u is the coincidence point
of f and g.

Now, we show that u is the common fixed point of f and g.
Since, fp = gp and f, g are weakly compatible maps, we have fu = fgp =
gfp = gu.

We claim that fu = gu = u. Suppose that gu 6= u. From (3.12), we have

ψ

(∫ G(gu,u,u)

0
ϕ(t)dt

)
= ψ

(∫ G(gu,gp,gp)

0
ϕ(t)dt

)
≤ ψ

(∫ G(fu,fp,fp)

0
ϕ(t)dt

)
− φ

(∫ G(fu,fp,fp)

0
ϕ(t)dt

)
= ψ

(∫ G(gu,u,u)

0
ϕ(t)dt

)
− φ

(∫ G(gu,u,u)

0
ϕ(t)dt

)
< ψ

(∫ G(gu,u,u)

0
ϕ(t)dt

)
.

This is a contradiction. Thus, we get, gu = u = fu. Hence u is the common
fixed point of f and g.
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For the uniqueness, let v be an another common fixed point of f and g, We
claim that u = v. Suppose that u 6= v. From (3.2), we have

ψ

(∫ G(u,v,v)

0
ϕ(t)dt

)
= ψ

(∫ G(gv,gv,gv)

0
ϕ(t)dt

)
≤ ψ

(∫ G(fu,fv,fv)

0
ϕ(t)dt

)
− φ

(∫ G(fv,fv,fv)

0
ϕ(t)dt

)
= ψ

(∫ G(u,v,v)

0
ϕ(t)dt

)
− φ

(∫ G(u,v,v)

0
ϕ(t)dt

)
< ψ

(∫ G(u,v,v)

0
ϕ(t)dt

)
.

This is a contraction. Thus, we get, u = v. Hence u is the unique common
fixed point of f and g. This completes the proof. �

Theorem 3.4. Let (X,G) be a G-metric space and let f and g be weakly com-
patible self-maps of X satisfying (3.12), (3.13) and the following conditions:

f and g satisfy the E.A. property, (3.21)

fX is closed subset of X. (3.22)

Then f and g have a unique common fixed point.

Proof. Since f and g satisfy the E.A. property, there exists a sequence {xn}
in X such that

lim
n→∞

Txn = lim
n→∞

fxn = x0

for some x0 ∈ X. Since fX is closed subset of X, using (3.21), we have

lim
n→∞

fxn = fz for some z ∈ X. (3.23)

Now, we claim that fz = gz. From (3.12), we have

ψ

(∫ G(gxn,gz,gz)

0
ϕ(t)dt

)
≤ ψ

(∫ G(gxn,fz,fz)

0
ϕ(t)dt

)
−φ
(∫ G(fxn,fz,fz)

0
ϕ(t)dt

)
.

From (3.23) and properties of ψ and φ, we have

ψ

(∫ G(fxn,gz,gz)

0
ϕ(t)dt

)
≤ ψ(0)− φ(0) = 0,

it implies that ∫ G(fz,gz,gz)

0
ϕ(t)dt = 0.

Thus, we have, G(fz, gz, gz) = 0, and so fz = gz.
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Now, we show that gz is common fixed point of f and g. Suppose that,
gz 6= fz. Since f and g are weakly compatible, gfz = fgz and therefore,
ffz = ggz. From (3.12), we have

ψ

(∫ G(gxn,ggz,ggz)

0
ϕ(t)dt

)
≤ ψ

(∫ G(fz,fgz,fgz)

0
ϕ(t)dt

)
−φ
(∫ G(fz,fgz,fgz)

0
ϕ(t)dt

)
= ψ

(∫ G(gz,ggz,ggz)

0
ϕ(t)dt

)
−φ
(∫ G(gz,ggz,ggz)

0
ϕ(t)dt

)
< ψ

(∫ G(gz,ggz,ggz)

0
ϕ(t)dt

)
,

which is a contradiction. Thus, ggz = gz. Hence gz is the common fixed point
of f and g.

Finally, we show that the common fixed point is unique. Let u and v be
two common fixed points of f and g such that u 6= v. From (3.12), we have

ψ

(∫ G(u,v,v)

0
ϕ(t)dt

)
= ψ

(∫ G(gu,gv,gv)

0
ϕ(t)dt

)
≤ ψ

(∫ G(fu,fv,fv)

0
ϕ(t)dt

)
− φ

(∫ G(fu,fv,fv)

0
ϕ(t)dt

)
= ψ

(∫ G(u,v,v)

0
ϕ(t)dt

)
− φ

(∫ G(u,v,v)

0
ϕ(t)dt

)
< ψ

(∫ G(u,v,v)

0
ϕ(t)dt

)
,

which is a contradiction. Therefore u = v. This completes the proof. �

Theorem 3.5. Let (X,G) be a G-metric space and let f and g be weakly
compatible self-maps of X satisfying (3.12), (3.13) and the following:

f and g satisfy (CLRf ) property. (3.24)

Then f and g have a unique fixed point.

Proof. Since f and g satisfy the (CLRf ) property, there exists a sequence {xn}
in X such that

lim
n→∞

fxn = lim
n→∞

gxn = fx

for some x ∈ X. From (3.12), we have

ψ

(∫ G(gxn,gx,gx)

0
ϕ(t)dt

)
≤ ψ

(∫ G(fxn,fx,fx)

0
ϕ(t)dt

)
−φ
(∫ G(fxn,fx,fx)

0
ϕ(t)dt

)
.
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Letting n→∞ and using the properties of ψ and φ, we get

ψ

(∫ G(fx,gx,gx)

0
ϕ(t)dt

)
≤ ψ

(∫ G(fx,fx,fx)

0
ϕ(t)dt

)
− φ

(∫ G(fx,fx,fx)

0
ϕ(t)dt.

)
= ψ(0)− φ(0) = 0.

Hence
∫ G(fx,gx,gx)
0 ϕ(t)dt = 0. Thus, G(fx, gx, gx) = 0, that is, fx = gx. Let

w = fx = gx. Since f and g are weakly compatible, fgx = gfx, implies that,
fw = fgx = gfx = gw.

Now, we claim that Tw = w. Suppose that Tw 6= w. Then. from (3.12), we
have

ψ

(∫ G(gw,w,w)

0
ϕ(t)dt

)
= ψ

(∫ G(gw,gx,gx)

0
ϕ(t)dt

)
≤ ψ

(∫ G(fw,fx,fx)

0
ϕ(t)dt

)
− φ

(∫ G(fw,fx,fx)

0
ϕ(t)dt

)
= ψ

(∫ G(gw,w,w)

0
ϕ(t)dt

)
− φ

(∫ G(gw,w,w)

0
ϕ(t)dt

)
< ψ

(∫ G(gw,w,w)

0
ϕ(t)dt

)
,

which is a contradiction. Hence fw = w = gw. Hence, w is the common fixed
point of f and g.

Finally, we show that the common fixed point is unique. Let v be an another
common fixed point of f and g such that fv = v = gv and w 6= v. From (3.12),
we have

ψ

(∫ G(w,v,v)

0
ϕ(t)dt

)
= ψ

(∫ G(gw,gv,gv)

0
ϕ(t)dt

)
≤ ψ

(∫ G(fw,fv,fv)

0
ϕ(t)dt

)
− φ

(∫ G(fw,fv,fv)

0
ϕ(t)dt

)
= ψ

(∫ G(w,v,v)

0
ϕ(t)dt

)
− φ

(∫ G(w,v,v)

0
ϕ(t)dt

)
< ψ

(∫ G(w,v,v)

0
ϕ(t)dt

)
,

which is a contradiction. Therefore w = v. This completes the proof. �

Example 3.6. Let X = [1,∞) and let G : X3 → R+ be the G-metric defined
as follows:

G(x, y, z) = max{|x− y|, |y − z|, |x− z|} for all x, y, z ∈ X.
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Clearly (X,G) is a G-metric space. Define f, g : X → X by f(x) = x and
g(x) = x+1

2 . Let {xn} = {1 + 1
n}. Then, we have

lim
n→∞

fxn = lim
n→∞

gxn = 1 = f(1) ∈ X.

Hence, the pair (f, g) satisfy (CLRf )−property. Let us define ψ(t) = 2t,
ϕ(t) = t and φ(t) = t

2 . Without loss of generality, we assume that for x > y > z

G(gx, gy, gz) = G

(
x+ 1

2
,
y + 1

2
,
z + 1

2

)
= max

(
|x− y|

2
,
|y − z|

2
,
|x− z|

2

)
=
|x− z|

2
.

Clearly, G(fx, fy, fz) = |x− z|. Also, we have

ψ

∫ |x−z|
2

0
tdt = ψ

(
t2

2

)
= ψ

(
|x− z|2

8

)
= 2
|x− z|2

8
=
|x− z|2

4
,

ψ

∫ |x−z|
0

tdt = ψ

(
|x− z|2

2

)
= |x− z|2,

and

φ

(
|x− z|2

2

)
=
|x− z|2

4
= |x− z|2 − |x− z|

2

4
=

3

4
|x− z|2.

By applying all these, we see that equation (3.12) is satisfied. Hence all the
conditions of Theorem 3.5 are satisfied and f and g have a unique common
fixed point x = 1.
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