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ABSTRACT. This paper is studied the existence of a solution for the impulsive Cauchy problem
involving the Caputo fractional derivative in Banach space by using topological structures. We
based on using topological degree method and fixed point theorem with some suitable condi-
tions. Further, some topological properties for the set of solutions are considered. Finally, an
example is presented to demonstrate our results.

1. INTRODUCTION

Fractional differential equations have proved to be effective modeling of many physical phe-
nomena and various fields for more details, see Kilbas et al. [1], Miller and Ross [2], Podlubny
[3], Deimling [4]. Topological degree method is one of the important tools that procedure
needs weakly compact conditions instead of strongly compact conditions. In fact, topologi-
cal methods become very closely to study the existence of solutions of fractional differential
equations in the last decades, see Feckan [5], and Mawhin [6]. The fractional differential equa-
tions in Banach space have recently been receiving more attention by many researchers such
as Agarwal et al. [7], Balachandran and Park [8], and Zhang [9]. In 2009, Benchohra and Seba
[10], considered the existence of solutions for impulsive fractional differential equations in a
Banach space by Monch’s fixed point theorem and the technique of measures of non compact-
ness. In 2010, Ahmad and Sivasundaram [11], studied the existence of solutions for impulsive
integral boundary value problems with fractional order by applying the contraction mapping
principle and Krasnoselskii’s fixed point theorem. In 2012, Wang et.al [12, 13], studied exis-
tence, uniqueness and data dependence for the solutions for impulsive Cauchy problems with
fractional order by degree method for condensing maps by a singular Gronwall inequality. In
2012, Feckan et. al [14], corrected a formula of solutions for impulsive fractional differential

Received by the editors December 30 2020; Revised March 24 2021; Accepted in revised form March 24 2021;
Published online March 25 2021.

2010 Mathematics Subject Classification. 35R12, 54H25, 58K15.

Key words and phrases. Impulsive differential equations, Topological properties of mappings, Fixed point and
coincidence theorems.

t Corresponding author.



IMPULSIVE FRACTIONAL DIFFERENTIAL EQUATIONS BY TOPOLOGICAL METHOD 17

equations which cited in the previous paper and they established some sufficient conditions
for existence of the solutions by using fixed point methods. Motivated from some cited re-
sults, our aim in this paper is to confirm some new results on the following impulsive Cauchy
problem (ICP) for fractional differential equations involving the Caputo fractional derivative
by topological degree method and fixed point theorem.

“Dix(t) =&t xt) teT/{ti,te, ..., tm}, T :=10,T]
x(0) = xo, (1.1)
Az(ty) = Ip(z(ty)) k=1,2,..,m,
where “D? is the Caputo fractional derivative of order ¢ € (0,1), x is an element of A,
& :J x X — X is a given jointly continuous linear map, and PC(7, X) is a Banach space

with the norm ||z||pc = sup{||z(t)| : t € T}, Iy : X — X is a continuous map and ¢,
satisfies, 0 =tg < t; <to < ... <t < tpy1=1.

2. PRELIMINARIES

In this section, we introduce some necessary definitions and theorems which are needed
throughout this paper.

We define a Banach space PC(J,X) = {z : J — X : x € C((tg,tx—1],X)}, for k =
0, ..., m and there exist z(¢;) and z (¢, ) such that z(t; ) = z(tx), z(t}) = lim_,o+ z(t; +¢)
and x(t, ) = lim._,o- 2(tx + €) represent the right and left limits of x(t) at ¢ = .
Definition 2.1. ([2]) For a given function & on the closed interval [a,b], the qth fractional
order integral of £ is defined by;

1 t
T7 &(t :/ t — )77 1E(s)ds,
a+ ( ) F(Q) " ( ) ( )
wherever I is the gamma function.

Definition 2.2. ([2]) For a given function £ on the closed interval |a,b], the qth Riemann-
Liouville fractional-order derivative of &, is defined by,

(PLOW) = gy ()" [ (= o e(s)as.

Here n = [q] + 1 and [q] denotes the integer part of q.

Definition 2.3. ([2]) For a given function & on the closed interval [a, b], the Caputo fractional
order derivative of &, is defined by;

(DLW = oy [ (=)

wheren = [g] + 1.
Theorem 2.1. (Banach contraction mapping principle)([15])

Let X be a Banach space, and o : X — X is a contraction mapping with contraction constant
IC, then 1) has a unique fixed point.
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Theorem 2.2. (Schaefer’s fixed point theorem)([15])
Let KC be a nonempty convex, closed and bounded subset of a Banach space X. If ¢ : K — K
is a complete continuous operator such that (k) C X, then 1) has at least one fixed point in

K.

Lemma 2.1. ([14]) Let g € (0,1) and £ : X X J — X be continuous. A function x € C(J, X)
is said to be a solution of the fractional integral equation

a t
o) = a0 - 5 [ o= o) el )ds + s [ (= 9 s o),
if and only if © is a solution of the following fractional Cauchy problems
{ Dix(t) =E(tx(t), teJ,

x(a) = Ty, a>0
3. MAIN RESULTS
First of all, let us define the mean of a solution of the ICP(1.1).

Definition 3.1. If a function x € PC(J, X) satisfies the equation “Dix(t) = £(t, x(t)) almost
everywhere on J, and the condition Ax(ty) = Ix(x(tr)), k = 1,2, ...,m and ©(0) = x then,
x is said to be a solution of the fractional ICP(1.1).

In order to treat the problem of existence for a solution of ICP(1.1), we need the following
assumptions:

H1: ¢ : J x X — X is jointly continuous.
H2: For arbitrary z,y € X, there exists a constant ¢ > 0, such that

1€t 2) = £t )| < Ol -y
H3: For arbitrary (t,z) € J x X, there exist d1,02 > 0, ¢1 € [0,1) such that
1€, )| < dufl]| + 2.
H4: [, : X — X is continuous and there is a constant y; € [0, %) such that
[ k(z) — I(y)|| < vrllz —vyll, forallz,ye X, k=1,2,..m
HS5: For arbitrary z € X, there exist 1,72 > 0, g2 € [0, 1) such that
k(@) < nllzl|® +72, k=1,2,...,m

Lemma 3.1. The fractional integral

o) =m0t s X[t 9 ealsas
1 t O<tp<tlh—1 3.1)
b [l a(s)ds + Y Ba(n)

I'(q) Uk 0<tp<t
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has a solution x € PC(J,X), fort € (tg,tkr1), k = 1,2,....m if and only if x is a
solution of the fractional ICP(1.1).

Proof. First, assume x € PC(J, X) satisfies ICP(1.1), we have to show that the fractional inte-
gral Eq. (3.1) has at least one solution x € PC(7, X'). Consider the operator F : PC(J,X) —
PC(T, X) defined by;

1 tk
(Fz)(t) = 2(t) = 20 + 5— (tx — 5)171€(s, 2(s))ds
°F T(g) 0§<t /tk,_l g
—i—L /t(t—s)q_lf(s x(s))ds + Z Ie(z(ty)), k=1,2,...,m.
I'(q) Jy, ’ oG ’ N

It obvious that F is well defined due to [H1] and [H4]. Let {z,,} be a sequence such that
xn, — xin PC(J, X). Then, for each t € J we consider

1 tk
[(Fea)(®) — (Frm)Ol < v (1= 9705, 20(9)) — €05, 2m(5) | ds
I'(q) ngzq/t“ g
1 t
o [ (=) T HE(s, zals)) = E(s, m(s))]|ds + 1T (20 (tr)) — Te(zm ()]
I(g) / Z k() = I (m (B
1 tk .
§@ Z / (te — )T H|1€(s,xn(s)) — &(s,2(5)) + &(s,2(8)) — &(s, 2m(8))||ds
O<tp<t”th—1
1t B
—l—r(q)/t(t—s)q 1€(s, () — E(s,2(5)) + £(5,2(5)) — £(5, 20m(8)) || ds
+ > Mk(@a(tn) = In(e(te)) + In(2(tk)) — Iu(em (b))
0<tr<t
tr
Shm 2 [ = e s) — Esao)ds
O<t<tth—1
1 Uk 1
T > /t (tk — $)TIE(s, 2m(s)) — E(s,2(s)) | ds
O<trp<t”'k—-1
T AR NI O
gy L e o) — (o, (5D s

+ ) I e@n(te)) = I+ > Hk(@m(te) — Te(z ()]

O<tp<t O<trp<t
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Since I}, is continuous and £ is also jointly continuous, then we have
1€(s, 2n(s)) = &(s,2(s))l] = 0 as n — o0, also, > oy, o1 [Mr(n(tr)) — Te(x(te))ll —
0 as n — oo, therefore ||(Fx,)(t) — (Fzm)(t)|| — 0 as n,m — oo. Consequently, by
assumptions [H2] and [H4], it is not difficult to obtain that ||(Fz,)(t) — (Fx)(t)|| - 0asn —
00, as follows;

(Foa)(t) = FOOI < o 30 [ (b= 97 (o a(s)) ~ s, (5)) s

I'(q) O<tp<t”trh—1

+F1/(t—S)q_lllf(van(S))—5(8,$(8))!d8+ Y IMk(za(tn) — Iu(z (i)

(@) J, 0<t,<t

1 /tk 1
< — (tk — 8)1 0¢||xn, — x||ds
RN

t
+1/ (t — 8)1 15 ||z, — z||ds + Z Yil|zn — || = 0asn — oo
a) Ju, 0<tj<t

Thus, F is continuous and completely continuous. Consequently, by Schaefer’s fixed point
theorem, one can deduce that F has at least one fixed point on PC(7, X') which is a solution
of the fractional ICP(1.1).

Conversely, assume that x satisfies the fractional integral Eq. (3.1). If ¢ € (0,¢;] then
z(0) = zo and by using the fact that °D{ is the left inverse of I/ and by Lemma (2.1),
one can obtain “Dfxz(t) = £(t,z(t)). If t € (tg,tgt1),k = 1,...,m also by Lemma (2.1)
and using that fact the Caputo derivative of a constant is equal to zero. It can deduced that
cDix(t) = &(t,x(t)) fort € (tg, ty+1] and z(t)) = z(t;,) + Ix(z(t);)) which completes the
proof. O

Lemma 3.2. The operator F : PC(J,X) — PC(J, X) is bounded.

Proof. 1t is sufficient to show that for any p > 0, there exists a constant X > 0 such that
foreach z € B, = {||z|lpc < p : x € PC(J,X)}, then we have ||Fz|pc < K. Now,
let {x,,} be a sequence on a bounded subset M C f3,, for every x,, € M by assumptions
[H3] and [H5], we have

|Fn)Dllpe < o]l + == 3 / "t — )75, 7 (5)) | ds

I'(g) o<tj<t”th-1

+1/(t—s)q_1||£(s,xn(s))||ds—|— Z Ik (zn(te))ll, k=1,2,...,m

I'(q) Uk 0<t,<t

1 b
< llzol + —— Z/ (t — ) (61| | + b2)ds

I9) 0<ty<t k-1
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1 t
+/ (t - S)q_l[(SlH:UTLqu + 52]d8 + Z h/leanQ +72]a k= 1727 -y
L(a) Jy, 0<tp<t

Which implies that

(m + 1)[01u™ + 6] T
Fxy,)(t < +

|(Fan)®llpe < ol T

Therefore (Fxy,) is uniformly bounded on M, which implies 7 (M) is bounded in 5, C
PC(T, X). O

Lemma 3.3. The operator F : PC(J,X) — PC(J, X) is equicontinuous.

+m[np® + ) =K.

Proof. Let {x,} be a sequence on a bounded subset M C 3, as we defined in Lemma (3.2).
Forti,to € J, and t1 < to, we consider

H(}"xn)(tQ)—(}"xn)(tl)H_”F(lq) > /k (b — 5)TL€ (s, 2n(5))ds

0<tp <ty th—1

a0 2 (=9 oo + gy [t = et
I
|t — 8)7e (s, n(s))ds + Ie(@a(tr))ll, k=1,2,...,m
F(Q) /tk 0<t1§;2—t1 ’ '
I “—
I(Fau)ta) = Fanen)] = i [ (02 = 57 e(s,an(5)ds
0 /t (12 = "5, 2(5))ds + 5 /t (t2 = )" €(s,2a(s) ds
_F(lq)/o (t1 — 8)7€ (s, wa(5))ds — T(q) /tlk(tl —5)17E (s, 2n(s))ds
+F<1q> /t:(tz — 8)171E(s, w0 (s))ds - F(lq) /t;(tl = 8)771¢(s, wn(s))ds
+ Y ()

O<tp<to—ti

L t1 —Sqil_ —Sqil sz (s <
=T / [(t2 = )" = (t1 = )T ]|IE (s, 2a(s)) 1 d

1 [t o~
+F(q)/tl (ta — 8)TY|E(s, zn(5))||ds + Z 12 (zn ()]

0<tj<tg—t
As tg — t1, then it is easy to deduce that the right hand side of the above inequality tends to
zero. Therefore, (Fx,,) is equicontinuous. O
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Lemma 3.4. The operator F : PC(J,X) — PC(J, X) is compact.

Proof. Consider a closed subset X C PC(J,X). Since F : PC(J,X) — PC(TJ,X) is
bounded and equicontinuous then by the Arzela Ascoli theorem, we get F : PC(J,X) —
PC(TJ,X) is completely continuous which implies F(H) is a relatively compact subset of
PC(J,X). Therefore F : PC(J,X) — PC(J, X) is compact. O

Theorem 3.1. Assume that [H1] — [H5] hold, then the fractional ICP(1.1) has at least one
solution.

Proof. 1tis clear that the fixed points of the operator F are solutions of the ICP(1.1). Obviously
the operator F : PC(J,X) — PC(J, X) is continuous and completely continuous, then we
shall prove that S(F) = {z € PC(J,X) : x = kFx, for some k € [0, 1]} is bounded. Let
z € §(F), then = kFz for some k € [0, 1].

lz@®)llpe < £lI(F2)@I < llzoll + 55 Z (tr — )7 [[E(s, 2(s))||ds
0<t <tVth—1
by [ 9 el e Dlas + 3 UG, k= 1,2,0m
0@ | R

(m + 1)[01p9" + 62]T1
I'(g+1)

The above inequality at the same time with g1, g2 € [0, 1) and by result of Lemma (3.2) show

that S is bounded in PC(7, X). As a consequence of Schaefer’s fixed point theorem, we can

deduce that F has a fixed point which is a solution of the fractional ICP(1.1). ]

< ||zol| + + m[y1p® + o]

Theorem 3.2. Assume that [H1] — [H5] hold, then the set of solutions for the fractional
ICP(1.1) is convex.

Proof. By Theorem (3.1), it is obvious that the fractional ICP(1.1) has a solution in PC(7, X).
Set x = 1, then the set solutions will be defined as S(F) = {z € PC(J,X) : x = Fuz, }. For
each x1,22 € S(F), A € [0,1] and ¢ € J, then by definition of F, we have

Az1(t) + (1 — N)aa(t) = M Far)(t) + (1 — N)(Faa)(t)

Alzo + 5oy Z /k ty — )7 E(s, 21(s))ds + /(t—S)qlﬁ(s,m(s))ds

0<t <t te—1 () tr

+ > Ik<w1<tk>>]+<1—x>[xo+% S [ e el atsas

0<tp<t () 0<tp<t”tr—1

[ =9 el me)ds + 3 Dufaa(t)

I'(q) Uk 0<tp<t
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= + L Z / k (te — )T A (s, 1(s)) + (1 — N)E(s, m(s))]ds

I'9) 0<tp<t? k-1

b t_sqfl R B o eNls
T /tk(t )T AE(s, 21(5) + (1 = A)E(s, 22(s))]d

+ D (@ () + (1= M k(2o ()]

0<tp<t

=20+ 5 O / (= 9)7 (s, P + (1= N (s))ds

(a) o<tj<t”th-1

b [ (6= D+ (L= Vol s+ S T+ (L= Nl (1)

() 22 0<tp<t
Thus,
[Az1 4+ (1 = N)x2](t) = (F[Axr + (1 — AN)xz2]) (¢)
Therefore, Ax1 + (1 — X\)zo € S(F) which implies S(F) is convex. Hence, the set solutions
of ICP(1.1) is convex. ]

Theorem 3.3. Assume that [H1|—[H5] hold, then the fractional ICP(1.1) has a unique solution
on PC(J, X).
Proof. Tt can be easily shown that F is a contraction mapping on PC(J, X’) by [H2] and [H4]
as follows, for arbitrary =,y € PC(J, X), we have
1 b ,
[(F2)(t) = (Fy) @ < =< > / (te = 8)7[1€(s, 2(5)) = &(s5,4(s)) [l ds

T'(g) 0<tj<t”th-1

i = e (o) — s ellds + 30 ITk(at) = Iulu(te))

) k 0<trp<t
St X[ e el ylds s [ - o el —
< — E— S elle —yllds + = —s ¢elle —yllds
F(q> O<tp<t th—1 F(Q) tr
+ ) yllz—yll, k=1,2,...m
O<tp<t
(m+1)55Tq

[(F2) (@) = (Fy) DI < +myilllz -yl

I'(g+1)
Thus, F is a contraction mapping on PC(7, X') with a contraction constant [% +mp]
. By applying the Banach’s contraction mapping principle we deduce that the operator F
has a unique fixed point on PC(J, X'). Therefore, the ICP(1.1) has a unique solution which
completes the proof. U
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Example 3.1. Consider the following fractional ICP

en? ()
Dsa(t) = arenatemn
z(0) =0,

A96(%) = 5l=(3)l.

o0), we can define {(t,x) = m
1)) = s2(3), K = 1. By Theorem (3.1), we have

€ [0, 1\{3},
3.2)

Also, for

Set ¢ = 2, for (t,z) € [0 1] x [0,
and Iy (z (

t € [0,1] we have x(t) = 1+et’
1 x Y

t —&(t = - te 0,1

‘§(7m) S(ayﬂ (1+€t)‘1+.’13 1_’_y’7 6[7 ]

1 T —y
S5'(1+x)(1+y)|

1
<gle—yl=d =+
2
And,
€(t,2)| = | , te0,1]
71. == ) )
A+e)(l+a)
1, =z 1 1
<Z <Clgl=h= g =1,0=0
_2’1+x_2\$\:>1 2,611 ,02
Next,
I(z) — I(y)| = ~|z(Z) — y(= — =
[I(z) — I(y)| 9|$(2) y(2)\=>’n ,

1
[1(z)| = \x( I=n=ga=172=0
Obviously, it is not difficult to see that all assumptions in Theorem (3.1) are satisfied. There-

fore, our results can be used to solve the problem (3.2).

CONCLUSION

We established sufficient conditions for existence of a solution for the ICP(1.1) by using
Schaefer’s fixed point theorem, Banach contraction mapping principle besides to topological
technique of approximate solutions. Moreover, we studied some of topological properties for

the set of solutions. Finally, an example was presented to clarify our results

ACKNOWLEDGMENTS
The authors express their thankfulness to the referees for their priceless strategies and com-

ments for development of this paper.



(1]
(2]
(3]
(4]
(3]
(6]
(7]
(8]
(9]
[10]
[11]
[12]
[13]
[14]

[15]

IMPULSIVE FRACTIONAL DIFFERENTIAL EQUATIONS BY TOPOLOGICAL METHOD 25

REFERENCES

A. A. Kilbas, H. M. Srivastava and J. J. Trujillo, Theory and applications of fractional differential equations,
ser. North-Holland Mathematics Studies. Amsterdam: Elsevier, vol. 204, (2006).

K.S. Miller and B. Ross, An Introduction to the Fractional Calculus and Differential Equations, John Wiley,
New York, (1993).

L. Podlubny , Fractional Differential Equation, Academic Press, San Diego, (1999).

K. Deimling, Nonlinear Functional Analysis, Springer-Verlag, (1985).

M. Feckan, Topological Degree Approach to Bifurcation Problems, Topological Fixed Point Theory and its
Applications, vol. 5, (2008).

J. Mawhin, Topological Degree Methods in Nonlinear Boundary Value Problems, CMBS Regional Conference
Series in Mathematics, vol. 40, Amer. Math. Soc. , Providence, R. L., (1979).

R.P. Agarwal, Y. Zhou and Y. He, Existence of fractional neutral functional differential equations, Comput.
Math. Appl, 59(2010), 1095-1100.

K. Balachandran and J.Y. Park, Nonlocal Cauchy problem for abstract fractional semilinear evolution equa-
tions, Nonlinear Analysis, 71(2009), 4471-4475.

S. Zhang, The existence of a positive solution for a nonlinear fractional differential equation, J. Math. Anal.
Appl. 252(2000), 804-812.

M. Benchohra and D. Seba, Impulsive fractional differential equations in Banach Spaces, Electronic Journal
of Qualitative Theory of Differential Equations, (2009).

B. Ahmad and S. Sivasundaram, Existence of solutions for impulsive integral boundary value problems of
fractional order, Nonlinear Anal Hybrid Syst, 4(2010), 134-41.

J. Wang, Y. Zhou and W. Wei, Study in fractional differential equations by means of topological degree
methods, Numerical functional analysis and optimization, (2012).

J. Wang, Y. Zhou and M. Medve, Qualitative analysis for nonlinear fractional differential equations via
topological degree method, Topological methods in Nonlinear Analysis, 40(2)(2012), 245-271.

M. Feckan, Y. Zhou and J. Wang, On the concept and existence of solution for impulsive fractional differential
equations, Commun Nonlinear Sci Numer Simulat, 17(2012), 3050-3060.

Y. Zhou, Basic Theory Of Fractional Differential Equations, World Scientific, (2017).



