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ON THE MIXED RADIAL-ANGULAR INTEGRABILITY OF
LITTLEWOOD-PALEY FUNCTIONS

XIAO ZHANG

ABSTRACT. This note is devoted to establishing the boundedness for some
classes of Littlewood-Paley square operators defined by the kernels with-
out any regularity on the mixed radial-angular spaces. The correspond-
ing vector-valued versions are also presented. As applications, the corre-
sponding results for the Littlewood-Paley g3 function and the Littlewood-
Paley function related to the area integrals are also obtained.

1. Introduction

Let R"™ be the Euclidean space of dimension n and S"~! denote the unit
sphere in R™ (n > 2) equipped with the normalized Lebesgue measure do. The
mixed radial-angular spaces LT;ILZ (R™), 1 < p,q < oo, consist of all functions
u satisfying ||uHLz‘o$‘Lg(Rn) < 00, where

> B 1/p
o, ey = ([ T annye )"

||u||L‘°;?‘LZ(R") = 51;18 ||u(p')||Lq(S"*1)~
P
Note that the spaces wang (R™) enjoy the following easy properties.

(i) If 1 < p < oo and ¢ = p, then
(1) HUHL"’I‘Lg(Rn) = [lull e rn)-
(ii) If u is a radial function on R™ and 1 < p < o0, 1 < ¢ < 00, then
lullze, La@ny = llullLe@n)-
(ii) fl<p<ooand 1 < ¢ < g2 < oo, then
HUHL";‘Lgl (Rm) < C%Pﬂhqz”uHLZ‘Jm‘L?(R”)'
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Here the notation A ~ B means that there are two positive constants C, C’
such that A < CB and B < C'A. Throughout this paper, we use Cypg,... to
denote positive constants that depend on parameters «, £, .. ..

Based on the definition of LfZ‘Lg(R”) and (1), one might think that the
fx|Lg(R") can be seen as an formal extension of
the Lebesgue space LP(R™). Over the last several years it has been successfully
used in studying Strichartz estimates and dispersive equations (see [4,18,24] for
example). Recently the mixed radial-angular space fo‘Lg (R™) is also playing
active roles in the theory of singular integral operator. The first work in this
topic was due to Cérdoba [8] who proved that, among other things, the rough
singular integral operator

mixed radial-angular space L

To(f)(z) =p.v. | flx— y)Q(y/Ly)dy,
R" Yl

is bounded on wang(R”) for all 1 < p < co and q = 2, provided that Q €
C*(S"!) with vanishing integral [g, , Q(0)do(f) = 0. By using the same
argument in [8, Theorem 2.1], P. D’Ancona and R. Luca [9] extended the above
index ¢ = 2 to the range 1 < ¢ < oo. The corresponding radial weighted
results were established by Cacciafesta and R. Luca [5] and Duoandikoetxea
and Oruetxebarria [11]. Recently, Liu and Fan [15] and Liu et al. [16] improved
the above unweighted results to the case € LY(S"™1) or Q € F3(S"™!) (the
Grafakos-Stefanov class) and extended the above results to the singular integral
operators along polynomial curves.

On the other hand, the theory of the Littlewood-Paley functions, as everyone
knows, has been an important part of harmonic analysis. One can consult
Stein’s works [21-23] for its origin and significance. Recall that the square
function of Littlewood-Paley type is defined in the following way

a0 = ([ o) "

where ¢ is a function in L'(R™) with vanishing integral [;, ¢ (z)dz = 0 and
() =t~ ™p(tta) for t > 0.

Over the last several years a considerable amount of attention has been
given to study the boundedness for the Littlewood-Paley functions on various
function spaces. For example, see [1,2,6,10,12,19,20] for the Lebesgue spaces,
[14,25] for the Triebel-Lizorkin spaces. A well-known result for Littlewood-
Paley functions was given by Benedek, Calderén and Panzone [2] who proved
the following.

Theorem A ([2]). Suppose that ¢ satisfies
()| < C(A+|z])" "¢ for some e >0,

/ [Y(z —y) —¢(z)|de < Cly|®  for some e > 0.
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Then gy is bounded on LP(R™) for all 1 < p < 0.

Subsequently, the condition on % in Theorem A was relaxed by Fan and
Sato [12] who established the following result.

Theorem B ([12]). Suppose that the function i satisfies the following condi-
tions:

(i) flw\zl [¥(x)||z|°dx < oo for some € > 0.

(ii) (f\w|<1 |1/)(x)|“dx)1/u < oo for some u > 1.

(iil) | (x)] < h(x)Q(z") for all x € R™ \ {0}, where &' = z/|x|, for some
non-negative function h on (0,00) and Q on S"~! (the unit sphere in R™) such
that

(a) h(r) is non-increasing on (0,00) and h(|z|) € L'(R"),

(b) Q € L5(S"71) for some 1 < s < cc.

Then gy is bounded on LP(R™) for all 1 < p < 0.

Recently, Sato [20] obtained the following refined result via a minimum con-
dition on .

Theorem C ([20]). Suppose that |1(x)| < h(x)Q(x") for all x € R™\{0}, where
h is a non-negative, non-increasing function on (0, 00) with supported in (0, 1]
and Q is a non-negative function on S"~1. We assume that h(|z|) € L'(R™),
Qe LY(S" 1) and ¢ € L¥(R™) for some 1 < s < co. Put my(x) = h(|z|)Q(z").
Then

||9w(f)||LP(1R") < Cp(s/(s— 1))1/2(“1/)||L5(Rn) + HmeLl(Rn))HfHLP(Rn)
for all 1 < p < oo, where the constant Cp, > 0 is independent of s, 1, h, 1.

Based on Theorems B and C and (1), a question that arises naturally is the
following.

Question 1.1. Is the operator g, bounded on L‘pw'Lg(R”) for p # q under the

same assumptions on ¥ as in one of Theorems B and C?

Question 1.1 is the main motivation of this work. In this paper we shall give
an affirmative answer to the above question. Our result can be formulated as
follows.

Theorem 1.2. Suppose that i satisfies the condition of Theorem B or C. Then
forl<g<2andq<p< QQqu or 2 < q < p < oo, the following inequalities
hold:

9w (Hllez, Ly@ny < Cpallfller, L@
S Cp)q

[ tse) 1,y e (> )"

jET
1/q
Lr(R™) = Op’qH (jze% |fj|q)

[(towtsre) ™
JEZ

;
LP \LI(R")

Lr(®7)
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Actually, Theorem 1.2 will be derived from the following more general one.

Theorem 1.3. Assume that v satisfies the following conditions:
(i) There exist €, 6 > 0 and C > 0 such that

2k'+1
2 dt : c -
()P < Cmin{1, 28], |2°¢ 7}
ok
forallk € Z and £ € R™;
(ii) There ezists a constant C > 0 such that

su * X <C p(R™
[ sup e = £@||, ) < Uiy

forall 1 < p < oo.
Then for 1 < g <2 and q < p < 22—_qq or 2 < q < p < oo, the following
inequalities hold:

(2) lge (Fllze, La@ny < Cpall FllLe, g

@ |(Slowtr)”

jez

CEE (6> 3G,y = o (X 50"

This paper will be organized as follows. Section 2 contains some key proposi-
tions, which are the main ingredients of our proofs. The proofs of Theorems 1.2
and 1.3 will be given in Section 3. Finally, as applications of our main results,
the mixed radial-angular integrability for the Littlewood-Paley g3 function and
the Littlewood-Paley function related to the area integrals will be established
in Section 4. We would like to remark that some ideas in the proofs of our
main results are taken from [13,16,19,20].

Throughout this paper, for any function f, we denote f by f(z) = f(—zx).
For any p € (1,00), we let p’ denote the dual exponent to p defined as 1/p +
1/p’ = 1. For any nonnegative measurable function w, we set

1/q
LP LI(R") = CP"’H<Z |fj|q)
|z] 0 jJEL

5
L L3 (R™)

Lr(R™)

1/p
£l = ( [ 1f@laes) .
]Rn
Thus LP(w) associated with the function w is defined by

LP(R™ w(@)dz) = {f : [|fllr(w) < o0}

We also denote by M the usual Hardy-Littlewood maximal function. For s > 1,
we define the operator M by M,(f) = (M(f*))"/*.
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2. Some key propositions

This section is devoted to presenting a general criterion on the weighted
boundedness of Littlewood-Paley functions, which is a key of our proofs.

Proposition 2.1. Assume that 1 satisfies the following conditions:
(a) There exist €, § > 0 and C > 0 such that

2k+1 R d
o) [ oPS < Cuinfi, 25 2+

2k

for all k € Z and £ € R™.
(b) There ezists a constant C > 0 such that

(6) lo(N)llLe@ny < CllFllLe@ny

forall 1 < p < oco. Here
o(f)(x) = sup||ve| * f(2)].
>0
For s > 0, we define the operators ¢ and 65 by

F)w) = sup |l « S@)]. F(F)(a) = U@

Here vat(ac) = Y(—x). Then for all nonnegative measurable functions u on R™,
the following inequality

(7) 19w (F)llLr ) < Cpll fllLe . G.(u)))

holds, provided that one of the following conditions holds:
(i) 1<p<2ands>2/p
(ii) 2<p < oo and s > 1.

Proof. This proof will be divided into two steps:

Step 1: Proof of (7) for the case (i). Let ®(¢) € C>°((1/4,1)) such that
0<®<1and Y, ,(®(2"¢]))? = 1. Define the Fourier multiplier operators

{Sk}rez by Skf(x) = Ok * f(x), where é;(f) = ®(2%|¢]). By the arguments
similar to those used in deriving (5) in [13], one can get

(8) (> \Skf|2)l/2HLp(w) < Cponll o)

keZ

forall 1 < p < ooand we Ap.
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By the changes of variables and Minkowski’s inequality, we can write

2k+1

9u(f)w) = (Z/zk |1y % f(:c)|2%>1/2

kEZ

= (2/12 |ty *f(x)|2%)1/2

keZ

9) -/ 3 Sualban 1) N

kEZ

S0 NIE RO

JEZ keEZ

=) T;f(a).

jez
Hence, by (9), to prove (7), it suffices to show that for any 1 < p < 2 and
s > 2/p, there exists a constant « > 0 independent of j such that

(10) ”ijHLP(u) < Cp,q2_a|j‘ Hf”Lp(MSMf’Su)'

Now we shall prove (10). Fix k € Z, t € [1,2] and a nonnegative measurable
function v on R™, it holds that

(11) ot * flloe ey < N0llLr@n) 1f | oo (r;

(12) lebars * fllr ) < NFNlpraw))-

By the interpolation of LP-spaces with change of measure ([3, Corollary 5.5.4])
between (11) and (12), one get

(13) 1are * flloe ) < CpllfllLeaw))
for all 1 < p < 2. Here Cp, > 0 is independent of k, t. We get from (13) that

2
) [ s h@P Guteis <6, [ 1f@Pot s

Rﬂ/
for all 1 < p < 2. Then we get from (14) that

(15) > 2 v * Fule) P L) < C, > fk(@)P6 () (x)de
n 1 t R™

kEZ keZ

for all 1 < p < 2. By (6) one has

Lo G et = [ (o (suplsc)) "o
<, [ (suplio)) as

. Nk€EZ

(16)
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for all 1 < p < 2. Let t; = 2/p. The interpolation between (15) and (16) gives
that

[ [ e Py o oy

(17) kez /1 »
<G /Rn (Z ‘fk(x”?) (6(w)/" (z)dx

kEZ

for all 1 < p < 2. By substituting u!* for « in (17), one has

/n (2/12 oy + fk(x)F%)pmu(x)d;p

(18) keZ s
<G [ (XIh@P) " on @(w)da

R™ “kez

for all 1 < p < 2. Note that the fact that Msu € Ay (see [7]) and u < My, u.
Then we have My, (64, (u)) € Ay. Tt follows from (18) that

[ (S [ o 5P Y stopae

(19) ez D
<0 [ (ZI@R)" My () o)

keZ
for all 1 < p < 2. In light of (8) and (19) we would have

T £l oy = H(Z/lﬂ |Yars *sfﬂf\z%)m‘

keZ

(S1szr?) "

kEZ

LP (u)

(20) <G

Lp(Mtl (5't1 (u)))
< Cpllfller vy, (e, (w)))

forall 1 <p < 2.
Next we estimate ||T} f||z2(). By (5) and Plancherel’s theorem, there exists
a constant 8 > 0 such that

2
dt 4
(21) / / [thoig *Sj+kw(x)|27das < 02_5‘]‘/ |w(zx)|*dx
" 1 n
for arbitrary function w on R™. One can easily check that

|thores % Sjuw (@) < 9]l 1 ey 104kl L1 Ry [thore| * |4k x [w()]?,
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which gives
? th s
[Pk * Sjrw(w)] 7“ (z)dx
R J1
< v
2 9\ dt
X A [Yarel % Ok] * [w]™(2)u’(2)dz—
1 n

<C lw(z)PM(6u®)(z)dx
Rn

@10+l Lr(mn)
(22)

for any s > 1. Combining (21) with (22) and the interpolation of L?-spaces
with change of measure ([3, Theorem 5.4.1]) implies

2
d

/R /1 |¢2kt*5j+kw(x)\2?tu(x)dx

(23) "

<020 [ o) M. (G, (w) (@)
for any s > 1 and arbitrary function w on R™. Noting that M(cs(u)) €

A;. By using (11), (23) with w = Sj44f and the well-known property of the
Rademacher’s function, we have

2 dt
T35 = [ 3 [ W S @) oo

" kez
2 dt
<3 [ s Stos@Put@ae
<C2 I [ 1S @M () )

keZ
_B s
< C27 7 1152 0, 5 ) -
It follows that
_ B s
(24) 1T fll 2y < Cp2™ 2 W1 f L2, 5 )

for any s > 1. By an interpolation between (20) and (24) with s = ¢, there
exist Cp, > 0 and a > 0 such that

(25) 1T £l ey < Co2 Pl Lo e, 34, (1))

for all 1 < p < 2. By Hélder’s inequality, one can check that My, (¢, (u)) <
CM;(65(u)) for s > ¢1. This together with (25) yields (10).

Step 2: Proof of (7) for the case (ii). By (9), to prove (7) in this case, it
suffices to show that there exist C}, ; > 0 and v > 0 such that

(26) 1T £l ey < Cps2 U Fll o v, 6. )
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for 2 <p < oo and s > 1. We only show that

(27) 1T fll e ) < Cpsllfll e v, 5. w)))

for all 2 < p < co and s > 1. Actually, inequality (26) follows from (24), (27)
and an interpolation (see [3, Corollary 5.5.4]).

Next we shall prove (27). Fix 2 < p < oco. By duality we can find a function
v € L(¥) (u) with unit norm such that

I( Z/ a2 /Z/ e = (D) o(u(e)ds,

kEZ kEZ

1/2

which together with the fact that [|1ox||L1(n) = |[¥0]|L1(mn) implies

H Z/ |¢ | )1/2‘2
* —_
— 2kt * Gk Lo(u)
(28)
§H1/’||L1(R"/ Z|9k / ||1/’2kt|* vu) |—dg:
1

kEZ

Fix s > 1 and let » = £2. By Hoélder’s inequality
(29) e G I R R (T A (T R
< (&(us»1/r(5_(ur//(p/2)’vr/))1/7~’.

By Holder’s inequality with exponents § and (£)’, we get from (28) and (29)
that

1/22
IS [ 1w s @)L
kEZ (w)
(30) <C Z lgr (z & )1/T( )(~(ur’/(p/2)’vr’))1/r'(m)dx
R™ kez
1/22
< ' /(p/2)", )
¢ H(kezzwlCI ) ‘ L?(55(u) )” ( )HL(p/Z) Lyt (Rm)

Note that (5)" > 7’ since & =~ <r, by (6) we get
~ ! / ’ 1/ ’ ’ ral/r!
16 (u” /(®/2) 1 )HL/(;/’Z)’/T’(R") < Cpllu” /(p/2) 1 ||L/<:»/2)’/T’(R") < Cp.

This together with (30) yields that

(S ear )

for all 2 < p < co and any s > 1.

e (Zae)”

kEZ

Lp(u) LP (55 (u))
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Finally, by the facts 65(u) < M;(65(u)) and M (65(u)) € A1, we get from
(8) and (31) that

T fll Lo uy = H(Z/l2 |thory *Sﬁkfp%)m‘

=~ LP(u)
1/2

< 2k f? ‘

<G (kez;lsﬁ’“fl ) LP (M, (55 (w)))

< Cpll fllLr (v, (5. (u)
for all 2 < p < co and any s > 1. This proves (27) and finishes the proof. [

As an application of Proposition 2.1, we can get the following weighted
inequalities for Littlewood-Paley functions, which are of interest in its own
right.

Proposition 2.2. Suppose that 1 satisfies the condition of Theorem B or C.
We define the operator Mq by

Ma(f)(x) = supt™ /| G oy

t>0

For s > 0, we define the operator My o by My o(f) = (Ma(f*))"/*. Then the
following inequality

(32) 95 (F)llLr ) < CpllfllLe v, (. a(r))

holds for all nonnegative measurable functions u on R™, provided that one of
the following conditions holds:

(i) 1<p<2ands>2/p

(i) 2<p< oo and s> 1.

Proof. By Lemmas 1-3 of [19], we get

ok+1

- d
(33) [ 19re < Cmini el 2 )

for all k € Z, £ € R™ and some € > 0, provided that 1) satisfies the condition of
Theorem B. It was also shown in [20, Lemma 2] that

2k+1

(34)

S . L
¢(t§)\27 < Cljy| %s(Rn) min{1,|2F¢|"/ 5 |2kg) =1/ 25y

for all k € Z and £ € R™ if ¢ € L°(R"™) for some s > 1.
On the other hand, if 9 satisfies the condition of Theorem B or C, one can
use the arguments as in Stein [22, pp. 63-64] to obtain

(35) sup || f(@)] < [Pl nyvn ' Aa(f) (@),
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where v, is the volume of the unit ball in R™ and
Aa(Pa) =supt™ [ [7(o = I/ ludy
t>0 lyl<t
One can easily check that

AP < [ 1901y (D)ot

Snfl
where y' = y/|y| and M, is the directional Hardy-Littlewood maximal function
along y'. Noting that

My (f)lle®ny < Cpllfllemn)

for all 1 < p < oo, where the constant Cp, > 0 is independent of y’. Hence, by
Minkowski’s inequality and (35), it holds that

36 Hsu * H < Ll 11 (gn—1 »(R"
(36) t>lg|\1/1t| /| Lo QU L1 sn—1) L f | e (7

forall 1 < p < 0.
We also get from (35) that

(37)  sup [l ¢ £(2)] < hllcs @y Aa(P)(=2) = bl anye Mo (F)(@),

where M, is given as in Proposition 2.2. By (33)-(37) and applying Proposition
2.1, we get (32). This proves Proposition 2.2. O

3. Proofs of Theorems 1.2 and 1.3

This section is devoted to presenting the proofs of Theorems 1.2 and 1.3. To
prove our theorems, we also need the following criterion about the boundedness
of the operators on the mixed radial-angular spaces.

Proposition 3.1 ([16]). Let 1 < ¢ < 00, 6 € [1,00) and sg € [1,00). Let T be
a sublinear operator such that

||Tf||L‘1(u) < Cq’S;SUHfHLq(@s(U))

for all s € (sg,00) and any nonnegative measurable function u on R™, where
the operator Oy satisfies

1©9s(Nler@mry < Coll fllrmm)
for all v € (s8,00) and all radial functions f. Then for any fized s € [sg,00)
and p € (q, 5‘5%), the following inequalities hold:

1Tl ey < Coall ler, ey
() e 2l )
H<Z|Tfj )/q Lp(R") =¢ H( ‘fj )

< Cpyg

5
ol LY L(R™)

Lr(R")
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‘We now turn to prove Theorems 1.2 and 1.3.

Proof of Theorem 1.2. Let &; be given as in Proposition 2.1. Fix s > 1. By
(2) and the L? bounds for M, we get

(38) M (5 (w))l| 2r@ny < Gl r @)

for any r > s. By (38), Propositions 2.1 and 3.1, we have that inequalities

(2)-(4) hold for the case 1 < ¢ < 2and ¢ < p < ;_qq or 2<g<p<oo. These

together with (1) and Theorems B and C yield the conclusions of Theorem
1.2. O

Proof of Theorem 1.3. Theorem 1.3 can be proved by Proposition 2.2 and the
arguments similar to those used to derive Theorem 1.2. Actually, Theorem 1.3
follows directly from Theorem 1.2 according to inequalities (33)-(36). O

4. Additional results

As applications of our main results, we shall establish the mixed radial-
angular integrability for Littlewood-Paley g3 function and Littlewood-Paley
function related to the area integral S, which are defined as

sir0@ = ([ [ =) e s o)

where A > 0 and R} = R x (0, 00), and

sostn@ = ([[ e swr) "

where I'(z) = {(y,t) e R""! : |z —y| < t}.
The main result of this section can be listed as follows:

Theorem 4.1. Suppose that i satisfies the condition of Theorem B or C. Then
for A >1 and 2 < p < oo, the following inequalities hold:

(39) ||g;/k;,)\(f)HL"’m‘L§(R") < Cpllfllr r2@mny;

(40) H(; 555 E) ], e, <6 (Z 7))

Je|

LP L3(Rm)

||

(S ), < (S5

The same results hold for the operator gy s.

Ly (R")

In order to prove Theorem 4.1, we need the following lemma, which can be
proved by the arguments similar to those used in deriving [17, Lemma7].
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Lemma 4.2. Let A > 1. Then there exists a constant C) ,, such that for any
nonnegative locally integrable function g on R™,

[ Galh@)g(@)iz < C [ (gu(H()Mg)(a)da.

R’IL
Next we prove Theorem 4.1.
Proof of Theorem 4.1. We shall adopt the method in [15] to prove (39) since
(40) and (41) are analogues. Fix 2 < p < oo and set ¢ = (p/2)’. Denote by

X the set of all Schwartz functions h defined on R with [ h(r)Por™=tdr < 1.
We can write

g3 A (FIEe wacem = ( / | /S a0 do®) )
(42) = sup A h /S (G5l () do(0)dr

heX

= sup [ (aal@)*Alel)da.

hEX
For g € X, let

10) = [ (55,05 @) *hlalde

Invoking Lemma 4.2 and using Holder’s inequality and Theorem 1.2, we get

1/q

X ( /O W(M(h)(r))qr"’ldr)

M(R) || La@n)

< Cp,k,n”gl/l(f)ll%‘pm‘Lg(R")
2
< Cp,k,n“fHLfT‘Lg(]Rn).

This together with (42) yields (39).
On the other hand, it is easy to check that

gu,s(f)(@) < Cagy 2 (f)(@)-
Combining this with (39)-(41) leads to the conclusions for g, g. Then theorem
4.1 is proved. O

Acknowledgements. The author wants to express her sincerely thanks to
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paper more readable.
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