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ON NONLINEAR ELLIPTIC EQUATIONS WITH SINGULAR
LOWER ORDER TERM

AMINE MARAH AND HICHAM REDWANE

ABSTRACT. We prove existence and regularity results of solutions for a
class of nonlinear singular elliptic problems like

— div((a(x) + |u|q)Vu) 7 in Q,

~JuP
u=0 on 99,

where Q is a bounded open subset of RN(N > 2), a(z) is a measurable
nonnegative function, ¢,y > 0 and the source f is a nonnegative (not
identicaly zero) function belonging to L™ (2) for some m > 1. Our results
will depend on the summability of f and on the values of g,y > 0.

1. Introduction

Let us consider the following boundary value problem

- div((a(x) + |u|q)Vu) = JP in Q,

(1)
u=0 on 99,

where (2 is any bounded open subset of RY (N > 2), ¢,y > 0, f is a nonnegative
function belonging to some Lebesgue space L™(Q2), m > 1, and let a(x) be a
measurable function satisfying

(2) 0<a<a(x)<pB ae inf,

where «, 8 are fixed real numbers.
In the linear case, problems of the form

_div (M(x)Vu) - ui: in Q,
(3) u >0,
u =0 on 9,
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where M is a bounded elliptic measurable matrix and f is smooth, have been
largely studied in the past by many authors. We refer to the pioneer work of
Stuart in [17], Crandall, Rabinowitz and Tartar in [6] and to the one of Lazer
and McKenna in [12].

The linear problem (3) has been deeply studied by Boccardo and Orsina in
[4] when the datum f belongs L™ (£2), m > 1. They have proved the existence
and regularity of solutions depending on the values of v (by distinguishing
between the cases v > 1, vy =1 and v < 1), and on the summability m of the
datum f. We emphasize that the main idea used by the authors in [4] in order
to deal with the singular term u% is strongly based on the standard maximum
principle for elliptic equations which insures the strict positivity of the solutions
u. A non existence result was also given in [4] if f is a bounded Radon measure
concentrated on a Borel set E of zero capacity for every v > 0. After that a
large number of papers was devoted to the study the existence of solutions of
problems like (1) in both linear and nonlinear cases and in different contexts,
for a review of such results we refer to [5,7-10,14,15,18] and the references
therein.

The motivations in studying problem (1) are mainly arise by the papers
[1] and [4]. In [1] (see also [2,13]), the existence of solutions of the following
quasilinear elliptic problem of the type

() { - div((a(:r) + |u\q)Vu) + b(z)|ulP~ u|Vul? = f in Q,
uw=0 on 09,

was investigated when f is nonnegative, f belongs to L'(Q), a(x) satisfying
(2),0 < p <b(z) <wv,ae. in Qand p > 2q (see also the improvements in [13],
when the existence of solutions has been proved without any restriction on p,
g and on the sign of f).

The aim of this paper is to prove the existence and regularity of solutions of
problem (1) depending on the summability of the datum f and the parameters
v and ¢. As we will see, our growth assumption on the function a(z) + |u|? has
a regularization effect on the solution u and its gradient Vu, allowing in some
cases to have finite energy solutions (i.e., solutions in H}()) even if f belongs
to L1(Q).

Notations. Hereafter, we will make use of two truncation functions T} and
Gy: for every k > 0 and r € R, let

Ty (r) = min(k, max(r, —k)), Gg(r) =1 —Tk(r).

For the sake of simplicity we will use when referring to the integrals the follow-

ing notation
/Q f= / f(x) da.

Finally, throughout this paper, C' will indicate any positive constant which
depends only on data and whose value may change from line to line.
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Our aim is to prove the existence of weak solutions to problem (1). Here is
the definition of solutions we will consider.

Definition 1. A solution of (1) is a function u € W' (Q) such that

(5) YwCCQ, de, >0:u>¢, inw,

(6) (a(z) +u)|Vu| € L, (),

and that

(1) /(a(:z:) U Vuve :/ e )]
Q Q u”

2. Approximation of problem (1)

Let f be a nonnegative measurable function which belongs to some Lebesgue

space, let n € N, f,, = ﬁ and let us consider the following approximate
problem '
. In .
—le( a(x) + ud)Vu ) = ———— in (),
0 N

u, =0 on 012,

Lemma 2.1. Problem (8) has a monnegative weak solution u, € Hg(2) N
L>(9Q).

Proof. Let k,n € N be fixed, v € L?(Q2) and define w = F(v) to be the unique
solution of

- div((a(x) + |Tk(v)|q)Vw) = (v|{|—n1)7 in €,
w=0 on 09, '

using w as test function, we have using (

/ Vwl? < a7+ / ],

by Holder inequality together with Poincaré inequality, it follows that

1
[ < o= ( [ p)
Q Q
/ lw|?* < Cn'z .
Q

Hence, the ball of radius Cn™% is invariant for F. Now, let us choose a
sequence v, — v in L?(Q), then by Lebesgue convergence theorem:

fn fn
(ol + 27 (ol + L)

and so,

in L*(Q),
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and the uniqueness of solution for linear problem yields that w, = F(v,) —
w = F(v) in L?(Q). Therefore, we proved that F is continuous.
As we proved before, we have that

|[VF(v)|> < C(y,n) for any v € L*(Q),
Q

then, F(v) is relatively compact in L?(€), and by Schauder’s fixed point the-
orem, there exists u, € Hj(Q) such that F(up k) = uy for each n, k fixed.
Moreover, u, ; belongs to L>(Q2) for all k,n € N. Indeed, for ¢ > 1 fixed, using
Gy (un k) as test function, we obtain, since uy, ; + % >t>1on {u,, >t}

/|VGt(u’ﬂ,k7)‘2S/fnGt(un,k);
Q Q

and so, the result of [16] implies that u, ; € L>°(£2). Furthermore, the estimate
of up in L*°(Q) is independent from k € N, then for k large enough and for
n fixed, u, € HE(2) N L>®(Q) is the solution of the following approximate
problem

fn

———— in Q,
(lunl + )

— div((a(@) + |un|") Vun ) =
u, =0 on 9.

Since > 0, the maximum principle implies that u,, > 0 and this

fn
(Junl+3)7
conclude the proof. (I

Lemma 2.2. The sequence u, is such that for every w CC € there exists c,
not depending on n such that

Uy > Cy >0 inw, Vn eN.

Proof. We emphasize that since we have an unbouded divergence operator, the
method developed in the proof of Lemma 2.2 in [4] does not apply directly
here, so, we use the idea in the proof of Lemma 2.3 of [2]. In order to do that,
let us first define for s > 0 the function

1if 0<s<1,

1

Us(s) = g(1+5—s) it 1<s<d+1,

0 if s>d§+1.
We choose Ws(uy, )¢ as test function in (8) with ¢ € H} () N L°(Q), ¢ > 0,

then we have

1
/(a(x) +ud)Vu, Vo Ws(un) = < (a(x) +ul)|Vu,|* ¢
Q 0 Jy<u,<o+1y

In
+/QW s (un)ep,

n
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thus, dropping the nonnegative term and letting d goes to zero, we obtain

+uld)Vu,V wn<1y > | — = un<1}-
0@+ )90 oz 2 [ i oo

Therefore

q f
/Q(a(x)—i—Tl(un) )VT1 (un) Ve Z/gm)({oguna}@

for every ¢ € HE () N L>®(Q) ¢ > 0.

Since Wf-t,-f)x{oﬁun<1} is not identically zero and o < a(x) + T1(u,)? <
B+ 1, the strong maximum principle (see [11]) implies that there exists ¢, > 0
such that T (u,) > ¢, in every w CC 2, and so u,, > ¢, (since T1(uy) < up).
Therefore, Lemma 2.2 is completely proved. (I

In order to prove the existence of solution for problem (1), we need a priori
estimates on the approximate solutions u,, depending on f, ¢ and -y, so that
we distinguish between different cases.

3. The case v < 1
3.1. Thecasey<landg>1—v

Lemma 3.1. Let u,, be the solution of problem (8), withy <1 and ¢ > 1—1.
Suppose that f belongs to L' (). Then u,, is bounded in HE(Q).

Proof. For n fixed, we choose ¢ < + and use ((un + )7 — 5”) (1 -1+

un)lf(‘””)) as test function, then we have

® 3 [t 27 (1= (1)) (o) )
YV, |?
+(g+v— 1)/9 ((un +e) — 5'*)(@(3;) + u%)(1|-|-un)|¢1+7

= /Q (Unf-:i)“’ ((un +e) — 57) (1 -1+ un)l_(‘””).

Dropping the first nonnegative term in the left hand side of (9), using (2) and
since € < %, we thus obtain

(g+~— 1)/Q ((un—ks)"Y —67>(a+u3l)(111t)|;y

and passing to the limit on e

(10) [ (e + uzﬁw('vw <c s

14 up)atr =
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Since we have
/ (o +ul™)— Y </(au7+uq+7)vun|2
{un>1} " (1 + u’ﬂ)q+7 Ja " " (1 + un)(l-‘r’Y’

then it follows from (10) that
i 1 1 q+y
%/ |Vu,|* < min(a,l)/ AU - |Vu,|* < C/ f.
20 {un>1} {un>1} (14 )T+ Q

Hence
(11) / |Vu,|? < C.
{unzl}

Now, we choose (Tj(u,) +€)? — &7 as test function with e < & in (8), using
(2) and dropping the nonnegative term, we get

VT (un))? .
a/Q(T,L(%k)(ng)llvSAM((Tk(un)+E)V—EW)§Af,

n

Therefore

Unp 2 _ _
it = [ G ) 4 et < e

Letting € goes to zero
(12) / VT (un)* < CE.
Q

Combining (11) and (12) we obtain

V|2 = / V2 +/ Vunl2 < C.
Q {un>1} {un<1}

Hence, u, is bounded in H}(Q) as desired. O
3.2. Thecasey<landg<1—v

In this case, we can not have an estimate of u, in H}(Q), but in a larger
Sobolev space.

Lemma 3.2. Let u, be the solution of problem (8), with v < 1 and q <

1 — . Suppose that f belongs to L'(Q). Then u,, is bounded in Wy (),
N(g+y+1)

"= -

Proof. For fixed n, we choose ¢ < % and use (u, + €)Y —€” as test function,
we obtain, using (2)
min(a, 1)

8D [ (un+ 7 Fual? < [ a0V
2¢ Q Q

Sﬁwﬂgwwwmﬂﬁﬂééﬂ
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and by the Sobolev inequality

(13) ([ (o= -52)) <c [ 4

Letting e goes to zero, then (13) becomes

2% (g+~+1)
(14) /un 2 <C
Q

N(gty+1)
Therefore, u, is bounded in L~ N~z (). Now if r < 2 as in the statement of

Lemma 3.2, we have by Hélder inequality

r_ |Vun|? (1-(a+)3
/Q [Vun]" = /Q (un, + 5)(1—(4+v))§ (un +¢) ’

< C(/ (un +e)(1_(q+7))2;)17§.
Q

Thanks to (14), the value of r is such that (17(2‘1:"7))’“ = N(‘]I\fjgl), so that the
right hand side of the above inequality is bounded, and then u,, is bounded in

Wy (), r = % as desired. 0

Remark 3.3. As consequence of both Lemmas 3.1 and 3.2, there exist a subse-
quence (not relabeled) and a function w such that u, converges weakly to u in

Wol’T(Q) (with r = %) and almost everywhere in .

In the next Lemma we give an estimate of u|Vu,| in LP(Q) for any p < 2.
Lemma 3.4. Let u,, be the solution of problem (8), with v < 1. Suppose that
f belongs to LY (Q). Then ul|Vu,| is bounded in LP(Y) for every p < .
Proof. For n fixed, we choose ¢ < 1 and we take as test function ((T1 (un) +

e)y — 57) (1 —(1+ un)l_/\)7 with A > 1, to obtain,

(15) vémwm+w*ofuﬂmkﬁwm+ﬁmmwm2

|V, |?
(1 + up)?
fn ( 1-X
= —————((T1 (uy —i—E"’—&"’)(l— 14+ u, )
S i (e 9 (1+u0)
Dropping the first nonnegative term in the left hand side of (15), using (2) and
the fact that o + ud > %(1 + up )9 yield

q

L —1) /Q (3 () + )7 — ) (aler) + u)

min(a, 1)

(- 1)?/9 (3 () )7 = 1) (1 4+ )|V 2

<t (i o) (1),

n
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Since € < % and A > 1, we obtain

(16) /Q ((T1ma) 27 =) (1 4 2007V ? < C/Q r

Letting & goes to zero, then (16) becomes

(17) / (14 up) T MVu,* < / T (un)? (14 un) A Vup|* < C’/ I
{u,>1} Q Q
Combining (12) and (17) lead to

/ (1+ un) 7 Vg | = / <1+un>q—A|VunI2+/ (14u) A V|
Q {un>1}

{un<1}
<C.
N(24q—X

] ] N(g+1)—(A+q)’
inequality, we thus have

Now let us set p = using the previous result together with Holder

2—p

paza) Vuy,|? pla+)) \ ~2-
/u%pwu"‘pg/(l*%)p( ;M% SC(/(1+un) gj;) ;
Q Q 1+u,) = Q

and the Sobolev inequality yields that

. 1 p% platX) \ 252
(/ uf) (¢+ )) < C(/ U2 " ) ,
Q Q

p(%'p’\), and since A > 1, we

the previous choice of p implies that p*(¢ + 1) =

obtain an estimate of ug|Vu,| in L?(Q) for every p < <, as desired. O

In order to pass to the limit in the approximate equations, the almost ev-
erywhere convergence of the Vu,, to Vu is required, this result will be proved
following the same techniques as in [2] (see also [3,13]).

Lemma 3.5. The sequence {Vu,} converges to Vu a.e..

Proof. Let p € CH(Q), ¢ >0, o =1 on w CC Q and use T, (u, — Ti(u))p as
test function in (8), we thus have thanks to Lemmas 2.2 and 3.4

/ (a(2) + ud) [V Th(un — Te(w))?
Q

1
< ChlIVel L) + hllell =) CT/Qf

- /Q(a(l‘) + u )\ VT (w)VTh (uy — Ti(w)) @.

Since VT (un — Tx(u)) # 0 (which implies u,, < h + k), we can easily pass to
the limit as n tends to oo, thanks to Remark 3.3, in the right hand side of the
above inequality, so that

(18) alimsup/ VT (wn — Ti(u))|* ¢ < Ch.
Q

n—oo
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Let now s be such that s < r < 2, where r is as in the statement of Lemma,
3.2, we can write

(19) / |V, —Vul® < / |Vu, — Vul®p
w Q

/ |V, — Vul’p

{lun—u|<h,usk}

+/ |Vu, — Vul®p
{|un—u|<h,u>k}

+/ |Vu, — Vul®p.
{|un—u\>h}

If we denote by R the bound of u, in W, (Q), we have

Y — Val*p < / VT (1 — Th()| 0
Q Q

+ el o () (23Rs(mea5{u > k:})l_%
+ 2°R*(meas{|un, — u| > h})l_g).

Thus, combining (18) and (19), we obtain for every h > 0 and every k > 0

, . 2h $ B
timsup [ (90, = Ve < (2 [ 1) el @meas(@)’
Q o Jo

n— oo

Wl

+ ||| Lo () 2° R (meas{u > k})'~+.
Letting h tends to zero and then k tends to infinity, we finally have

limsup/ [Vu, — Vul*e =0, Vs<2.
o

n—roo

Therefore, up to subsequence, {Vu,} converges to Vu a.e., and Lemma 3.5 is
completely proved. ([

Now we are in position to prove our existence result given by the following
Theorem.

Theorem 3.6. Let v < 1 and f be a nonnegative function in L'(Q). Then
there exists a nonnegative solution u of problem (1) in the sense of Definition
1. Moreover, the solution u belongs to HY(Q) if ¢ > 1 — v and it belongs to
Wy () (with r as in the statement of Lemma 3.2) if ¢ <~ — 1.

Proof. As we have already said (see Remark 3.3), there exists a function u €
Wy (), such that u, converges weakly to u in W,""(Q). On the other hand,
Lemma 3.4, Lemma 3.5 and Remark 3.3 imply that the sequence ul|Vu,|
converges weakly to u?|Vu| in L?(Q) for every p < . Hence for every ¢ in
Ce ()

lim [ (a(z)+ul)Vu,Vo = / (a(z) + u?)VuVep.
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For the limit of the right hand of (8). Let w = {¢ # 0}, then by Lemma 2.2,
one has, for ¢ in C1(Q)

‘ fnp ’ el ,
(un + 21— el
Therefore, by Lebesgue convergence theorem, we obtain
I fnp [ e
im — = .
n—oo [o (un + E)"/ Q u”Y

Hence, we conclude that the solution u satisfies the conditions (5)-(7) of Defi-
nition 1, so that the proof of Theorem 3.6 is now completed. (I

4. The case vy =1

Lemma 4.1. Let u, be the solution of problem (8), with v = 1 and suppose

that f belongs to L'(Q). Then u,, is bounded in H} ()N L Q).

Remark 4.2. In contrast with the case v < 1, we have no restriction over ¢
in order to have finite energy solutions. Furthermore, the solution v have an

o e T . N(g+2
additional summability in L*(Q) with s = %.

Proof. We take u,, as a test function in (8), using (2), we have since

(20) a/ \Vun|2+/u;g|vun\2g/f,
Q Q Q

which implies the boundedness of u,, in H}(2). On the other hand, from (20),
by Sobolev embedding, it follows that

2" (a+2) \ &
( Up ° ) < e
Q Q

N(q+2)

Hence u,, is bounded in L™ ¥-2 (Q). O

[ty < f,

u

Lemma 4.3. Let u, be the solution of problem (8), with v = 1. Suppose that
f belongs to L'(Q). Then ul|Vu,| is bounded in LP() for every p < .

Proof. We choose Tl(un)<1 -1+ un)l_/\>7 with A > 1, as test function to

obtain,

7 [ Tyt (1= 0+ 0 (ala) + ) VT3 ()

Unp 2
+ ()\ _ 1)/9T1(un)(a(x) + u%)m‘
In

- lTl(un)(1 - (1+un)H).

Q Up +
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Dropping the nonnegative term, using (2), we have, since a+uf > %(1 +
up)?,

/Tl(“n)(lﬂLun)q_A\VunF SC/ )
Q Q

Then, we obtain

(21) / (1 + 1) Vu,)? < / T1(un)Y (1 + up )72V, |2
{un>1} Q

sch

Thanks to Lemma 4.1 and (21), we thus have

/ (1+ )7 Vg | = / (1) TV [+ / (1) A V|
Q {un,>1} {un <1}
<C.

Following exactly the same proof as in Lemma 3.4, we conclude the proof of
Lemma 4.1. O

Theorem 4.4. Let v =1 and f be a function in L*(2). Then there exists a

solution w in H} ()N L (Q) of problem (1) in the sense of Definition 1 .

Proof. Thanks to Lemmas 2.2, 3.5, 4.1 and 4.3, the proof of Theorem 4.4 is
identical to the one of Theorem 3.6. O

5. The strongly singular case v > 1

In this case we can not have an estimate on u,, in H{(Q2). However, we can
prove that u, is bounded in H} () such that the boundary condition can be

+y41
satisfied through the fact that u, *  in H} ().

Lemma 5.1. Let u, be the solution of the problem (8), with v > 1. Suppose

gt~y+1
that f belongs to L*(2). Then uy, T is bounded in HY(Q), and u, is bounded
in H} (Q). Moreover if ¢ < v—1, then ul|Vu,| is bounded in L*(w) for every
wCC Q.

Proof. We choose u] as test function in (8), dropping the nonnegative term,

<1

u"n,
(un+2)7 —

Yy
22 udtr1 Vun2</ o </ ,
(22) /Q s [ it [

by observing that

we obtain since

qty+1

4
/u%+7—1|vun|2:72/ |vun 2 2’
Q (g+v+1)2 Jg
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we easily deduce the first result of the Lemma. Next, we take u) (1 — (14

un)l_(q"’”f)) as test function, dropping the nonnegative term, using (2), we

have

\Y n2 nU n
@+1=) e u)phoenis < [ o [y

and so,

2 2
qﬂM</ v q+vM<0/
Aun>1}(a + un )(1 + un)q_i_v = Q(aun + un )(1 T un)q-‘,-'y < A f7

which yields that

i 1 1 a+y
min(a, 1) [ P sminen [ S v pee ),
{un,>1} Q

2q+v—1) {un>1} (1 + un)q+’y
and then
(23) / Vun|? < C.
{up>1}

Now we take T} (u,) as test function in (8), using (2), Lemma 2.2 and recalling
T (un) Un .

that ¥ D) < D < 1 we then obtain

acl‘l/ VT (un)|* < a/ T () |V Tk (un)|? < / f YwccQ,

and we arrive at

(24) / IVTi(un)|> < C Yw cC Q.

Finally, using (23) together with (24) yield that

/|Vun|2=/ |m|2+/ VT (un)? < € Ve cC O,
w wN{u,>1} w

so that u,, is bounded in H} (), as desired.
Now starting from (22), we have

Y
[ arvape [ I [
{un>1} o (up + )7 Q

Then we obtain since 2¢ < g+v —1
/ufgwunﬁ :/ w1V 2 +/ YTy ()2 < C, Vw cC O,
w wN{u,>1} w

and then we deduce that ul|Vu,| is bounded in L?(w) for every w CC Q. O

Remark 5.2. We note that by virtue of Lemma 5.1 we easily deduce the almost
everywhere convergence of Vu,, to Vu following exactly the same proof as the
one of Lemma 3.5.
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Now we are in position to prove our existence result given by the following
Theorem.

Theorem 5.3. Let v > 1, ¢ < v —1 and f be a nonnegative function in
LY(Q). Then there exists a nonnegative solution u € H}, () of problem (1) in
the sense of Definition 1.

Proof. Thanks to Lemmas 2.2, 3.5, 5.1, the proof of Theorem 5.3 is identical
to the one of Theorem 3.6. (]

6. Regularity results
In this section we study the regularity of solutions of the problem (1) de-
pending on ¢, > 0 and the summability of f.
6.1. The case v < 1

Theorem 6.1. Let v < 1, f be a nonnegative function in L™(Q), 1 < m <

N _ 2N N -
5 and we set m; = NGO (N =M < 3 Then there ezists a

nonnegative solution u of problem (1) given by Theorem 3.6 such that

(i) if mi < m < &, ¢ <1—1, then u belongs to H}(Q) N L*(Q) with

5 — ij\qur'ijl)
—2m .

(i) if 1 <m < &, ¢ > 11—+, then u belongs to H{(Q) N L*(Q) with
_ Nm(gty+1)
N-—-2m :

Proof. We choose ul~7 as test function to obtain by Holder inequality
(1-9) [ Ve < £
Q

1
Lm(Q)(/ Usll_q_V)m ) " )
Q
and by Sobolev embedding it follows,

(25) ([o) <o [usmrm)™
Q Q

Now if m = mq, we have (1 — ¢ —v)m’ = 2*, and since m < %, we have also
that 2 > -1 so from (25) we deduce that u,, is bounded in H{} () as desired
and so u belongs to H{ ().

Next, we choose u;, as test function, with » > 1—g¢, dropping the nonnegative
term and by Hoélder inequality we have

1

L'nL(Q)(/ us]:"—')’)m/) m 7
Q
using again Sobolev embedding,

2 (rta+l) \ N 7
( Up 2 ) < C( ug_”)m ) .
Q Q

/ N Va2 < | fol
Q
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3 . _ 1o 2°(r4q+1)
Choosing r such that (r — y)m’ = 5

N +y+1 . . N
% and r > 1 — ¢ implies that m > N(q+1)+75\,72)+2(17q),

deduce that u,, is bounded in L*(£2) so that u belongs to L*(2).

Now it remains to prove (ii), we take u!, as test function, with » > =, drop-
ping the nonnegative term, and using Holder inequality together with Sobolev
embedding yield that

2*(rtat) \ 5 (v’ 4
</un 2 ) < ||anLm(Q)(/Un v ) :
Q Q

2% (r+q+1)
2

which is equivalent to s =

then we

Choosing r such that (r — v)m’ =
Nm(qg+v+1)
N—-2m

which is equivalent to s =

and that » > ~ implies that m > 1, then we deduce that u, is
bounded in L*(§2) and so u belongs to L*(2). O

Remark 6.2. The result of Theorem 6.1 improves that of [4] (see Lemma 5.5).

Indeed, we need only f to belong in L™ () (m; < m) in order to
get a finite energy solution. Moreover, the summability in L*(£2) with s =
% is better than the summability %ﬁ:) obtained in [4].
2N
N(g+1)+v(N=2)+2(1-q)’

As proved in Lemma 3.2, if 1 <m < then we do not

have a finite energy solution.

Theorem 6.3. Let v <1, ¢ <1—+ and f be a function in L™(Q), 1 <m <

N(q+1)+75\,]\772)+2(17q). Then the solution u of problem (1) belongs to Wol’T(Q),
r = N(aty+1)
T N=(=(g+)"

6.2. The case vy =1

Theorem 6.4. Let v =1, f be a nonnegative function in L™ (), 1 < m < %
Then there exists a nonnegative solution w of problem (1) given by Theorem

4.4 such that u belongs to HE () N L* () with s = %.

Proof. We choose u], as test function, with » > 1, dropping the nonnegative

term and by Hoélder inequality we have
1
LnL(Q) (/ uglr—l)m/) m’ ’
Q
by Sobolev embedding,

2% (rta1) \ = N
(/Un 2 )2 SC’(/ug_l)m) .
Q Q

Choosing 7 such that (r — 1)m’ = w which is equivalent to s = NJ:rn:(%;Q)

and r > 1 implies that m > 1, then we deduce that w, is bounded in L*(2)
and so u belongs to L*(Q). O

/ L a2 < | fol
Q
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6.3. The case v > 1

Theorem 6.5. Let v > 1, ¢ > v —1 and [ be a function in L™(Q), m > 1.
Then there exists a solution u of problem (1) such that if

N(2¢—y+1)

max {1,
{ 4qg—2v+2+ N(g+~v+1)

<m< =,

F<m 5
s _ Nm(g+y+1)

then u belongs to L*(Q), s = —51=.

Proof. Following the proof of Theorem 6.1, we deduce that u,, is bounded in
L#(Q) and so u belongs to L*(2). Next, we choose u) T (u, — T (uy)) as test
function, we have

(26) y / WM @) + )| Vit 2T (1 — T(un)
Q
+ / u)(a(x) + uz)|Vun|2
{kﬁunﬁk-i-l}

= 7f" u) Uy — U
- /Q(Un+1)’y n Tl( n Tk( n))v

n

dropping the second nonnegative term in the left hand side of (26) and using
assumption (2), we obtain

1
(27) / WV < —
{un>k+1} Y& J{u,>k+1}

Thus, thanks to the estimate (27), we have

/ u%|Vun\ < (/ ui’]*’ﬂrl)i (/ u;fl|vun|2)§
{un>k} {un>k} {un>k}
1 1
< (/ u2‘I*7+1)2(i/ f)Q.
N {un>k} Y J {un >k}

Since u, is bounded in L°(Q), then 2¢ — vy + 1 < s is equivalent to m >
N(2g—v+1)
4q—27+2+N(q+v+1)’

(28) [ wvwlse(f )
{un>k} {un>k}

Now let ¢ € CL(2), ¢ >0, p =1 on w CC Q and E be a measurable subset of
(2, using (28) and Lemma 5.1, we obtain

/ u%|Vu,L|§/u%|Vun\¢§/ u?L|Vun|<p—|—kq/ [V, |
Enw E {un>k} E

< Cllell= / f)%HIsDIILookqmeaS(E)%( / |wn\2)%.

{un>k}

and we thus have
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Taking the limit as meas(E) tends to zero, k tends to infinity and since ul |Vu,,|
converges to u?|Vu| almost everywhere, we easily verify thanks to Vitali’s the-
orem that

(29)

ul|Vu,| converge strongly to u?|Vu|in L}, ().

Therefore, putting together (29), Lemma 2.2 and Lemma 5.1, we conclude the
proof of Theorem 6.5. O
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