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UNIFIED APOSTOL-KOROBOV TYPE POLYNOMIALS AND
RELATED POLYNOMIALS

BURAK KURT

ABSTRACT. Korobov type polynomials are introduced and extensively in-
vestigated many mathematicians ([1,8-10,12-14]). In this work, we de-
fine unified Apostol Korobov type polynomials and give some recurrences
relations for these polynomials. Further, we consider the ¢-poly Korobov
polynomials and the g-poly-Korobov type Changhee polynomials. We
give some explicit relations and identities above mentioned functions.

1. Introduction

As usual, throughout this paper, N denotes the set natural numbers, Ny
denotes the set of nonnegative integers, Z denotes the set of integer numbers,
R denotes the set of real numbers.

The generalized Apostol-Bernoulli polynomials B (z; \) of order v and the
generalized Apostol-Euler polynomials &(f‘)(x; A) of order « are defined by the
following generating functions (see, for detail [16-18])
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(|t| < 2m when A =1, |¢| < |[log A] when A # 1)
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(|t| < 7 when A =1, |t| < [log (—=A)| when X #1).
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For A =1, we get the Bernoulli polynomials Bﬁfy)(m) of order o and the Euler
polynomials €5 (z) of order .

The Stirling numbers of the second kind S (n, k) are defined ([7], [11]) and
weight Stirling numbers of the second kind S3 (n,m, z) [4] are defined the fol-
lowing generating functions, respectively

3) S Sk L= €=

nl K

et (et —1)™

m!

@) 3 S (nma) 1 =

The polylogarithm function Lix(2) ([2], [4], [6,7,11]) is defined by

(5) Lz’k(z)=22—k,keZ,k21.

n=1
This function is convergent for |z| < 1, when k =1
(6) Liy(z) = —log(1 — z).
The multi-logarithm ([7], [11]) is defined by

zmn

(7) Lig, 5, (2)= Y,  —— ki1, [z <1,

O<my<--<m, T " Mn

From (6), the following equation can be obtain

1) = (~log(1 - 2))"

n-times

(8) Liy, .

Kim et al. [8] defined the poly-Bernoulli polynomials

= t"  Lip (1 —et)
(k) JR— k xt
(9) ;:o B, (w)m =—_7 ¢

when k = 1, BY(2) = By (2).
Hamahata in [5] defined by the poly-Euler polynomials

= t"  2Li, (1 —e7)
10 Y EP(p) = e
( ) ~ n (‘T) n' t(et 4 1) €,

when k =1, BV (2) = E,(2).
Kim et al. ([9], [10]) defined the Changhee polynomials and the first kind
Korobov polynomials the following generating functions, respectively,

> tm 2 -
(11) ;cm(:p)a =51+
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and
ﬁ B At

o _7(1}_’_1))‘_]_(1—"_25)36

(12) D Kz |\
n=0

when z = 0, Ch,,(0) = Ch,, are called the Changhee numbers and K,,(0 | \) =
K, ()\) are called the Korobov numbers with A € R.

The Korobov-type Changhee polynomials [9] are defined the following gen-
erating function with A € R

= tm 2 -
(13) ;Chn(:ﬂ)\)a:m(l—kt) .

Note that

lim Chy, (x| A) = Chy,(x) and im Ch, (x| X) = (z),,
A—1 A—0

where
(@) =2(—1) (- (n—-1)),

A € R, Carlitz [3] introduced the degenerate Bernoulli polynomials by means
of the following generating functions

> tn t 2/)
14 Bz |\ =— 1+ )"
(14) 2 Bula | V) = o (L)

so that
Bu(z |\ =" (:JB”()\) (;)n_m A,

From (14), we note that

> tm t -
Y B (x| A)— = lim ————— (14 \t) /A
o A—0 n! A—0 ()\t + 1) -1
o tn
= e _;Bn(x)a,

where B,,(z) are Bernoulli polynomials.
Ozarslan [1] defined unified form of the Apostol-Bernoulli, Euler and Genoc-
chi polynomials

el (@) tn 21_ktk @ .
(15) an’ﬂ(xk7a7b)n':<ﬂbet—a,b) e,

n=0

keZ, abeR\{0},a, 8€C.



318 B. KURT

2. Unified Apostol-Korobov type polynomials

In this section, we define unified Apostol-Korobov type polynomials. We
investigate these polynomials and give some explicit identities and relations for
these polynomials.

Firstly, we define the Apostol-Korobov polynomials K, . (z: \) and the
Apostol-Korobov type Changhee polynomials are defined the following gener-
ating functions, respectively

> m At .
(16) ;Ka (:2) = = N (1+1)
and
(17) iczzw CT N
oy ntoa(l+6)"+1

where o € Np.
We consider the following unified form of the Apostol-Korobov polynomials

> tn 21k (At)* .
18 Rpp(:k,a,bA)— =—— "2 (14+4)".
(18) D R ) 5b(1+t))‘—ab( )

n=0
Remark 2.1. Setting k =a=>b=1and o = § in (18), we get
Rna (@ k1L, L) =K,q(x:A).
Remark 2.2. Setting k=0, a=—1,b=1and a = in (18), we get
Rna@:0,—-1,1,A) =Chyo(x:N).
From (18), we get the following relations

n

(i) Rop (z:kab )=y (:) R (0: kya,b,N) (2),,

m=0

n

n
ii n :ka ,b7>\ = m :ka 7b7>\ —
() Bty k) = 3 () s ba b ) W),

m=0

and

(i) Rppglr+y:k,abA)= Z <;:L) R s (0:k,a,0,N) (x+y),,_,,-
m=0

Theorem 2.3. The following relation holds true:

l b
b 1 ) a .
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Proof. By using (18), we write by

Zmnﬂ vikyab ) = (Bb(l—i—t) ) — 21k () (1 4+ )"

n=0

and
9] l tl
Z<Bbz<> m.p (T kya,b,N) (N),_ —a%lg(x kab/\)>'
1=0 0

:21_k)‘k§:($)z ik — ol- k)\ki(x)7 ;tl.
— l! — =k (1 — k)
Comparing the coefficients of t" on both sides, we have (19). O

Theorem 2.4. There is the following relation between unified Apostol-Korobov
polynomials and the weighted Stirling numbers of second kind S (n,m,z) and
unified Apostol-Bernoulli, Euler and Genocchi polynomials Ry, g (x : k,a,b, )
as

X R (@0 kya,b, ) S (n — kym)
= (n—k)!
- 1
(20) = men i,8 (0 k’ a, b) )\mk"Sg (’L k l‘)

Il
=]

(2
Proof. By replacing t by e — 1 in (18), we get

(et _ 1)m - 21—k)\k (et _ 1)k ewt
) m! - ﬁbew\ —ab ’
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m=0

> > o 2R )RR (et — 1) et
mz_:omm,ﬁ (33 : k7a7ba)‘)nz;nSQ (n7m)ﬁ = Bbet/\_ab k! k!

By using (4) and (15) in the last equations, we have

o0 n tn
Z Z mmiﬁ (fL' : kﬂa’vb7 )\) S2 (n7m) E

n=0m=0
k t"
-t mp|
zz( ) w0 o ) XRIS, (k) o
n=0 :=0
From here, comparing the coefficients of ¢, we have (20). O

From lirr}) 1+ Mt)l/ " = et we consider the degenerate function of ¢ which
=
are given by
t = lim log (1 4 pt)*/* .
n—0
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w is called the degenerate function of t. Now, we consider the degen-
erate unified Apostol-Korobov type polynomials by

n

> t
X_‘;%"’B’“ (@ 1k, a,b,0) —
k
21—k \F <log 1+ ut)l/“> e
(21) - X [1 +log (1+ ut)/"|
Bt [1 + log (1 + ,ut)l/”} —ab

where p1 € RT.

Theorem 2.5. There is the following relation between the degenerate unified
Apostol-Korobov type polynomials and weighted Stirling numbers of second kind
S(n,m, z)
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Proof. By using t by n (21), we get
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By using (4) and (15) in right side of the equation (23)

n

(25) —t‘kzz<> R;_ip5(0:k,a,b) A"~ 152(21@3@)2

n=0 =0
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From (24) and (25), comparing the coefficients of ¢, we have (22). O

3. On the g-poly-Korobov polynomials and the g-poly-Korobov
type Changhee polynomials

In this section, we introduce and investigate some properties and explicit re-
lations between the g-poly-Korobov polynomials and the g-poly-Korobov type
Changhee polynomials.

We define the g-poly-Korobov polynomials and the g-poly-Korobov type
Changhee polynomials the following generating functions, respectively;

/\Li k (1 — eft)
2% KX (x >\ [k.d] 1+1)°
(26) }j | e
and

_ 2Li 1—et .
(27) EZCM“xIA el 1= (1 4 gy,

t((t—i—l)’\ + 1)

where ¢ € R, 0 < ¢ < 1 and the poly-logarithm function is defined as

(28) Lifjg () = [t]k
n=1 [T q

The polynomials K ,(,k,;()\) = K,(f,; (0] M) are called the g-poly-Korobov num-
bers and the polynomial Chgft)z()\) = Chgfé(o | A) are called the ¢-poly-Korobov
type Changhee numbers.

The g-numbers and g-factorial are defined by

oy = T g £ L. [l = [l o= 1, - (1,

1

n € N and q € C, respectively where [O]Q! =
The first values of the g-polylogarithm function for & < 0,
Lijo (t) = ——, Lii_1q () =~
(0,q] \*) = 7 (-1l (1—t)(1—qt)

The g-polylagarithm function for k£ < 0 is a rational functions. For k is a
nonnegative integer

k lt
Li E — .
ikq (¢ 1_qk () 1_qlt

=0

For n =2 in (8), we get Lij 1 (1 —e™") = '52—2,

From (26) and (27), for k = ¢ = 1, we have
1 1
K (@ | X) = 51 K5 (2 | ) and Oh{Y(a | \) = 51 Ch2 ([ M), 12 1.
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Theorem 3.1. The following relations holds true:

KRz |\ = Zn: (m> KN () »

m=0
(i) ChF) (x| \) = zn: (:1) ChE) (N) (%), »
SVICEIREDY <m>K<’“ (@[ ) ¥
m=0
and
(i Crfia sy 1N =3 (1) OHE, e 1) 0

m=0

Theorem 3.2. There are the following relationships for the q-poly-Korobov
polynomials and the q-poly-Korobov type Changhee polynomials as

K(k)(x+)‘|>‘)7 mq(x|/\)
_ D
(20) —AZ( )Z S D @
and
m(C’hm CEP P e 1q(x|)\))
) A D" (n + 1) .
w =2y ])Z oy e TR C

Proof. By using (3), (26) and (28), we write as

> (K, X0 - KE | 3) 5

m=0

= ALipq (1—e ") (1+¢8)"
= (=D D) (et = 1)

= (146"

— [n+ 1]’; (n+1)!
SICRUERIIS Dk
oy E RS ey EE S ),

n=0 [n + 1]q j=n+1 1=0 l'

[e%e] m Jj—1 . n+14j n .
=2 (Z@)Z( D 0t D Gt 1) (@), %
7=0 !

m=0 n=0 [n + 1]q

Comparing the coefficients of both sides, we have (29).
Since the proof of (30) is similar to (29), we omit it. O
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From (29) and (30), we have the following Corollary 3.3.

Corollary 3.3. There is the following relation between the q-poly-Korobov poly-
nomials and the q-poly-Korobov type Changhee polynomials

2 [K,g’;g(x FAN) KR (@] A)]

— Am [Ch(’“

m—1,q

(@+ | A)+Cr® (x|)\)}.

m—1,q

Theorem 3.4. The following relation for the q-poly-Korobov polynomial holds
true:

(Z (1)K 10 @ = Ko A))

m=0
(e )T N
(31) —)\Z(]>¥ s L IC

Proof. By using (3) and (26), we write as

o0

t" ; - *
> K@ 0 (40 1) = AL (L) (L+)
n=0 ’
and
i KW (x| A)ﬁi(ﬂf) L iK(k)(“ IV
m,q | Ln o n!
m=0 =0 n=0
o m j—1 n+1+j m
m (~1) (n+1)!, . ¢
-\ ) So (g, +1) (@) | —-
WZ:O Z_l()_ . 5 ( )@y |

By using Cauchy product and comparing the coefficients of %, we have (31).
(I

From (29) and (31), we have the following Corollary 3.5.

Corollary 3.5. There is another relation for the q-poly-Korobov polynomials
as

(KW@ +A1x) = K, 3)

" (m

= 3 (M) K@D ), - K )
n=0

Theorem 3.6. The following relation holds true:

(i n (’:) Ch?\ (x| X) (@),,_, + mChi | (| /\)>

n=0
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S e

J

n+1+j (

n+1)!
n—|—1] So (jym+1) (), -

=0
From (30) and (32), we have the following Corollary.

Corollary 3.7. There is the another relation for the q-poly-Korobov type
Changhee polynomial:
m (CRGL, @+ A [N+ CRiL (@] )

m

= 0T )ORs o 1) @)t OB (o )

n=0
Theorem 3.8. There is the following relation between the q-poly-Korobov poly-
nomials and the Bernoulli polynomials

(33) iK““’(x | A\)Sa(m,n) (—1)™ = i (’7) me_l ().

n—=0 1=0 [L+1],
Proof. Replacing t by e~ — 1 in (26), we get

> e t—1)" de @
SREE N Lty (~1)

—ix _
o n! e 1
and
tm,
ZK(ka\ ZS’gmn )™ poor
x m T e (1) !
:_ZBm(X>(_>‘) ﬁZile
m=0 " 1=0 [l + 1]q '
By using Cauchy product and comparing the coefficients, we have (33). O

Theorem 3.9. There is the following relation between the q-poly-Korobov type
Changhee polynomials and the Euler polynomials:

S nCh®, (o | NS (m,m) (~1)"

n=0
m—1 m—Il—1 l
m— 1\ (=)) In(-1) x
(34) =-my_ < > Epo1(%).
prd l [+ 1]’; (A)
Proof. Using t by e™t — 1 in (27), we get

> (et —1)" 2e~t®
> Oy [N = iy Lk (1),

o0 o0 m tm
STnCnl ) @ |2 D S (myn) (-1)" —

n=0
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S e (@) oy LSty
r=0

z =
r! i+ 1]q I
and
o m 3 gm
> Do nChE, (| NS (myn) (~1)" —
m=0n=0 :
oo m—1 l
m— 1) x mei—1 U (=1)"t™
= — m En_o1o (<) (=) —.
DI O Y v
Comparing the coefficients, we have (34). O

4. Conclusion

In recent years, many mathematicians studied Korobov polynomials and
Korobov type Changhee polynomials. The classical Bernoulli polynomials and
Euler polynomials are studied many mathematicians ([1-18]). Srivastava [16],
Srivastava et al. in ([17,18]) introduced and investigated basic properties of
these polynomials. They proved some theorems and explicit relations for these
polynomials. Carlitz ([3], [4]) introduced degenerate Bernoulli polynomials
and weighted degenerate Bernoulli polynomials. Bayad et al. [2] and Hama-
hata [4], Imatomi et al. [7], Kim et al. ([8-10, 12]) considered and investi-
gated poly-Bernoulli and poly-Euler polynomials. Kruchinin [14] introduced
Korobov polynomials. Kim et al. [12] introduced Korobov type polynomials
and Korobov-type Changhee polynomials.

In this work, we define the unified form of the Apostol-Korobov, Apostol-
Korobov type Changhee polynomials. We give explicit relations for these poly-
nomials. Further, we define the g-poly-Korobov polynomials and the g-poly-
Korobov type Changhee polynomials. We prove some relations between these
polynomials and the Bernoulli polynomials and the Euler polynomials.

References

(1] M. Ali Ozarslan, Unified Apostol-Bernoulli, Fuler and Genocchi polynomials, Comput.
Math. Appl. 62 (2011), no. 6, 2452-2462. https://doi.org/10.1016/j.camwa.2011.07.
031

[2] A. Bayad and Y. Hamahata, Polylogarithms and poly-Bernoulli polynomials, Kyushu J.
Math. 65 (2011), no. 1, 15-24. https://doi.org/10.2206/kyushujm.65.15

[3] L. Carlitz, Degenerate Stirling, Bernoulli and Eulerian numbers, Utilitas Math. 15
(1979), 51-88.

, Weighted Stirling numbers of the first and second kind. I, Fibonacci Quart. 18
(1980), no. 2, 147-162.

[5] Y. Hamahata, Poly-Euler polynomials and Arakawa-Kaneko type zeta functions, Funct.
Approx. Comment. Math. 51 (2014), no. 1, 7-22. https://doi.org/10.7169/facm/
2014.51.1.1

(6] K. W. Hwang, B. R. Nam, and N. S. Jung, A note on g-analogue of poly-Bernoulli
numbers and polynomials, J. Appl. Math. Inform. 35 (2017), no. 5-6, 611-621. https:
//doi.org/10.14317/jami.2017.611

[4]


https://doi.org/10.1016/j.camwa.2011.07.031
https://doi.org/10.1016/j.camwa.2011.07.031
https://doi.org/10.2206/kyushujm.65.15
https://doi.org/10.7169/facm/2014.51.1.1
https://doi.org/10.7169/facm/2014.51.1.1
https://doi.org/10.14317/jami.2017.611
https://doi.org/10.14317/jami.2017.611

326

B. KURT

[7] K. Imatomi, M. Kaneko, and E. Takeda, Multi-poly-Bernoulli numbers and finite mul-

tiple zeta values, J. Integer Seq. 17 (2014), no. 4, Article 14.4.5, 12 pp.

[8] D. S. Kim and T. Kim, A note on poly-Bernoulli and higher-order poly-Bernoulli poly-

[9]

nomials, Russ. J. Math. Phys. 22 (2015), no. 1, 26-33. https://doi.org/10.1134/
S$1061920815010057

, Some identities of Korobov-type polynomials associated with p-adic integrals on
Zyp, Adv. Difference Equ. 2015 (2015), 282, 13 pp. https://doi.org/10.1186/s13662-
015-0602-8

[10] D. S. Kim, T. Kim, H. I. Kwon, and T. Mansour, Korobov polynomials of the fifth

kind and of the sizth kind, Kyungpook Math. J. 56 (2016), no. 2, 329-342. https:
//doi.org/10.5666/KMJ.2016.56.2.329

[11] T. Kim, Multiple zeta values, Di-zeta values and their applications, Lecture notes in

number theory Graduate schools, Kyungnom Univ., 1998.

[12] T. Kim and D. S. Kim, Korobov polynomials of the third kind and of the fourth kind,

Springer plus, 4 (2015), 608.

[13] T. Komatsu, J. L. Ramirez, and V. F. Sirvent, A (p, q)-analogue of poly-Euler polyno-

maals and some related polynomials, arxiv:1604.2016.

[14] D. V. Kruchinin, Ezplicit formulas for Korobov polynomials, Proc. Jangjeon Math. Soc.

20 (2017), no. 1, 43-50.

[15] J. J. Seo and T. Kim, Degenerate Korobov polynomials, App. Math. Sci. 10 (2016), no.

4, 167-173.

[16] H. M. Srivastava, Some generalizations and basic (or g-) extensions of the Bernoulli,

Euler and Genocchi polynomials, Appl. Math. Inf. Sci. 5 (2011), no. 3, 390-444.

[17] H. M. Srivastava and J. Choi, Series Associated with the Zeta and Related Functions,

Kluwer Academic Publishers, Dordrecht, 2001.

[18] H. M. Srivastava, M. Garg, and S. Choudhary, A new generalization of the Bernoulli

and related polynomials, Russ. J. Math. Phys. 17 (2010), no. 2, 251-261. https://doi.
org/10.1134/51061920810020093

BuraAK KURT

MATHEMATICS OF DEPARTMENT
EbpucaTioN oF FACULTY

AKDENIZ UNIVERSITY

ANTALYA TR-07058, TURKEY

Email address: burakkurt@akdeniz.edu.tr


https://doi.org/10.1134/S1061920815010057
https://doi.org/10.1134/S1061920815010057
https://doi.org/10.1186/s13662-015-0602-8
https://doi.org/10.1186/s13662-015-0602-8
https://doi.org/10.5666/KMJ.2016.56.2.329
https://doi.org/10.5666/KMJ.2016.56.2.329
https://doi.org/10.1134/S1061920810020093
https://doi.org/10.1134/S1061920810020093

