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Abstract. Generalized pseudo-differential operators (PDO) involving fractional Fourier

transform associate with the symbol a(x, y) whose derivatives satisfy certain growth condition

is defined. The product of two generalized pseudo-differential operators is shown to be a

generalized pseudo-differential operator.

1. Introduction

If φ ∈ L1(R) then the Fourier transform of a function is defined by

φ̃(y) = (F(φ))(y) =
1√
2π

∫
R
e−ixyφ(x)dx, y ∈ R (1.1)

and if φ̃ ∈ L1(R) then the inverse Fourier transform is given by

φ(x) = (F−1(φ̃))(x) =
1√
2π

∫
R
eixyφ̃(y)dy, x ∈ R. (1.2)

The one dimensional fractional Fourier transform ([5], [6]) with parameters

α, β of φ(x) denoted by (Fα,β(φ))(t) = φ̂α,β(t) is given by

(Fα,β(φ))(t) = φ̂α,β(t) =

∫
R
Kα,β(x, t)φ(x)dx, (1.3)
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where Kα,β(x, t) =

{
Cα,βe

i(x2+t2) cot(α−β)(α+β)−ixt csc(α−β) if (α− β) 6= nπ,
1

(2π)α+β
e−ixt if (α− β) = π

2 ,

for n is an integer and

Cα,β = (2πisin(α− β))−(α+β)ei(α−β)
(α+β)

=

(
1− icot(α− β)

2π

)α+β
.

It is inverted by

φ(x) =
1

2π

∫
R
Kα,β(x, t)(Fα,β(φ))(t)dt, (1.4)

where

Kα,β(x, t) = C ′α,βe
−i(x2+t2) cot(α−β)(α+β) + ixt csc(α− β) (1.5)

and

C ′α,β =
(2πi sin(α− β))α+β

sin(α− β)
e−i(α−β)

(α+β)

=
(2πi)α+β(sin(α− β))α+β

sin(α− β)
(cos(α− β)− i sin(α− β))(α+β)

=
(2πi)α+β(sin(α− β))2(α+β)

sin(α− β)(sin(α− β))α+β
(cos(α− β)− i sin(α− β))(α+β)

=
(2πi)α+β(sin(α− β))2(α+β)

sin(α− β)
(cot(α− β)− i)α+β

=
(2π)α+β(sin(α− β))2(α+β)

sin(α− β)
(1 + i cot(α− β))α+β

=
(sin(α− β))2(α+β)

sin(α− β)
[2π(1 + i cot(α− β))]α+β .

Definition 1.1. A tempered distribution φ ∈ Hs(R) (the Sobolev space),
s ∈ R, if its fractional Fourier transform Fα,βφ corresponding to a locally
integrable function (Fα,β(φ))(t) over R such that

‖ φ ‖Hs=

(∫
R

∣∣∣(1 + |t|2)s/2Fα,β(φ)(t)
∣∣∣2 dt)1/2

<∞. (1.6)

This space is complete with respect to the norm ‖ φ ‖Hs .

2. Properties of fractional Fourier transform

First we recall the definition of the Schwartz space S(R).
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Definition 2.1. The space S, the so called space of smooth functions of rapid
descent is defined as follows: φ is member of S if and only if it is complex
valued C∞ function on R and for every choice of b and c of non negative
integers, it satisfies

Γb,c(φ) = sup
x∈R
| xbDcφ(x) |<∞. (2.1)

Proposition 2.2. Let Kα,β(x, t) be the kernel of fractional Fourier transform

and ∆r
x =

(
d
dx − ix cot(α− β)

)r
. Then

∆r
xKα,β(x, t) = (−it csc(α− β))rKα,β(x, t),

for all r ∈ N0.

Proof.

d

dx
[Kα,β(x, y)] = Cα,β

d

dx

[
ei[(x

2+t2) cos(α−β)]
(α+β)−ixt csc(α−β)

]
= Kα,β(x, t)i(x cot(α− β)− t csc(α− β)).

So that(
d

dx
− ix cot(α− β)

)
Kα,β(x, t) = (−it csc(α− β))Kα,β(x, t).

Continuing in this way, we get(
d

dx
− ix cot(α− β)

)r
Kα,β(x, t) = (−it csc(α− β))rKα,β(x, t).

�

Proposition 2.3. For all φ ∈ S(R), we have∫
R

∆r
xKα,β(x, t)φ(x)dx =

∫
R
Kα,β(x, t)(∆′x)rφ(x)dx,

for all r ∈ N0, where ∆′x = −( d
dx + ix cot(α− β)).

Proof. First we prove∫
R

∆xKα,β(x, t)φ(x)dx =

∫
R
Kα,β(x, t)(∆′x)φ(x)dx.

Using integration by parts, we have∫
R

(
d

dx
− ix cot(α− β)

)
Kα,β(x, t)φ(x)dx

= −
∫
R
Kα,β(x, t)

(
d

dx
+ ix cot(α− β)

)
φ(x)dx.
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Therefore, ∫
R

∆xKα,β(x, t)φ(x)dx =

∫
R
Kα,β(x, t)(∆′x)φ(x)dx.

In general, we have∫
R

∆r
xKα,β(x, t)φ(x)dx =

∫
R
Kα,β(x, t)(∆′x)rφ(x)dx.

�

Proposition 2.4. Let φ ∈ S. Then(
Fα,β(∆′x)rφ(x)

)
(t) = (−it csc(α, β))r (Fα,βφ(x)) (t)

for all r ∈ N0.

Proof. By using Proposition 2.2 and Proposition 2.3, we have(
Fα,β(∆′x)rφ(x)

)
(t) =

∫
R
Kα,β(x, t)(∆′x)rφ(x)dx

=

∫
R

∆r
xKα,β(x, t)φ(x)dx

= (it csc(α− β))r
∫
R
Kα,β(x, t)φ(x)dx

= (−it csc(α, β))r (Fα,βφ(x)) (t).

�

3. Product of two generalized pseudo differential operators

Sobolev space Hs(R) is defined by (1.6). The variant of this, denoted by
Hs(R× R), where s ∈ R defined by [2] as follows:

A tempered distribution φ ∈ S′(R2) is said to belong to Hs(R × R), if
(Fα,βφ) (t, η) is locally integrable on R2 and[

(1 + |t|2)(1 + |η|2)
]s/2

(Fα,βφ) (t, η) ∈ L2(R2).

A norm in this space is defined as

‖ φ ‖Hs(R×R)=

(∫
R

∫
R
|(1 + |t|2)s/2(1 + |η|2)s/2 (Fα,βφ) (t, η)|2dtdη

)1/2

<∞, φ ∈ S′(R× R). (3.1)

Definition 3.1. The function a(x, y) : C∞(R × R) 7→ C belongs to the class
Sm if and only if for all q, υ, b ∈ N0, there exist Db,υ,m > 0 such that

(1 + |x|)q|Db
xD

υ
ya(x, y)| ≤ Db,υ,m(1 + |y|)m−υ. (3.2)
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Lemma 3.2. For any symbol a ∈ Sm,m ∈ R and l > 1 ∈ N, there exists a
positive constant Cm such that

|(Fα,βa) (t, η)| ≤ Cm(1 + |η|)m(1 + t2 csc2(α− β))−l/2. (3.3)

Proof. We know that

(Fα,βa) (t, η) = Cα,β

∫
R
e(i(x

2+t2) cot(α−β))(α+β)−ixt csc(α−β)a(x, η)dx.

So that

(1 + it csc(α− β))l (Fα,βa) (t, η) =

∫
R
Kα,β(x, t)(1−∆′x)la(x, η)dx (3.4)

for all η, t ∈ R, l > 1 ∈ N. Now

(1−∆′x)la(x, η) =
l∑

r=0

(
l
r

)
(−1)r(∆′x)ra(x, η)

=
l∑

r=0

(
l
r

)
(−1)r

r∑
k=0

P (x, k)Dk
xa(x, η)

=
l∑

r=0

(
l
r

)
(−1)r

r∑
k=0

k∑
l1=0

dl1x
l1Dk

xa(x, η),

where P (x, k) is a polynomial of maximum degree r. Using (3.2) in above
equation, we have∣∣∣(1−∆′x)la(x, η)

∣∣∣ ≤ l∑
r=0

(
l
r

) r∑
k=0

k∑
l1=0

|dl1 |Dk,m(1 + |η|)m(1 + |x|)−l. (3.5)

Therefore by (3.4) and (3.5), we get

|(1 + it csc(α− β))|l | (Fα,βa) (t, η)|

≤ |Cα,β|
l∑

r=0

(
l
r

) r∑
k=0

k∑
l1=0

|dl1 |Dk,m(1 + |η|)m ×
∫
R

(1 + |x|)−ldx.

Since integral is convergent for large value of l, there exists a constant Cm > 0
depending on l, α, β, k, r,m such that

|(Fα,βa) (t, η)| ≤ Cm(1 + |η|)m(1 + t2 csc2(α− β))−l/2.

�
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A linear partial differential operator A(x,∆′x) on R is given by

A(x,∆′x) =

m∑
r=0

ar(x)(∆′x)r, (3.6)

where the coefficient ar(x) are functions defined on R and ∆′x = −( d
dx +

ix cot(α − β)). If we replace (∆′x)r in (3.6) by monomial (−it csc(α − β))r in
R, then we obtain the so called symbol

A(x, t) =
m∑
r=0

ar(x)(−it csc(α− β))r. (3.7)

In order to get another representation of the operator A(x,∆′x), let φ ∈
S(R), by (1.3), (1.4) and Proposition 2.4, we have

(A(x,∆′x)φ)(x) =

m∑
r=0

ar(x)F−1α,βFα,β(∆′x)rφ(x)

=

m∑
r=0

ar(x)F−1α,β(−it csc(α− β))r (Fα,βφ(x)) (t)

=
1

2π

∫
R
Kα,β(x, t)A(x, t)(Fα,βφ)(t)dt,

where Kα,β(x, t) is defined by (1.5). If we replace the symbol A(x, t) by more
general symbol a(x, t) which is no longer polynomial in t, we get the generalized
pseudo-differential operator Aa,α,β defined below.

Definition 3.3. Let a(x, y) be a complex valued function belonging to the
space C∞(R × R), and its derivatives satisfy certain growth conditions (3.2).
Then the generalized pseudo-differential operator Aa,α,β associated with the
symbol a(x, y) is defined by

(Aa,α,βφ) =
1

2π

∫
R
Kα,β(x, y)a(x, y) (Fα,βφ) (y)dy, (3.8)

where (Fα,βφ) (y) is defined in (1.3).

For pseudo-differential operator involving Fourier transform, we may refer
to [3, 4].

Theorem 3.4. For any symbol a(x, y) ∈ Sm, the associated operator
(Aa,α,βφ)(x) can be represented by

(Aa,α,βφ)(x) =

(
C ′α,β
2π

)2 ∫
R

∫
R

(
e[−i(x

2+t2+y2+η2) cot(α−β)]
(α+β)

)
×ei(xt+yη) (Fα,βa) (t, η) (Fα,βφ) (η)dtdη, (3.9)
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where φ ∈ S(R).

Proof. Proof can be completed by making use of (1.3) and (1.4) in (3.8). �

Corollary 3.5. For any symbol a ∈ Sm and φ ∈ S(R),

Fα,β [Aa,α,βφ] (t, η) = (Fα,βa) (t, η) (Fα,βφ) (η), (3.10)

where the fractional Fourier transform is taken with respect to all the variables
x and y.

Definition 3.6. Let σ(x, t) ∈ Sm1 and τ(y, t) ∈ Sm2 . Then the product of
two generalized pseudo-differential operators Bτ,α,β and Aσ,α,β associated with
symbol τ(y, t) and σ(x, t) respectively is defined by

(Bτ,α,βAσ,α,βφ) (x, y) =
1

2π

∫
R
Kα,β(x, t)τ(y, t)Fα,β [Aσ,α,β] (t, y)dt, (3.11)

if the integral is convergent.

Theorem 3.7. Let σ(x, t) ∈ Sm1 and τ(y, t) ∈ Sm2. Then the product of two
pseudo-differential operators Bτ,α,β and Aσ,α,β is again a generalized pseudo-
differential operator whose symbol is in Sm1+m2.

Proof. Let φ ∈ S(R). Then from the Definition 3.6 and (3.10), we have

(Bτ,α,βAσ,α,βφ) (x, y)

=
1

2π

∫
R
Kα,β(x, t)τ(y, t)(Fα,βσ)(y, t)(Fα,βφ)(t)dt. (3.12)

This shows that τ(y, t)(Fα,βσ)(y, t) is symbol of the product Bτ,α,βAσ,α,β.
Now, we have to show that this symbol is in Sm1+m2 .

For a1, b1 ∈ N0, we have

|(Dy)
a1(Dt)

b1τ(y, t)(Fα,βσ)(y, t)|

≤
a1∑
a2=0

(
a1
a2

) b1∑
b2=0

(
b1
b2

)
|(Dy)

a1−a2(Dt)
b1−b2τ(y, t)|

× |(Dy)
a2(Dt)

b2(Fα,βσ)(y, t)|. (3.13)

Now,
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(Dy)
a2(Dt)

b2(Fα,βσ)(y, t)

= Cα,β

∫
R
Da2
y

(
e[i(x

2+y2) cot(α−β)](α+β)−ixy csc(α−β)
)
Db2
t σ(y, t)dx

= Cα,β

∫
R

a2∑
a3=0

(
a2
a3

)
Da2−a3
y

(
e[i(x

2+y2) cot(α−β)](α+β)
)

×Da3
y

(
e−ixy csc(α−β)

)
Db2
t σ(y, t)dx

= Cα,β

∫
R

a2∑
a3=0

(
a2
a3

)
e[i(x

2+y2) cot(α−β)](α+β)

× Pa2−a3(y, (i cot(α− β))(α+ β))

× (−ix csc(α− β))a3e−ix csc(α−β)Db2
t σ(y, t)dx

= Cα,β

a2∑
a3=0

(
a2
a3

) a2−a3∑
s=0

as cot(α− β)ys(−i csc(α− β))a3

×
∫
R
e[i(x

2+y2) cot(α−β)](α+β)−ixy csc(α−β)xa3Db2
t σ(y, t)dx.

Thus,

|(Dy)
a2(Dt)

b2(Fα,βσ)(y, t)|

≤ |Cα,β|
a2∑
a3=0

(
a2
a3

) a2−a3∑
s=0

|as cot(α− β)|

× |y|s| csc(α− β)|a3
∫
R
|xa3 ||Db2

t σ(y, t)|dx

≤ |Cα,β|
a2∑
a3=0

(
a2
a3

) a2−a3∑
s=0

|as cot(α− β)|

× (1 + |y|)s| csc(α− β)|a3
∫
R

(1 + |x|)a3 |Db2
t σ(y, t)|dx

≤ Db3,m|Cα,β|
a2∑
a3=0

(
a2
a3

) a2−a3∑
s=0

|as cot(α− β)|

× (1 + |y|)s| csc(α− β)|a3(1 + |t|)m1−b2
∫
R

(1 + |x|)a3−qdx.

The x-integral being convergent for q > a3 + 1, therefore

|(Dy)
a2(Dt)

b2(Fα,βσ)(y, t)| ≤ L(1 + |y|)s(1 + |t|)m1−b2 , (3.14)

where L is a positive constant depending on α− β, a2, a3, , s, b2,m and q.
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By (3.13), (3.14) and (3.2), we have

|(Dy)
a2(Dt)

b2(Fα,βσ)(y, t)|

≤ L
a1∑
a2=0

(
a1
a2

) b1∑
b2=0

(
b1
b2

)
Ca1−a2,b1−b2,m2,s(1 + |t|)m1+m2−b1

≤ L1(1 + |t|)m1+m2−b1 ,

where L1 is a positive constant depending on a1, a2, b1, b2,m2, s and L. There-
fore the symbol of the product Bτ,α,βAσ,α,β is in Sm1+m2 . �

Theorem 3.8. Let σ(x, t) ∈ Sm1 and τ(y, t) ∈ Sm2. Then for certain C1 >
0,m1,m2 ∈ R+,

‖ (Bτ,α,βAσ,α,βφ)(x, y) ‖2Hs(R×R)≤ C1 ‖ φ ‖2Hs+m1+m2 (R),

for all φ ∈ S(R).

Proof. From Definition 3.6 and (3.12), it follows that (Bτ,α,βAσ,α,βφ)(x, y) has
the fractional Fourier transform equal to τ(y, t)(Fα,βσ)(y, t). Therefore,

‖ (Bτ,α,βAσ,α,βφ)(x, y) ‖2Hs(R×R)

=‖ (1 + |t|2)s/2(1 + |y|2)s/2Fα,β(Bτ,α,βAσ,α,β)(t, y) ‖2L2(R×R)

=

∫
R

∫
R
|(1 + |t|2)s/2(1 + |y|2)s/2τ(y, t)

× (Fα,βσ)(y, t)(Fα,βφ)(t)|2dydt.

Since from (3.2)

|τ(y, t)| ≤ Cm2(1 + |t|)m2(1 + |y|2)−l,

and from (3.3)

|(Fα,βσ)(y, t)| ≤ Cm1(1 + |t|)m1(1 + y2 csc2(α− β))−l/2.

We know that

(1 + |t|)m ≤
{

2m/2(1 + |t|2)m/2 if m ≥ 0,

(1 + |t|2)m/2 if m < 0.

Therefore,

(1 + |t|)m ≤ max(1, 2m/2)(1 + |t|2)m/2 = Cm(1 + |t|2)m/2,
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where Cm = max(1, 2m/2). Thus

‖ (Bτ,α,βAσ,α,βφ)(x, y) ‖2Hs(R×R)

≤ Cm1Cm2

∫
R

(1 + |y|2)s−2l(1 + y2 csc2(α− β))−ldy

×
∫
R
|C2
m(1 + |t|2)

s+m1+m2
2 (Fα,βφ)(t)|2dt.

Now we have to show that the first integral is convergent. Consider∫
R

(1 + |y|2)s−2l(1 + y2 csc2(α− β))−ldy

=

∫
|y|≤1

(1 + |y|2)s−2l(1 + y2 csc2(α− β))−ldy

+

∫
|y|>1

(1 + |y|2)s−2l(1 + y2 csc2(α− β))−ldy

= I1 + I2,

where I1 and I2 denotes first and second integrals respectively. Since I1 is
bounded, we have to show the convergent for I2.

I2 =

∫
|y|>1

(1 + |y|2)s−2l(1 + y2 csc2(α− β))−ldy.

If s− 2l > 0, then

I2 ≤
∫
|y|>1

2s−2l|y|2s−4l(sin2(α− β) + y2)−l(csc(α− β))−2ldy

≤
∫
|y|>1

2s−2l|y|2s−4l|y|−2l(csc(α− β))−2ldy

= 2s−2l(csc(α− β))−2l
∫
|y|>1

|y|2s−6ldy

<∞.

The y-integral is convergent by choosing l > 1+2s
6 .

Now, for s− 2l < 0, let s− 2l = −p,

I2 ≤
∫
|y|>1

sin2l(α− β)

(1 + |y|2)p(sin2(α− β) + y2)l
dy

≤
∫
|y|>1

1

|y|2py2l
dy

≤
∫
|y|>1

y−(2p+2l)dy <∞.
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The above integral is convergent by choosing 2p+ 2l > 1. Therefore,

‖ (Bτ,α,βAσ,α,βφ)(x, y) ‖2Hs(R×R)

≤ C1

∫
R
|(1 + |t|2)

s+m1+m2
2 (Fα,βφ)(t)|2dt

≤ C1 ‖ φ ‖2Hs+m1+m2 (R),

where C1 is a positive constant. This completes the proof. �
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