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THE FORCING NONSPLIT DOMINATION NUMBER OF A
GRAPH

J. JOHN AND MALCHIJAH RAJ

ABSTRACT. A dominating set S of a graph G is said to be nonsplit dominating
set if the subgraph (V — S) is connected. The minimum cardinality of a nonsplit
dominating set is called the nonsplit domination number and is denoted by 7,s(G).
For a minimum nonsplit dominating set .S of G, a set T' C S is called a forcing subset
for S if S is the unique v,s-set containing 7. A forcing subset for S of minimum
cardinality is a minimum forcing subset of S. The forcing nonsplit domination
number of S, denoted by fyns(S), is the cardinality of a minimum forcing subset
of S. The forcing nonsplit domination number of G, denoted by f,ns(G) is defined
by fyns(G) = min{ fyns(S)}, where the minimum is taken over all ,,s-sets S in G.
The forcing nonsplit domination number of certain standard graphs are determined.
It is shown that, for every pair of positive integers a and b with 0 < a¢ < b and
b > 1, there exists a connected graph G such that f,,s(G) = a and v,s(G) = b.
It is shown that, for every integer a > 0, there exists a connected graph G with
f+(G) = fyns(G) = a, where f,(G) is the forcing domination number of the graph.
Also, it is shown that, for every pair a,b of integers with @ > 0 and b > 0 there
exists a connected graph G such that f,(G) =a and f,,s(G) =b.

1. Introduction

By a graph G = (V, E), we mean finite, undirected connected graph without loops
or multiple edges. The order and size of G are denoted by n and m respectively.
For graph theoretic terminology we refer to [8,9]. Two vertices u and v are said to
be adjacent if wv is an edge of G. If uv € FE(G), we say that u is a neighbor of
v and denote by N(v), the set of neighbors of v. The degree of a vertex v € V is
d(v) = |N(v)|]. The minimum and maximum degrees of a graph G are denoted by
d(G) and A(G), respectively. A vertex of degree 1 is called an end vertez. A vertex
v is an universal vertexr of a graph G, if it is a full degree vertex of G. The distance
d(u,v) between u and v in a connected graph G is the length of a shortest u-v path
in G. A w-v path of length d(u,v) is called a u-v geodesic. The diameter of a graph G
is the maximum distance between the pair of vertices of G. For any set S of vertices
of G, the induced subgraph (S) is the maximal subgraph of G with vertex set S. A
vertex v of a graph G is a simplicial vertex if (N(v)) is complete. The join G + H
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of graphs G and H is the graph with vertex set V(G + H) = V(G) UV (H) and edge
set E(G+ H)=EG)UEH)U{uv:u € V(G) and v € V(H)}. F, is the graph
obtained from K; and P,_i, where F,, = K1 + P, _1.

A set S C V of a graph G is a dominating set if for every vertex v € V — S, there
exists a vertex u € S such that v is adjacent to u. The minimum cardinality of a
dominating set is the domination number and is denoted by v(G). This was studied
in [9]. A minimum dominating set of a graph G is hence often called as a y-set of G.
A vertex v of a connected graph G is said to be a dominating vertex of G if v belongs
to every ~v-set of G. Let S be a y-set of G. A set T' C S is called a forcing subset for S
if S is the unique v-set containing 7". A forcing subset for S of minimum cardinality
is a minimum forcing subset of S. The forcing domination number of S, denoted by
f+(9), is the cardinality of a minimum forcing subset of S. The forcing domination
number of G, denoted by f,(G), is f,(G) = min{f,(S)}, where the minimum is
taken over all v-sets in G. The forcing concept in domination was first introduced
and studied in [4] and further studied in [1-3,5-7,12]. The forcing concept for various
parameters were further studied in [10,11,15-17]. The forcing sets in a graph is a very
interesting concept. In the management of an institution, the executive committee
consists of senior members who have adequate rapport with other members of the
institution. Some members of the executive committee may sit in other important
committees also. Some times, restrictions are imposed on members that they can
be part of exactly one committee. This precisely leads to the concept of the forcing
dominating set. A dominating set S of a graph G is said to be a nonsplit dominating
set if the subgraph (V' — S) is connected. The minimum cardinality of a nonsplit
dominating set is called the nonsplit domination number and is denoted by 7,s(G).
A minimum nonsplit dominating set of a graph G is often called as a 7,4-set of G.
This concept was introduced in [13] and further studied in [14, 18]. The nonsplit
domination number is also known as complementary connected domination number.
A communication network can be represented by a connected graph G, where the
vertices of G represent processors and edges represent bi-directional communication
channels. A dominating set in a graph can be interpreted as a set of processors from
which information can be passed on to all the other processors. Hence determination
of non split domination parameter of a graph is an important problem. Nonsplit
domination is very effective in modeling problems in social network analysis. It can
be used to analyze the social relations among individuals and to select representatives
of a group subject to some constrains. Members of a group usually have different
opinions and they divide among themselves based on their opinion. Good relations
among the rest of the members can be represented by the presence of an edge between
them. The constraints imposed on the individuals so that they can be representatives
of exactly one group lead to the concept of forcing nonsplit dominating set.

The following theorem is used in the sequel.

THEOREM 1.1. [9] Let G be a connected graph and W be the set of all dominating
vertices of G. Then f,(G) < ~v(G) — |[W|.

Throughout the following G denotes a connected graph with at least two vertices.
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2. The forcing nonsplit domination number of a graph

DEFINITION 2.1. Let G be a connected graph and S a v,s-set of G. A subset
T C S is called a forcing subset for S if S is the unique 7,s-set containing T. A
forcing subset for S of minimum cardinality is a minimum forcing subset of S. The
forcing nonsplit domination number of S, denoted by f,,s(5), is the cardinality of a
minimum forcing subset of S. The forcing nonsplit domination number of GG, denoted
by fyns(G) is defined by f,.s(G) = min{ fi,s(S)}, where the minimum is taken over
all v,¢-sets S in G.

EXAMPLE 2.2. For the graph G given in Figure 2.1, S; = {vy,v5}, So = {vo,v5}
and S; = {vs,vs} are the only three 7,,-sets of G such that f,,s(51) = fyns(S2) =
fns(S3) =1 so that f,,(G) = 1.

(%)
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G
Figure 2.1
The next theorem follows immediately from the definition of the nonsplit dom-
ination number and the forcing nonsplit domination number of a connected graph

G.
THEOREM 2.3. For every connected graph G, 0 < f.,,5(G) < 7,5(G).

THEOREM 2.4. Let G be a connected graph with diameter at least 3. 'Then
Tns(G) <m — 2.

Proof. Let P : xy, 1,22, ..., x, be a diametral path in G. Since diameter of G is at
least 3, P contains at least two internal vertices. Let S =V — {x1,x2}. Then S is a
Tns-set of G so that v,5(G) < n — 2. n

REMARK 2.5. The bound in Theorem 2.4 is sharp. For the graph G = P, (n > 4),
Tns(G) =n — 2.

THEOREM 2.6. Let G be a connected graph with diameter at least 3. Then each
end vertex of G belongs to every ~,s-set of G.

Proof. Since diameter of G is at least 3, by Theorem 2.4, v,,,(G) < n—2. Let S be
a Yns-set of G. Let v be a cut vertex of G and vz be an end edge of G. We prove that
x € S. Suppose that x ¢ S. Then it follows that v € S. This implies that S contains
all the vertices of G except v. Therefore 7,5(G) > n — 1, which is a contradiction.
Hence z € S. O
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REMARK 2.7. Theorem 2.6 need not be true if diameter is at most 2. For the
star G = K ,—1 with V(G) = {v,v1,vq,...,v,_1}, there exists a y,s-set S such that
Un—1 ¢ S.

DEFINITION 2.8. A vertex v of a connected graph G is a nonsplit dominating vertex
of GG if v belongs to every nonsplit dominating set of G. If G has a unique nonsplit
dominating set .S, then every vertex of S is a nonsplit dominating vertex of G.

The proof of the following theorems are straightforward, so we omit the proofs.

THEOREM 2.9. Let G be a connected graph.

(a) fyns(G) =0 if and only if G has a unique minimum nonsplit dominating set.

(b) fins(G) =1 if and only if G has at least two minimum nonsplit dominating sets,
one of which is a unique minimum nonsplit dominating set containing one of its
elements, and

(¢) fyns(G) = Yns(G) if and only if no minimum nonsplit dominating set of G is the
unique minimum nonsplit dominating set containing any of its proper subsets.

THEOREM 2.10. Let G be a connected graph and W be the set of all nonsplit
dominating vertices of G. Then f,,s(G) < 7,5(G) — |[W].

COROLLARY 2.11. Let G be a connected graph with d > 3 and | be the number of
end vertices of G. Then f.,,s(G) < vns(G) — 1.

Proof. This follows from Theorems 2.6 and 2.10. [

REMARK 2.12. The bound in Theorem 2.10 is sharp. For the graph G given
in Figure 2.1, S1 = {v1,v5}, So = {ve,u5} and S3 = {v3,vs} are the only three
Yns-sets of G such that f,,s(S1) = fins(S2) = fyns(S3) = 1 so that f,,s(G) =1
and 7v,s(G) = 2. Also, W = {v;} is the only nonsplit dominating vertex of G and
SO fons(G) = Yns(G) — |W/|. Also, the inequality in Theorem 2.10, can be strict.
For the graph G given in Figure 2.2, S7 = {vy, vy, 05,07}, Se = {v1,v4, 05,08}, 53 =
{U27U37U57U7}7 S4 = {’U27U372}57/08}7 SS = {U27U47U57U7} and SG = {U27U47U57U8} are
the y,s-sets of G such that f,,5(S;) =2 for i =1 to 4 and f,,,5(5;) =3 for i = 5,6 so
that 7,5(G) = 4, f1ns(G) =2 and |W| = 1. Thus f,,5(G) < 1s(G) — [W].

Us
Vg U7
U3
U2 @ Y6
U1 Ug
G
Figure 2.2

In the following we determine the forcing nonsplit domination number of some
standard graphs.
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THEOREM 2.13. For the non trivial path G = P,(n > 2),

(

1, forn = 2;
2, for n = 3;
0 for n = 4;
ns G — ? ?
Fns(G) 1, for n =5, 6;
"T_?’, foroddn > 7;
\%2’ for even n > 8.

Proof. Let P, : vy,vq,...,05_1,0,. Let n = 2. Then S; = {v1} and Sy = {vy} are
the only two 7,s-sets of G such that f,,5(S1) = fyns(S2) = 1 so that f.,s(G) = 1.
Let n = 3. Then S; = {v1,v2}, 5 = {v1,v3} and S3 = {ve,v3} are the three 4
sets of G such that f,,s(S1) = fins(S2) = fyns(S3) = 2 so that f,(G) = 2. Let
n =4. Then S = {vy,v4} is the unique ~,,-set of G so that f,,;(G) = 0. Let n = 5.
Then S; = {v1,v4,v5} and Sy = {vy,v9,v5} are the only two 7,s-sets of G such that
fons(S1) = fyns(S2) = 1. Let n = 6. Then Sy = {v1,vq,v5, 06}, So = {v1, v2, U5, U6}
and S3 = {vy, 02,03, U6} are the three 7,5-sets of G such that f,,s(S1) = fyns(S3) =1
and fyns(52) = 2 so that f,,5(G) = 1.

For odd n > 7, there are n — 3 7,5-sets viz., S1 = {vy, vy, Vs, ..., vp }, S2 = {v1, va, v,
ceey Un}; Sg = {Ul, V2, V3, Vg, ..., Un}, ceey Sn_g, = {’017 V2,U3,...,Un_5,Un_2,Un_1, ’Un}, Sn—4 =

{v1,9,V3, ooy Up—4, U1, U }, Sz = {v1, 09,03, ...,0,_3,0,}. We observe that T3 =

{v4,v6, ..., 0p—1} is a minimum forcing subset of S; and so f,,s(S1) = ”7_3’, Th5 =

{ve,v4, ..., Vn=1, Vg, Vg, ..., Up_2 } is a minimum forcing subset of S,,_5 and 80 fr,s(Sn—5) =
2

”7_3, T4 = {vs,vg, ..., Uns1, U7, V10, -+ Up_1} is @ minimum forcing subset of S,,_4 and

SO fons(Sn—4) = "T_g and T,_3 = {vy, vy, Vg, ...., Up_3} is @ minimum forcing subset of

_ n—3 s _

Sn—gand so fins(Sn—3) = "5°. Fori =2,4,6,...,n=7,S; = {v1, vz, ..., Vi, Vi3, Viga, -, Un}-

Then T; = {vy, V4, ..., Vi, Vit3, Vits, .o, Up—2} is a minimum forcing subset of S; and
_ n—3 s —

SO fws(Si) = 5 - For ] = 3,5,7,...,77, — 6, Sj = {Ul,’Ug,...,Ui,Ui+3,Ui+4,...,Un}.

Then T; = {vs,vs, ..., Vj12, Vji5, ..., Up—1} i & minimum forcing subset of S; and so
fyns(S;) = %52, Therefore f.,s(G) = 52 for odd n > 7.

For even n > 8, there are n—3 7,5-sets viz., S; = {v1, vy, s, ..., v, }, So = {1, Vo, Us,
...,Un}, Sg = {Ul,Ug,Ug,UG, ...,Un}, ...,Sn_5 = {Ul,UQ,Ug, ...,Un_5,Un_2,Un_1,Un}7Sn_4 =
{v1, V2,03, ooy Vg, Un_1,Un }, Sz = {01, 2,03, ..., Up_3, 0, }. Then T7 = {vy, vg, ..., v, }

is a minimum forcing subset of Sy and so f.,5(S1) = ”T_Q, T5 = {3, V5, o0, Un 41, Un_z2,
2

iy Up—1} 1s & minimum forcing subset of S,_5 and so fy,s(Sn—5) = ”T_Q, Ty =
{va, vy, ory Un,Un g, Up—1} is @ minimum forcing subset of S,,_4 and 80 f,,,5(Sn—4) =
”T’Q and T;,—3 = {v2,04, ..., V2,V 49, ..., 0,3} is @ minimum forcing subset of 5,3
and so fo,s(Sp—3) = ”7_2 For i =2,4,6,....n— 6, S; = {v1, Vo, ..., Vi, Viy3, Visd, ..., Up }
Then T; = {vs, V4, ..., Vi, Vi13, Vits, ---, Un_1} 1S & minimum forcing subset of S; and so
fyns(Si) = %52, For j = 3,5,7,....,n — 7, S; = {v1, 02, ..., Vj, Vit3, Viya, ..., Un}. Then
T; = {vo,v4, ..., Vj_2,V;,Vj11,Vj43, ..., Up_3 } is @ minimum forcing subset of S; and so
fyns(S;) = %52, Therefore f,,s(G) = 52 for even n > 8. O

THEOREM 2.14. For the complete graph G = K,,(n > 2), fi.s(G) = 1.

Proof. For G = K, any singleton subset of G is a y,s-set of G so that 7,s(G) = 1.
Since n > 2, G contains more than one v,s-set and so f,,s(G) > 1. By Theorem 2.3,
f'yns(G) = 1. Il
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THEOREM 2.15. For the complete bipartite graph G = K, (2 <r < s), fius(G) =
2.

Proof. Let X = {z1,29,....,2.} and Y = {y1, 42, ..., ys} be the bipartite sets of G.
Let Si; = {xi,y;} (1 <4 <r)and (1 <j <s). Then S;; is a y,s-set of G so that
Yns(G) = 2. Since any singleton subset of S5;; is a subset of more than one 7,4-set of
G for some i and j. Therefore f.,(G) > 2. By Theorem 2.3, f,,,(G) = 2. O

THEOREM 2.16. For the star G = K 1, fyns(G) =n — 1.

Proof. Let v be the center and vy, vs, ..., v,,_1 be the set of all end vertices of G. Then
S = {Ulu V2, ...y Un,1}7 Sl = {Uu V2, V3, ...y UTL*I}7 52 = {UJ U1, V3, .1y 'Unfl}a sy Snfl =
{v,v1,v9,...,0,_2} are the v,,-sets of G with cardinality n — 1. We notice that no
Yns-set of GG is the unique 7,s-set containing any of its proper subsets. Therefore

fons(G) = Yns(G) =n — 1. O
THEOREM 2.17. For the cycle G = C,, (n > 3), fyns(G) = ns(G) = n — 2.

Proof. Let C,, : vy, v, ..., 05_1, v, be the cycle of order n. Then Sy = {vy, va, V3, ..., U2},
Sy = {U2,U3,U47 "'7Un—27vn—1}7 Sy = {U37U47 "'7Un—lavn}7 ey S = {UmUhUz,Ui’w ”'7Un—3}
are the 7, - sets of G with cardinality n — 2. We notice that no v,s-set of G is the
unique 7,,-set containing any of its proper subsets. Therefore f.,s(G) = 7,s(G) =
n— 2. [

THEOREM 2.18. Let G be a connected graph without cut vertices. If A(G) =n—1,
then 0 < f,,s(G) < 1.

Proof. By the definition of forcing nonsplit domination number, we have f.,s(G) >
0. Since G contains no cut vertices, 7,s(G) = 1. By Theorem 2.3, f.,s(G) < 1. Thus
0 < fons(G) < 1. [

The following theorem shows the sharpness of the lower and the upper bounds.

THEOREM 2.19. Let G be a connected graph of order n > 4 without cut vertices
and A(G) =n— 1.
(i) If G contains only one universal vertex, then f.,,(G) = 0.
(ii) If G contains more than one universal vertex, then f.,s(G) = 1.

Proof. (i) Let u be the universal vertex of G which is not a cut vertex. Then
S = {u} is the unique 7,4-set of G so that f.,,s(G) = 0.

(ii) Suppose that G contains more than one universal vertex. Let xq, o, ..., 2,
(2 < r < n) be the universal vertices of G. Since G contains no cut vertices, S; = {x;}
is a yps-set of G for 1 < i < r such that f,,s(S;) = 1 for all 1 < ¢ < r. Therefore

f"/ns(G) =1 ]

LEMMA 2.20. Let G = K; + (m1K1 UmeKoUmsKs U ... U mTKT), where mq +
my + mz + ...m, > 2 and S be a y,s-set of G. If §(G) > 2, then S contains at least
one element from each component of G — v, where V (K;) = {v}.

Proof. Let v be the cut vertex of G and S be a y,s-set of G. Let Gy, Go, ..., G,.(r > 2)
be the components of G — v. Since §(G) > 2, |V(G;)| > 2 forall i (1 <i <7r). Let
x; be a vertex of V(G;) for all 4,1 < i < r. We prove that S contains at least one
element from each G; (1 < i < r). On the contrary, suppose that there exists a
component say Gi, such that S contains no elements of G;. Then it follows that
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v € S and S contains all the elements from each G; for all i (2 < ¢ < r) and so
Yus(G) > 142(r—1) =2r — 1. Let Sy = {x1, 22, x3,...,x,.}. Then S is a y,s-set of G
so that ,5(G) = r < 2r — 1, which is a contradiction. Therefore S contains at least
one element from each component of G — v. O]

THEOREM 2.21. LetG = Ky + (m1 K1 Umy Ky UmsK3 U ... Um,K,.), where my +
mo +mg + ..m, > 2. If 6(G) > 2, then f,5(G) = Yns(G).

Proof. Let v be the cut vertex of G and S be a y,s-set of G. Let Gy, Gs, ..., G,.(r > 2)
be the components of G — v. Since §(G) > 2, |[V(G;)| > 2 for 1 < i < r. Let
xi,y; € V(G;) for 1 < i < rand let H; = {x;,y;} (1 < i < r). By Lemma 2.20,
S contains at least one element from each H; (1 < i < r) and so 7,s(G) > r. Let
S = {x1,x9,...,2,}. Then S is a minimum nonsplit dominating set of G so that
’Yns(G) =T

Next we show that f.,s(G) = r. Since v,s(G) = r and every v,s-set of G contains
at least one element from each H; (1 < i < r), it is easily seen that every ,s-set is
of the form S = {¢1, ¢, ..., ¢}, where ¢; € H; (1 < i <r). Let T be a proper subset
of S with |T'| < r. Then there exists some ¢ such that H; N T = ¢ which shows that
Fonal @) = 7 = 10l G). .

3. Realization results

In this section, we present some graphs from which various graphs arising in theo-
rems are generated using identification.

DEFINITION 3.1. Let P; : u;,v; (1 < i < a) be a copy of path on two vertices and
let Pi/ 2,y (1 < i < b) be another copy of path on two vertices. Let J, ; be the
graph obtained from P; (1 <i < a) and P, (1 < i < b) by adding a new vertex = and
introducing the edges xz; (1 <i <), zu; (1 <i<a)and zv; (1 <i<a).

DEFINITION 3.2. Let K% : zy, yi, 2 (‘1 <i < a) be a copy of the complete graph K.
Let GG, be the graph obtained from K3 by adding a new vertex x and introducing the
edges zz; (1 <i<a)and 2z (1 <i<a).

DEFINITION 3.3. Let K} : p;, qi, 75,8 (1 <4 < a) be a copy of the complete graph
Ky4. Let H, be the graph obtained from K} (1 < i < a) by adding new vertices
y,t1,t2, ..., 1, and introducing the edges yp;, yg; and s;t; (1 <i < a).

DEFINITION 3.4. Let P; : w;,v; (1 < i < a) be a copy of path on two vertices. Let
R, be the graph obtained from P, (1 < i < a) by adding the vertex z and introducing
the edges zu; (1 <i < a).

In view of Theorem 2.3, we have the following realization result.

THEOREM 3.5. For every pair of positive integers a and b with 0 < a < b and
b > 1, there exists a connected graph G such that f.,s(G) = a and v,s(G) = b.

Proof. Case 1. a=10,b> 1.

Subcase 1.1. a = 0,b = 1. Consider the graph G = F}, (n > 5). Since G contains
only one universal vertex, 7,s(G) = 1 and by Theorem 2.19 (i) f,,s(G) = 0.

Subcase 1.2. a = 0,b = 2. Consider the graph G given in Figure 3.1. Then
S = {v1,v6} is the unique 7,s-set of G so that v,,(G) = 2 and f,,s(G) = 0.
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Figure 3.1

Subcase 1.3. a = 0,b > 3. Let G be the graph obtained from a path P, (b > 3)
by adding an end edge to each vertex of P,. Since b > 3, the diameter is at least 3.
Let S be the set of end vertices of G. Then by Theorem 2.6, S is a subset of every
Tns-set of G and so v,s(G) > b. Since S is the unique v,s-set of G, it follows from
Theorem 2.10 (a) that f,,s(G) =0 and v,s(G) = b.

Case 2. 0 <a=0b. Let G = K; +aKs(a >1). Then by Theorem 2.21, we have
Yns(G) = f"mS(G) = a.

Case 3. 0 < a < b. Consider the graph G = J, p_,. First we show that v,s(G) = b.
Let Y = {y1,%2, .-, Yp_a}. By Theorem 2.6, Y is a subset of every minimum nonsplit
dominating set of G. Let A; = {u;,v;}(1 < i < a). Then it is easily observed that
every nonsplit dominating set of G contains at least one vertex from each A;(1 <i < a)
and so v,5s(G) > b—a+a=10. Let S =Y U {uy,ug,...,us}. Then S is a minimum
nonsplit dominating set of G so that 7,s(G) = b. Next we show that f.,,s(G) = a. By
Corollary 2.11, fyns(G) < 7us(G) — |Y| = b— (b —a) = a. Now, since 7,s(G) = b and
Y is a subset of every minimum nonsplit dominating set of G, it is easily seen that
every vns-set of G is of the form S° =Y U {cy, ¢, ..., o}, where ¢; € A;(1 < i < a).
Let T be any proper subset of S" with |T'| < a. Then it is clear that there exists some
i such that T'N A; = ¢, which shows that f.,s(G) = a. O

PROPOSITION 3.6. The difference |f,(G) — fyns(G)| can be arbitrarily large.

Proof. Consider the graph J, o, (@ > 2). We notice that y(G) = 2a + 1 and
f+(G) = 2a. Also, by Theorem 3.5, 7,,(G) = 3a and f,,s(G) = a. Therefore
[/A(G) = fons(G)] = [2a — a] = a. O

We know that v(G) < 7,s(G). However, there was no known relationship between
f+(G) and f,,s(G). So we have the following realization results.

THEOREM 3.7. For every integer a > 0, there exists a connected graph G with
J1(G) = fons(G) = a.

Proof. Case 1. a = 0. Let G = F,, (n > 5). Since G contains only one universal
vertex, f,(G) = 0. By Theorem 2.19 (i), f,ns(G) = 0.

Case 2. a > 1. Consider the graph G = G,. First we prove that v(G) = a. For
1 <i<a,let A; = {x;,2}. It is easily observed that every minimum dominating
set of G contains at least one vertex from each A; (1 <i < a) and so 7(G) > a. Let
D = {x1,29,...,2,}. Then D is a minimum dominating set of G so that v(G) = a.
Next we prove that f,(G) = a. Since 7(G) = a and every minimum dominating set
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of G contains at least one vertex from each A; (1 <7 < a), it is easily seen that every
v-set is of the form Dy = {c1,¢a,...,ca} where ¢; € A; (1 < i < a). Let T be any
proper subset of Dy with |T'| < a. Then it is clear that there exists some i such that
T N A; = ¢, which shows that f,(G) = a.

Next we show that 7,s(G) = a. It is easily observed that every nonsplit dominating
set of G contains at least one vertex from each A; (1 < i < a) and so v,5(G) > a.
Let D = {x1,29,...,2,}. Then D is a minimum dominating set of G and (V' — D) is
connected. Hence D is a minimum nonsplit dominating set of G and so v,s(G) = a. By
the similar argument as in the proof of f,(G) = a, we can prove that f.,,s(G) =a. O

THEOREM 3.8. For every pair a,b of integers with a > 0 and b > 0 there exists a
connected graph G such that f,(G) = a and f,,s(G) = b.

Proof. Case 1. 0 <a <b.

Subcase 1.1. 0 < a = b. Then the graph constructed in Theorem 3.7 satisfies the
requirements of this case.

Subcase 1.2. a =0, b=1. Let G = K; 3+ e. Then f,(G) =0 and f,,s(G) = 1.

Subcase 1.3. a = 0, b > 2. Consider the graph G = H,. First we prove that
¥(G) =b+1and f,(G) =0. For 1 <17 <b, it is easily observed that every minimum
dominating set contains the vertex y and each s; (1 < i < b) and so y(G) = b+ 1.
Let D = {y, s1, $2, ..., $p}. Then D is the unique 7-set of G so that v(G) = b+ 1 and
fv(G) = 0.

Next we prove that v,;(G) = 2b and f.,,s(G) = b. Let Z = {t1,t5,....t,}. By
Theorem 2.6, Z is a subset of every minimum nonsplit dominating set of G. For
1 <i<b,let Bi = {pi,q:}. It is easily observed that every nonsplit dominating
set of G contains at least one vertex from each B; (1 < i < b) and so ,5(G) > 20b.
Let Dy = Z U {p1,pa,...,pp}. Then D; is a minimum nonsplit dominating set of G
so that v,5(G) = 2b. By Corollary 2.11, f,,s(G) < 7,s(G) — |Z] = 2b —b = b.
Now, since 7,s(G) = 2b and Z is a subset of every minimum nonsplit dominating set,
it is easily seen that every v,,-set Dy is of the form Dy = Z U {¢y, ¢a, ..., ¢} where
¢; € B; (1 <i<b). Let T be any proper subset of Dy with || < b. Then it is clear
that there exists some ¢ such that 7N B; = ¢, which shows that f.,s(G) = b.

Subcase 1.4. 0 < a < b. Let G be the graph obtained from G, and H,_,
by identifying the vertex x of G, and y of H,_,. First we prove that v(G) = b. For
1<i<a,let A; = {x;,z;}. Itis easily observed that every minimum dominating set of
G contains the vertex s;(1 < i < b—a) and at least one vertex from each A;(1 < < a)
and so Y(G) > b—a+a="b. Let Z = {s1, 82, ..., Sp—a} and D3 = ZU{xy, 9, ..., Ta }.
Then D3 is a minimum dominating set of G and so 7(G) = b. Next we prove that
f+(G) = a. Now, since v(G) = b and Z is a subset of every 7-set of G, every 7-set is
of the form Dy = Z U {¢cy,¢a,...,¢ca} where ¢; € A; (1 < i < a). Let T be any proper
subset of Dy with |T'| < a. It is clear that there exists some ¢ such that TN A; = ¢,
which shows that f,(G) = a.

Next we prove that 7,s(G) = 2b — a. Let Z; = {t1,ts,...,ty_o}. Then by Theorem
2.6, Z; is a subset of every minimum nonsplit dominating set of G. For 1 <i < b—a,
let B; = {pi, ¢;}. Then every minimum nonsplit dominating set of G contains at least
one vertex from A; (1 <i < a) and at least one vertex from B; (1 <i < b —a) and
S0 Yns(G) >b—a+a+b—a=2b—a. Let Dy = ZU{x1,29,.....,Ta, P1, D2, -, Db—a }-
Then Dj is a nonsplit dominating set of G so that v,s(G) = 2b — a. Next we prove
that f,,s(G) = b. Since 7,5(G) = 2b—a and every v,s-set of G contains 77, it is easily
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seen that every 7,s-set is of the form Dg = Z; U{¢cy, ¢a, ..., ca} U{dy, do, ..., dy_o } Where
;€ Ai(1<i<a)andd; € B; (1 <i <b—a). Let T be any proper subset of Dg
with |T'| < b. Then it is clear that there exists some ¢ and j such that TNA,NB; = ¢
which shows f,,s(G) = b.

Case 2. 0<b<a

Subcase 2.1. b = 0, a = 1. Consider the graph G given in Figure 3.2. Then
S1 = {vy,v3} and Sy = {wy,v3} are the two 7-sets of G so that y(G) = 2 and
f+(G) = 1. Also, S3 = {v1,v4,vs5} is the unique 7,5-set of G and so v,s(G) = 3 and
f'yns(G) = 0.

Us
@ @ L
U1 Vg U3 V4
G
Figure 3.2

Subcase 2.2. b =0, a > 2. Consider the graph R,. Let G be the graph obtained
from R, by adding two new vertices v and v and introducing the edges zu and zwv.
First we show that v(G) = a+ 1. For 1 <i < a, let T; = {u;,v;}. Then it is easily
observed that every minimum dominating set of G' contains the vertex z and at least
one vertex from each 7; (1 <1 < a) and so y(G) > a+1. Let Sy = {z}U{uy, ug, ..., us }.
Then S, is a minimum dominating set of G so that v(G) = a+ 1. Next we prove that
f+(G) = a. By Theorem 1.1, f,(G) < v(G) —|Z|. Since 7v(G) = a+ 1 and every ~y-set
of G contains z, it is easily seen that every ~-set is of the form S5 = {z}U{c1, co, ..., ¢4 },
where ¢; € T; (1 < i < a). Let T be a proper subset of S; with |T'| < a. Then it is
clear that there exists some ¢ such that T'N7T; = ¢, which shows that f,(G) = a. Next
we prove that v,5(G) = a+2 and f,,,s(G) = 0. Let W = {u,v,v1,v,...,v,}. Then by
Theorem 2.6, W is a subset of every minimum nonsplit dominating set of G and so
Tns(G) > a + 2. Tt is clear that W is the unique 7,s-set of G so that v,5(G) = a + 2
and fyns(G) = 0.

Subcase 2.3. 0 < b < a. Let G be the graph obtained from G, and R,_,
by identifying the vertex x of G, and the vertex z of R,_; and also adding two new
vertices u and v and introducing the edges zu and zv. First we prove that v(G) = a+1.
For 1 <i <b,let A; ={w;,vy;,2} and for 1 <i <a—b,let B; = {u;,v;}. It is easily
observed that every dominating set of G contains the vertex z and at least one vertex
from each A; (1 <7 <b) and at least one vertex from each B; (1 <i < a —b) and so
Y(G)>14+b+a—b=a+1. Now as in earlier cases, every 7y-set of G is of the form
Se = {2} U{ug,ug, ..., uq_p} U{x1, 9, ..., 25} Then Sg is a minimum dominating set
of G which shows that v(G) =1+a —b+b=a+ 1. Next we prove that f,(G) = a.
Since v(G) = a+1 and every ~y-set of G contains z, it is easily seen that every ~-set is
of the form S7 = {z} U{c1,co, ...} U{dy,ds,...,da—p} where ¢; € A; (1 <i <b) and
d; € B;(1 <i<a—"b). Let T be any proper subset of S7; with |T'| < a. It is clear that
there exists some ¢ and j such that T'N A; N B; = ¢, which shows that f,(G) = a.

Next we prove that v,s(G) = a+2 and f,,,s(G) = b. Let Wy = {u, v, v1,v9, ..., 04p}.
Then by Theorem 2.6, W7 is a subset of every minimum nonsplit dominating set of
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G. It is easily observed that every nonsplit dominating set of G contains at least
one vertex from A; (1 < i < b) and so v,5(G) > a—b+2+b = a+ 2. Let
Sg = Wy U{zy, xg, ..., xp}. Then Sg is a minimum nonsplit dominating set of G so that
Yns(G) = a—b+2+b = a+2. Next we prove that f,,s(G) = b. Since v,s(G) = a+2
and every 7,s-set of G contains W7, it is easily seen that every -,,-set is of the form
So = Wi U{eq, ¢, ...y 00} where ¢; € A; (1 < i <b). Let T be any proper subset of Sy
with |T'| < b. Then it is clear that there exists some i such that "N A; = ¢, which
shows fy,s(G) = 0. O

REMARK 3.9. (i) Let Cg : vy,v9,v3,04,05,06,v1. Let G be the graph obtained
from Cg by introducing the edge vyvy. Then it is easily verified that v(G) =
2, {é)G) =0, 7s(G) = 2 and f,,5(G) = 1. Thus f,(G) < f1ns(G) < v(G) =
(ii) Ingr the graph G given in Figure 3.3, 7(G) = 2, f,(G) = 1, 7,s(G) = 2 and
fns(G) = 0. Thus f1,5(G) < f1(G) < Y(G) = Yas(G).
(ili) For G = Cs, 7(G) = 2 and v,5(G) = 4. Also, f,(G) =1 and f,,,(G) = 4. Thus
12(G) <G < Fyns(G) = 7un(G).

Us

V4

@
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G
Figure 3.3
So we leave the following problem as open question.
PrROBLEM 1. For any four positive integers witha > 0,6 >0, c <b<dandd > 1,

does there exist a connected graph G such that f,(G) = a, f,us(G) = b, v(G) = ¢
and v,s(G) = d?
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