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Remarks of Primes of the Form
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Abstract

In this article, we will study which prime numbers are represented by the principal form. p = x*+ m?”. We will
also give some results related to the form of primes of the form x>+ axy +)*.
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1. Introduction

One of the important topic of algebraic number the-
ory is to study primes p of the form p=x*+mny* for
given integer n. The answers for the question was
widely studied by various authors. In this paper, we will

study the several prims represented by quadratic forms

2. Preliminary

We will review some basic facts from algebraic num-
ber theory, including Dedekind domain, factorization of
ideals, and ramification. To begin, we define a number
field K to be a subfield of the complex numbers C
which has finite degree over Q. The degree of K over
Q is denoted [K : O]. Given such a field K, we let O
denote the algebraic integers of K, i.e., the set of all
o € K which are roots of a monic integer polynomial.
The basic structure of Oy is given in the following prop-

osition.

Proposition 2.1. (See proposition 5.3 of [1])
Let K be a number field.
(1) Ok is a subring of C whose field of fraction is K.
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(ii) O is a free Z-module of rank [K : O].

We will often call Ok the number ring of K. To begin
our study of Oy, we note that part (ii) of Proposition 2.1
has the following useful consequence concering the ide-
als of Og:

Corollary 2.2.
If K is a number field and a is a nonzero ideals of

Oy, then the quotient ring O/a is finite.

Given an order O, let /(O) denote the set of proper
fractional O-ideals. Then /(O) is a group under multi-
plication; the crucial issues are closure and the existence
of inverses, both of which follow from the inevitability
of proper ideals, The principal O-ideals give a subgroup
P(0) c I(0), and thus we can form the quotient

C(0)=K0)/ P(O)

which is the ideal class group of the order O. When O
is the maximal order Ox, I(Ox) and P(Ox) will be
denoted Iy and Py, respectively. We can relate the ideal

class group C(O) to the form class group C(D).
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Theorem 2.3. (Theorem 7.7 in [1])

Let O be the order of discriminant D in an imaginary
quadratic field K.

(i) Iff(x, y)=ax*+bxy+cy” is a primitive definite
D, then

b+:ZD

e form class

quadratic form of discriminant

L:, = 3 is a proper ideal of O.

(i) The map sending f(x,y) to L
induces an isomorphism between
group C(D) and the ideal class group C(O).
Hence the order of C(O) is the class number
(D).

(iii) A positive integer m is represented by a form
f(x,y) if and only if m is the norm Ma) of some

ideal a in the corresponding ideal class in C(O).

Let L be the ring class field of Z[ ./

relating

]. We start by

Theorem 2.4. (See Theorem 9.4 in [1])

Let »>0 be an integer, and L be the ring class field
of the order Z[/~n] in the imaginary quadratic field
K=0(J-n). If p is an odd prime not dividing », then

p=x*+m’ < p splits completely in L.

3. Primes of the form x?+ axy + by?

Theorem 3.1.

Let n be a positive integer greater than &°. A rational
prime p is represented by a binary quadratic form
f(x,y) =x*+2kxy + ny* if and only if p is represented by
2t (n— )

Proof)
Let K=Q(JkK'-n), O=Z[Jk-n]. The discrimi-
nant of quadratic form f and order O is both 4(k* - n).

72k+:Z4£szni)

2
=(1,,/k’=n)= 0 and &, be a corresponding element of

ap in Gal(L/K). We can regard o, as an element in

Let L be ring class field of O, a,= (1,

Gal(L/Q), and suppose <> be a conjugacy class of 6,

in Gal(L/Q). By Theorem 2.3, a rational prime p is rep-
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resented by f if and only if p satisfies following two

conditions.

1) p is unramified in L.

> (2)-<o

Since ay= 0, the ideal class containing aj is the iden-
tity element of C(O) and hence o, is identity. Also
(L—/Q) =1 if and only if p splits completely in L. Thus
a rlajltional prime p is represented by f'if and only if p
splits completely in L. By Theorem 2.4, f representing
p is equivalent to x*+ (n— k*))” representing p.

Theorem 3.2. ,

Let n be a positive integer greater than &Ill A
rational prime p is represented by a binary quadratic
form g (x, y) = ¥+ (2k+ lxy+n)? if and only if p is rep-
resented by x* + (4n— 2k + 1))~

Proof)

Let K=0(/(2k+1)"—4n), ozz{@]

The discriminant of quadratic form g and order O is
both (2k+ 1)> — 4n. Let L be the ring class field of O,

ay= (1;(2“ 1)+J2(2k+ 1)2*4") =(1,/J2k+1)*~4n)

= O and o, be a corresponding element of a, in Gal(L/

K). We can regard o, as an element in Gal(L/Q), and
suppose <c> be a conjugacy class of o, in Gal(L/Q).
Since p is represented by g if and only if p is unramified
in L and =<g0,>, a rational prime p is repre-
sented by g ilt2 and only if p splits completely in L. By
Theorem 2.4, f representing p is equivalent to x*+ (4n—

(2k+ 1)%)” representing p.
4. Primes of the form ax?+ by?

Theorem 4.1.

Let & be a positive integer, » be a positive integer
coprime with @ such that class number of O(./—an) is
odd. A rational prime p is represented by a binary quad-
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ratic form f(x, y) = ax* + my? if and only if p is repre-
sented by x> + (an))”.

Proof)

Let K=Q(/-an), O =Z[J—an] The discriminant
of quadratic form f'and order O is both —4an. Let L be
ring class field of O, a, =(a,72@) =(a, J—an)=
0.

aé =(d%, aJ-an, aj—an, —an)=(a, aj—an)=(a)

hence [a]* = 1. Since we suppose #(K)=1 (mod 2), the
order of C(O) is odd and the order of [ap] is 1. Since
[ao] = 1, the corresponding element G, in Gal(L/K) is 1.
By Theorem 2.3, a rational prime p is represented by
if and only if p is unramified in L and =<op21.
This is equivalent to p completely splitting in L. By
Theorem 2.4, f representing p is equivalent to x* + any?

representing p.

5. Primes of the form ax?+ 2xy + by?

Theorem 4.1.
Let g be a odd positive integer, » be a positive integer

satisfying n = 2(k

7711 for some k. A rational prime p
is represented by a binary quadratic form f(x, y)=
g®+2xy+ny* if and only if p is represented by

¥+ (gn— 1)y~

Proof)

Let K = Q[./1—gn ], 6 be a solution of gx* +2x +n
=0 and O = Z[./1—gn]. The discriminant of quadratic
form f'and order O is both 4(1—gn). Let L be ring class

field of O, [ag] = (q,w) =4, q0.

2

ao =(q, 907 = (¢, ¢°6. 4°6, ¢°0?)
=(q", ¢°6, 2q0— qn)
=(q" —q +qJ1—qn,2—qn-2./1—qn)

ay is consisted of all number of the form ¢+
s/T—gn which satisfies
t=q"x—qy+Q2—qn)z, s./T—qn = (qy - 22)/T—qn for
x,y,zeZ. Since g is odd, every integer solution for

qy-2z=s is
y=s+2k,z=sq£—1+qk,keZ

by bezout identity. If we substitute this result to real
part,

t= qzx—s—qnsgg—l—qznk,x,k eZ

It can be all elements of qu—(Mg{—l)+ l)s . Hence

ay =(q2,—(n—q£g—)271 * OWW) z(q2"mgz;l)q9)'

Since n=2i§q:l—l) for some k&,

-1
a = 4,280 = (@, kP~ ) + 40)

=, g +tq0)=(g", J1—qn)

But af = (4% J1—gqn). Hence [a] =1 and the cor-
responding element o, in Gal(L/K) is 1. By Theorem
2.3, a rational prime p is represented by f if and only
if p is unramified in L and =<gy>1. This is
equivalent to p completely splitting in L. By Theorem
2.4, frepresenting p is equivalent to x* + (gn — 1))” rep-

resenting p.
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