East Asian Math. J.

Vol. 37 (2021), No. 1, pp. 087-095 S YNMS
http://dx.doi.org/10.7858 /eamj.2021.007 o e

RAY CLASS INVARIANTS IN TERMS OF EXTENDED FORM
CLASS GROUPS

DoNG SUNG YOON

ABSTRACT. Let K be an imaginary quadratic field with O its ring of
integers. For a positive integer IV, let K(xy) be the ray class field of K
modulo NOg, and let Fx be the field of meromorphic modular functions
of level N whose Fourier coefficients lie in the Nth cyclotomic field. For
each h € Fy, we construct a ray class invariant as its special value in terms
of the extended form class group, and show that the invariant satisfies the
natural transformation formula via the Artin map in the sense of Siegel
and Stark. Finally, we establish an isomorphism between the extended
form class group and Gal(K(yy/K) without any restriction on K.

1. Introduction

Let K be an imaginary quadratic field of discriminant dx and O be its ring
of integers. For a positive integer N, let Qn(dx) be the set of primitive positive
definite binary quadratic forms of discriminant dx whose leading coefficients are
prime to N, that is,

On(dg) = {ax’+bry+cy® € Zlz,y] | ged(a, b, ¢) =1, a > 0, b*—4dac = dg, ged(a, N) = 1}.

We define the equivalence relation ~p, (n) on Qn(dr) as

QNFI(N)Q’ — Q/(B]>:Q(y[ﬂ) for some v € T'1(N),

where T'1 (V) is the congruence subgroup of SLy(Z) given by

Ty (N) = {7 € SLy(Z) | v = B ﬂ (mod N)}.

When N = 1, it is called the Gauss proper equivalence ([1, §2]).

Let CI(NOk) be the ray class group of K modulo NOg, and let Ky be the
corresponding ray class field so that CI(NOk) is isomorphic to Gal(K(y)/K)
via the Artin map for modulus NOg. It is well known by class field theory that
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every finite abelian extension of K is contained in the ray class field Ky for
some N ([1, §8]). Recently, Eum et al. showed that the map

On(dk)/ ~ryvy — CI(NOk) (1)
Q] = [we, 1]] = [Zwg + Z]

is bijective, where wq is the zero of Q(z, 1) in the complex upper-half plane H.
Hence the set of equivalence classses

Cn(dk) = Qn(dx)/ ~r,(n)

can be regarded as a group isomorphic to CI(NOf) (2, Theorem 2.9]). See also
[4]. We call this group Cy(dk) the extended form class group of discriminant
dg and level N. Let Fn be the field of meromorphic modular functions of level
N whose Fourier coefficients lie in the Nth cyclotomic field. Moreover, let 7x
be the zero associated with the principal form x2? + bgay + cxy? in Qn(dg).
They further presented the isomorphism

CN(dK) — Gal(K(N)/K)

a (b—bx)/2
Q] = [az® + bry + cy?] (h(TK) onlo U ](wQ) |h € Fy is finite at TK>

when K is different from Q(y/—1) and Q(v/—3) ([2, Theorem 3.10]).

In this paper, we shall modify and improve the results of [2]. Without the
restriction K # Q(v/—1), Q(v/=3), we shall construct a ray class invariant
h(C) in Ky for each h € Fy and C € CI(NOg) which satisfies the natural
transformation formula

h(C)7N ) = B(CD) for all D € CI(NOk), (2)

where oy : CI(NOg) — Gal(K(y)/K) is the Artin map for modulus NOg
(Theorem 3.2). By using (2), we shall also establish an isomorphism between
CN(dK) and Gal(K(N)/K) (Theorem 3.5).

We notice that [2] was definitely inspired by C. L. Siegel’s work [8]. When
N > 2, Siegel defined ray class invariants as the special values of one-variable
Siegel functions having a transformation formula similar to (2). See also [5,
Chapter 19]. Besides, H. M. Stark conjectured that there exists a family of
units in some class field of a totally real field which satisfies a transformation
formula such as (2) ([9, Conjecture 1]). We hope that this paper together with
[4] may provide some clues to Stark’s conjecture.

2. Shimura’s reciprocity law

In this section, we shall describe the action of an idele group on the field of
meromorphic modular functions and Shimura’s reciprocity law for later use.

The group GL3 (R) = {y € GLa(R) | det(y) > 0} acts on the complex upper
half plane H = {7 € C | Im(7) > 0} by fractional linear transformations. For
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a positive integer N, let Fn be the field of meromorphic modular functions for
the principal congruence subgroup

I'(N) ={v € SL2(Z) | v = I (mod N - M5(Z))}

whose Fourier coefficients lie in Q(Cy) with ¢y = e2™/V,

Proposition 2.1. The field Fy is a Galois extension of F1 and

o[} 4] e}

Let h(7) be an element of Fy whose Fourier expansion is

h(r)= > ed™™N (ea € QW)

n>—oo

where

2miT

with ¢ = e
(i) Ifa= HO d” with d € (Z/NZ)*, then

h(r)* = Z cqu"/N,

n>—oo

where o4 is the automorphism of Q((n) given by (3t = (%.
(i) If B € SLa(Z/NZ)/{£I2}, then

h(r)? = h(B'(7)),

where 5’ is any element of SLa(Z) which maps to B through the reduction

Proof. See [6, Proposition 6.21]. O
Let
F o= U7~
N=1
/
Gar = J] GL2(Qp) x GLI (R),
p:primes

where ’ denotes the restricted product, that is,

H’ GLy(Q,) = {a = (ap)p € H GL2(Qp) | € GL2(Zy,) for almost all primes p} .
J2

p

Proposition 2.2. Let U = [, GL2(Z,) and G4 = GL3 (Q) which are sub-
groups of Gay. Then we have

GA+ == UG+ == G+U
Proof. See [6, Lemma 6.19]. O
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Proposition 2.3. There exists a surjective homomorphism
or : Gay — Aut(F)
satisfying the following properties: Let h € Fn with a positive integer N.
(i) ho7) = hon~ for all v € Gy
(i) Foru = (up), € U, let w € GLo(Z/NZ) such that u =, (mod N) for

allp|N. Then
ha}-(u) _ hﬁ

)

where the action of w on h is understood as in Proposition 2.1.
Proof. See [6, §6.6]. O

For a number field F, let F; be the idele group of F' and Fj1, be the maximal
abelian extension of F'. By class field theory, every element z of ) acts on Fyy,
as an automorphism (cf. [3]). We denote this automorphism by [z, F].

Let K be an imaginary quadratic field. For w € KNH, we have the embedding

qu - K — Mg(@)
defined by
w w
wi) |3 =afy] @ex,
One can continuously extend ¢, to an embedding K — M>(Qy4), and also
denote it by ¢, .

Proposition 2.4 (Shimura’s Reciprocity Law). Let h € F and w € K NH. If
h is finite at w, then h(w) belongs to Ka,. Moreover, if s € K[, then we get
qu(s) € Gay and

h(w)ls K = por (a7 ().

Proof. See [7, Lemma 9.5 and Theorem 9.6]. O

3. Ray class invariants in terms of form class group

Let K be an imaginary quadratic field of discriminant dg, and let C' €
CI(NOg) with a positive integer N. For the principal form 22 + bgay + cxy?
of discriminant dg, let 7 be its associated zero in H. Take an integral ideal
¢ in C and choose a Z-basis {£1, &2} of ¢! such that ¢ := & /& € H. Since

Ok =[x, 1] C ¢!, we have
K| 4 |&
)=l @

for some unique A € M>(Z). Note that
det(A) >0 and ged(det(A4), N)=1 (4)

([4, Lemma 6.2 (ii)]). For convenience, we shall denote the reduction of A onto
the group GL2(Z/NZ)/{+I>} by A.
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Definition 1. Let h € Fn and C € Cl(NOkg). Following the above notations,
we define _

h(C) = hA(€).
Proposition 3.1. The value h(C) depends only on C, not on the choice of c,
SERSR

Proof. Let ¢ be an integral ideal in C' and choose a Z-basis {£], €5} of ¢/~! such
that ¢ := £} /¢, € H. Since Ok C /71, we have

TK| _ g &
)= E] ®
for some A’ € Ms(Z). By (4), we get det(A’) > 0 and ged(det(A), N) = 1.
Since C' = [¢] = [¢], we have
¢ =vc for some v € K* such that v =* 1 (mod NOk).

Here, z = y (mod NOk) for z, y € K means that ord,(f —1) > ord,(NOk)
for all prime ideals p of Ok dividing NOg. Hence we obtain

(€, &l =d P =v i =vlg, &) = v e, v &)
and so ) »
d]=p[ng] romen=[ Yecum o

One can also show that det(B) > 0 and so B € SLy(Z) using the fact & /&,
&1 /€, € H. We then see that

¢ = bi(v™'61) + ba(v &) _ bi(61/82) +ba B(©) 1)
by(v181) +ba(v=16)  b3(61/82) +ba '
On the other hand, since ¢ and ¢/ = vc are integral ideals of K, so is (v — 1)c.
Furthermore, (v — 1)c € NOg due to the facts that ¥ =* 1 (mod NOk) and ¢
is relatively prime to NOg. Thus
[(v—1D7x,v—1] = (v —1)Ox C Nc~' = [N&, N&,

from which we have

[(Vy_l)lTK] =A" [%2] for some A" € M(Z).

Hence we derive that

varle] = o [7]-[7]

— A E]—A[gj by (3) and (5)
= A'B [gj —A 2] by (6)
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which implies NA” = A’B — A. Since B € SLy(Z), we have A’ = NA"B~1 +
AB~! and so

A= AB™! (mod N - My(Z)). (8)
Therefore we achieve by (7) and (8) that

(&) = WP (B(©) = MBI B(E) = h(©).
This completes the proof. (]
For a positive integer N, we denote by
on : CI(NOg) — Gal(Kn)/K)
the Artin map for modulus NOg (cf. [1]).

Theorem 3.2. Let K be an imaginary quadratic field, h € Fy and C €
CI(NOk) with a positive integer N. If h(C) is finite, then it belongs to Ky
and satisfies

h(C)NP) = B(CD)  for all D € CI(NOk).

Proof. Since h(C) € K,p, by Proposition 2.4, there is a positive integer M such
that N|M and h(C) € K. By using the surjectivity of the natural map
Cl(MOgk) — CI(NOk), we can take integral ideals ¢ € C' and d € D which are
relatively prime to MO . Take &, &, vy, vo € K* such that

b= &, &, § = &/&eH,

(@)~ ! = [v, ), v = /vy €H.
Since O C ¢~ C (@)1, we have
IR

for some A, B € M(Z) such that det(A), det(B) > 0. Let s = (sp), be an idele
of K such that for every prime p
sp = 1 ifp|M,
Sp(OK)p 0p lpr[M
Here, (Ok), = Ok ®z Z, and 0, = 0 @z Z,. If we let D be a ray class in
Cl(MOg) containing d, we get

(10)

[s, K”K(I\/I) = ou(D), (11)
s, '(Og)p, = 0, for all primes p.

It follows by (9) and (11) that for every prime p, the components of each of the

vectors
58] i a [

are bases for the Z,—module (cd),". Hence

ge(s™Y)p =up,B~  for some u, € GLa(Z,). (12)
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If we let u = (up)p € U =[], GL2(Z,), then we have

ae(s™!) = uB~". (13)
Thus we derive that
WOy P) = h(C)K by (11)

i

= hA(r)o7als” R by Proposition 2.4

= Wi(pyrn T; by (1)

= (Wor(B-1(r )| _, by Proposition 2.3

= ’ZE(B 1(T)) because u, = B for every prime p| N by (10) and (12)
AB(B- 1(f))
AP (w) by (9)

= R(CD) since [Tf] = AB [2] by (9).

In particular, if D is the identity class of CI(NOk) then o (D) leaves h(C)
fixed. Therefore, h(C) lies in Ky as desired.
U

Definition 2. For h € Fy and [Q] € Cn(dk) with Q = az? + bxy + cy? €
On(dk), we define

h([Q)) = P (~wg),
1 b+ bK)/2:| .

where B = [0 a

Let
én: Cn(dk)
Q]

be the isomorphism given in (1).

CI(NOx)
[lwe, 1]]

_>
|_>
Lemma 3.3. If Q = az? + bxy + cy? € Qn(dx), then

(wo, 1)@, 1] = a~'Ox.
Proof. See [4, Lemma 3.2]. O

Lemma 3.4. Let C = ¢n([Q]) with Q = az®+bry+cy? € On(dk). If h € Fn
such that h(C) is finite, then

Hence h([Q]) is well defined.
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Proof. Since ged(a, N) = 1, we have
a?™) =1 (mod N),

where ¢ is Euler’s phi function. Moreover, since awg € Ok, we can take an
integral ideal ¢ in C' = [[wg, 1]] as

¢ = a?Miwg, 1].
Now that
& = a*Mug, g, 1
a®*MN)(a71Ok) by Lemma 3.3
a2ga(N)—10K,
we get
1 1
—1 _ - _ JE—
= Zmt = e 1
If we take
_ _~Y __ 1
S= e and &= o

then we obtain ¢! = [, &) and £ := & /& = —wg € H. Thus we find that

TK _ *bK;m _ atp(N) _acp(N)—l (b+2bK> 61
1 1 0 aP(N)—1 &

a(p(N) 7a<p(N)71 b+2bK) 1 b+2bK
Let A = [ ZF(N)-1 } and B = [0 . } Then we have
B 1 _aga(N)—l (b+bK) 1 b+bx _ 1 0
AB = [O gp(N)-1 2 0 62L =1y 1 (mod N - Ms(Z)).

Hence we have

—1

h(C) = h'(-mg) = h"" (-mq) = h(Q)).
If [Q] = [Q'] with Q, Q" € Qn(dk), then
h([Q)) = h(on([Q)) = h(én ([Q']) = R(Q])-
Therefore, h([Q)]) is well defined. O

Theorem 3.5. The map

CN(dK) — Gal(K(N)/K)
[Q] = [aa® + bxy + cy®] — (h(tk) — W([Q]) | h € Fn is finite at Tk)

18 an 1somorphism.
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Proof. Note that ox o ¢ is an isomorphism from Cy(dx) to Gal(K(y)/K).
If we let Cy be the identity class in CI(NOk), then we have h(Cy) = h(7k).
Hence it follows from Theorem 3.2 and Lemma 3.4 that for [Q)] € Cn(dx) with
Q € On(dr),

(g )en QD — ()7~ @~ QD) = h(pn ([Q))) = R([Q)).

Therefore, the map in this theorem coincides with the isomorphism oyogy. O
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