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HIGHER ORDER CLOSE-TO-CONVEX FUNCTIONS
ASSOCIATED WITH RUSCHEWEYH DERIVATIVE
OPERATOR
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ABSTRACT. The purpose of this paper is to introduce and study certain
subclasses of analytic functions by using Ruscheweyh derivative operator.
We discuss various of interesting properties such as, necessary condition,
arc length problem and growth rate of coefficient of newly defined class.
Also rate of growth of Hankel determinant will be estimated.
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1. Introduction

Let A be the class of analytic functions of the form
f2) =2+ an2", (1)
n=2

in the open unit disk £ = {z : |2| < 1}. Also, let S, S*, C' and K denote the
subclasses of A consisting of functions that are univalent, starlike, convex and
close-to-convex in FE respectively.

The convolution or Hadamard product of two functions f,g € A is denoted
by f % g and is defined as

(f*9)(2) =2+ > anbp2", z€E. (2)
n=2

A function f € A is subordinate to g € A, written f < g or f(z) < g(z), if
there exists a Schwartz function w in E such that f(z) = g(w(z)).
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In [5], Janowski introduced the class P[A,B]. For -1 < B < A <1, a
function p analytic in E with p(0) = 1 belongs to the class P[A, B], if p(z) is
subordinate to }iéz .

Noor [11] extended the concept of Janowski functions in bounded rotation
and defined certain subclasses of analytic functions as follows:

Let p € A with p(0) = 1. Then, for m > 2, p € P,,[A, B] if and only if

00 = (4 3)m = (7 = 3) ). or pun € PLABL

4 2 4 2

R, [A,B] = {f €A :fo/ € Pm[A,B]}
and
VA, Bl ={f € A:zf € R,[A, B]}.

For k > 0, the conic domains €2, defined as;
Q= {u+iv:u>k (u—1)2+v2}.

The domains Q, (k = 0) represents right half plane, Q; (0 < k < 1) represents
hyperbola, i (k = 1) represents a parabola and €, (k > 1) represents an ellipse.
The extremal functions for these conic regions are given as

= : =0
1+ % log ifé , k=1
pr(2) = 1+ 25 [(2 arccos k) arctan hy/z] 0<k<l1 (3)

w(z)

1 x_ YV 1 1
1+ 7= sin 30) fo mmdm + = k> 1,

where u(z) = ZZ:\/EZ ,t €(0,1), 2 € FE and z is chosen such that k = cosh (1?;&?) ,

R(t) is Legendre’s complete elliptic integral of the first kind and R’(t) is com-
plementary integral of R(t). See [6, 7] for more information.
Let P(px) denote the class of all those functions p(z) which are analytic in E
with p(0) = 1 and satisfies p(z) < px(2), z € E.
Clearly P(py) C P (Hik) C P, where P is the well known class of Caratheodory
functions.
Let f € A and D°: A — A be the operator defined by
—Ecx f(2); 6>-—1
D) = { PRI |
nr A §eNy =1{0,1,2,..}
Note that DOf(z) = f(z) and D f(2) = zf'(z). We can easily verify the follow-
ing identity, see [19].

2(D°f) = (6 +1)D°FLf — DO f. (4)
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Using Ruscheweyh derivative operator, we define:
R),[A,Bl]={f€A:D°f€Ry[A B},

VA[A,Bl={feA:zf € R},[A B]}
and
; (0°f) s
kiUT7n[A7B]: fGA: 5\ GP(pk)vforgevm[AvB] .
(D°g)
We note that for special values of k, §, m, A and B we obtain several known

classes of analytic functions, see [3, 5, 10, 11].
2. Main Results

2.1. Necessary Condition.
Theorem 2.1. Let f € k—UTS[A, B] and F(z) = D°f(2). Then, for 6; < 0,

2z =re!

A?&{@ggy}w>—[“;ﬁ”g;”+aw,

where o = 2 arctan(3).
Proof. Let f € k—UT? [A, B]. Then there exists g € V2 [A, B] such that

F(z) € P (pr(z)), where G = D%y

G'(2)
Equivalently
F'(z) = G'(2)p(2), where p(z) € P (pi(2)) .- (5)
F'(z) = G'(2)h7(2), (6)
where i € P and o = 2 arctan(4).
Since g € V3[A, B], so
(D°g) (2) = G(2) € Vin[A, B] C Vin(p),
where p = %7 we have
G'(z) = (G4(2) ™", G1 €V, (see [16]).
From (6) and (7), we get
Fi(z) = (Gi(2)) " h°(2)
2F'(z) = (2G(2) 7" 2Ph7(2).
Logarithmic differentiation of (8) yields
(P () _ GG e M)
e - YT en T e
=) () _ (2G1(2)) 2 (2)
Fo - 0TEE e

F'(z)
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Integrating from 6 to 62, where 61 < 05, for z = re'? we have

/:2}%6{%}%:(1—p)/:2Re{(Zgllllg)))/}d9+p(92_91)

+o /: Re { Z]ZS) } do. (9)

We observe that, for h € P

9 iy _ O : i0
%argh(re ) = aeRe{—zlnh(re )}
reth’ (re?)
- 5

This implies
02 rep! (Teie) ) )
—————= b df = arg h(re'??) — arg h(re'®
/91 Re{ h(rei?) } arghlre™) —arghlre™),
92R (G1(2) d9>_(ﬂ_1) (10)
o U GI) 2 )"
From (8 — 10), we get for 6; < 05, z = e

/:2 Re{%}w > —(1=p) (% - 1) T —om —20cos! (li’"rZ)

(A—=B)(m—2)
g ‘{ 2(1-B)

and

+0’] m, (r —1).
0

Remark 2.1. For f € k — UT?[A, B], it follows that D’f is univalent for

2<m<4-— %, where p = %, o = Zarctan(+) and we restrict o # 1 — p.
Remark 2.2. Due to [3], Goodman introduced the class K (<) of analytic func-
tions which are close-to-convex of order ¢ > 0. Let f be analytic and f(z) # 0.

Then for 6, < 0y, z = re?

/{:2 Re{%(j)))/}de > —q.

If ¢ = 1, then f € K(1) = K is close-to-convex and hence univalent. We note,
from Theorem 2.1, that
A-B -2
D°f € K(), where ¢ = [(2(1)_(17;))4—0 . (11)
When § =k =0, A=1and B = -1 we get well known reusult proved by
Noor [10].
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Corollary 2.2. Let f € T,,,. Then for z = re’ and 6, < 65

0 l !
? (f'(2)) } m
Red ———~5%df > ——m.
/91 { f'(z) 2
2.2. Arc Length Problem.

Theorem 2.3. Let f € k—UTS[A,B] and F(2) = D°f = 24+ 3. A,2". Then,

n=2
for m > {% - 2}, 0 € Ny and n > 2 the arc length L.(F) of image of the
circle |z| = r under F is given by
L.(F) < c(m, p, k)n®t,
where c(m, p, k) is constant depending onm, p and k and o = (1 — p) (4£2) +o.

Proof. Let f € k—UT? [A, B]. Then there exists g € V,2[A, B] such that

Z:Ezi € P(pk(2)), where F(z) = D’ f(z) and G(z) = D’g(z).
Equivalentl
q Y F'(2) = G'(2)p(2), (12)
where p(2) € P (pr(2)).
F'(z) = G'(2)h° (2), (13)
where i € P and o = 2 arctan(). Now for z = re’?, we have
2m ,
L(F) = [Pl
_ /O 2G' (2)h° ()| 6. (14)

Since g € V3[A, B] , so
G(2) = D°g(2) € Vin[A, B] C Viu(p),

where p = %, we have
G'(2) = (G)(2))' ™", Gy € Vi,  (see [16]). (15)
For Gy € V,,,, due to Brannan [1]
(sl(z)> m4+2
Gi(e)=-——Lp, s1s2€5 (16)
(82(2)) 4
From (14 — 16), we have
27 (sl(z) #
L.(F) = / 2|2 [ W) 8, s1,s0 € ST
0
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m+2

) 4 (1*P)(T) 21 (lfp)("H&) "
< 4 () / 151(2) h(z)" . (17)

r

We have used distortion result for starlike function ss(z). Now by Holder’s
inequality together with subordination of starlike functions (17) implies

2—o

2

m+2 )

2
(1-p) (= 27 (1-p)(=£2)) =7
Lo(F) < 27 (2 L / S d9
r 27 Jo [1—re?|

X {;ﬂ /02ﬂ|h(z)2d9]g. (18)

(see [17]). (19)

Since h(z) € P, so we have

1 [27 9 1+ 3r2
h do < .
(o) an < L2

2 Jo

From (18) and (19), we obtain for m > {M - 2}

1—p

Ly (F) < clomopb) (2 )

1—r
where ¢(m, p, k) is constant depending on m, p and k and a = (1 — p) (=£2) +o.

Taking r =1 — %, then we have

L,(F) < c(m,p, k)n® 1, (n — o).

2.3. Growth Rate of Coefficient.

Theorem 2.4. Let f € k — UT’ [A,B] and F(z) = D°f(z). Then, for m >
{2 -2} andseny

jan| = O(1)n*~ G+, (20)
where O(1) is constant depending on m, p and k and o = (1 — p) (mTJ“Q) +o.

Proof. Making use of Cauchy’s theorem, for z = re*?

1 2
/ 2F'(2)e~"?dp
0

n|Ayl

2mrn

1 27
< / 12F"(2)| d6
0

2mrn

1
= —L.(F).
2rn (F)

From Theorem 2.3, we obtain

|An| < Cl(ma P, k)naia (TL - OO) )
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where ¢;(m, p, k) is constant depending on m, p and k and
m—+2
a=(1-p) (2) +o0.

. —1)! : :
Since A, = [(gfzrj_ll)% } an, SO we can easily write

|an| = O(1)n*~ G+, (n — o0),
where O(1) is constant depending on m, p, 6 and k with

a=(1-p) (m;2)+a.

O

2.4. The Hankel Determinant. Let f € A and be given by (1). Then the
gth Hankel determinant of f(z) is given for ¢ > 1, n > 1 by

Ay Ap+1 Ap4q—1
Ap+1 . .
Hy(n) = : . . . (21)
An+4q—1 .. . Un42q—2

The problem of determining the rate of growth of Hy(n) as n — oo for
functions belonging to certain subclasses of analytic functions is well-known, see
[4, 8, 10, 12, 13, 14, 15, 18].

Noonan and Thomas [8] have shown that, for a really mean p-valent functions,

n?r—1; g=1, p>1
_ ! J 1
Hyln) = 0(1) { n2a=d’; q>2,p>2(q—1),
where O(1) depends upon p, ¢ and f and the exponent (2pq — q2) is best possible.
For p = 1, Hayman [4] has shown that Hy(n) = O(1).n2 as n — oo and this is
best possible. In [9], it was shown that if f € V},, then

= —1.

_ n 2 ) q= ]-7
Hq(n) =0() { n%_‘f; q>2,m2>8q—10.

The exponent (% — q2) is best possible in some sense. Here we estimate the
rate of growth of f € T,, (¢, %,pk(z)), we need following known Lemmas,
due to Noonan and Thomas [8].

Lemma 2.5. Let f € A and be given by (1). Let qth Hankel determinant of f
forq>1,n>1, be defined by (21). Then writing Aj(n) = Aj(n, 21, f), we have

qu_2(n) qu_g,(n—i- 1) Aq_l(n+q— 1)
qu_g (TL + 1) qu_4(n + 2) Aq_g(n + q)
H,(n) = . . . .

Aji(n+qg—1) . v Ap(n+2¢9-2)
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where, with Ag(n, z1, f) = a,, we define for j > 1,
Aj(nvzla f) = Ajfl(nvzlvf) - ZlAjfl(n + 1azl,f)

Lemma 2.6. With x = (nL_Hy) and v > 0 be any integer

N i \ylw=-_6G-1n) .
Aj(n+vvxazf)_§< i >WAJ—1(n+U+Z7y7f)

Theorem 2.7. Let f € k — UT? [A, B] and let the qth Hankel determinant of
4(g—1)
f(z) forq>1, n>1, be defined by (21). Then, for m > 1‘1771) -2

H,(n) = O(1).n{=n(3+1)+o-1}a=c*

where O(1) is constant depending upon m, p and j and p = %.

Proof. Let f € k—UT? [A, B]. Then we can write
F'(2)
G'(z)

Equivalently

€ P (pr(2)), where F(z) = D°f(2) and G(z) = D°g(2).

F'(z) = G'(2)p(2), where p(z) € P (pi(2))
F'(z) = G'(2)h7 (2), (22)
where i € P and o = 2 arctan(3). Since g € V;}[A, B], so

G = D%g € Viu|A, B] C Viu(p),

where p = %, we have
G'(2) = (G)(2)' ™", Gy € Vi,  (see [16]). (23)
For Gy € V,,,, due to Brannan [1]
m+2
(51(2) 4
G/l(Z) = Ziw, 51,82 c S* (24)

From (22 — 24), we get

ho(z), s1,82 € 5™ (25)

We can choose a z; = z1(r) with |z| = r such that for any univalent function

s(z)
22

| < m? (see [2]). (26)

max |(z — z1)s(z)

|z|=r
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Now for j > 1, 21 be any non-zero complex number, consider
A F’ L
| ](n,Zl,Z )‘ = onrnti

Putting (25) in (27), we get

27 . } ]
/ (z — 1)’ zF’(z)e_Z("ﬂ)gd@’ . (27)
0

m+2)

(sl(z))(l—f’)( i

z

/ 1 o J * o
|Aj(n, 21, 2F")| < 2 (z—21) he(z)do|. (28)

(SQEZ) ) (1-p)(=52)

From (26) and (28), we have for m > 14ij -2

1 2 N\’ 2 |51(z)|(1—p)( 1
A | < -
e A <1r2) J [52()| =P (*)

m+2 )_]
2

h° (2)| db.

(29)
Using Holder’s inequality along with employing distortion result for starlike func-
tion s1(z) and subordination for starlike function ss(z), on simplification, we
obtain from (29)

2—0o

|Aj(n, 21, 2F")| < e(m, p, J) < ! >j [ ! /027T |51(Z)|{(1—p)(m§’2)—2j}ﬁ d@} ’

1—7r o

i

v [;ﬂ /O%h(z)fder.

AP < elmpi) (=) L :

IV = A 2r Jo Caen (M) -4
|17T€ZG| -0

1\ U= (=) +o—j-1

1—7")

)

< c(m,p,j) (
1

where c(m, p, j) is constant depending upon m, p and j. Choosing r =1 — -,
45

we have for m > -

1A (n, 21, 2F")| = O(1).n(0=P) (737 ) Fo—i=1,
where O(1) is constant depending upon m, p and j. Now applying Lemma 2.6

and putting z; = (nLHeben) (n — c0), we have for m > 14ij -2

|Aj(n, e, F)| = 0(1).n(1*P)(#)+07j72.

We use Lemma 2.5 and follow the similar arguments given in [8], we get for
4(g—1) —9

m > 1=

Hy(n) = 0(1).n 0= (#82)+o-1}a=d®,
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3. Conclusion

The main aim of this paper is to define a new subclass of analytic functions
by applying Ruscheweyh derivative operator. These classes are generalization
of many of the well-known classes. We have discussed necessary condition, arc
length problem, growth rate of coefficient and the Hankel determinant problem
for the newly defined class. In these investigations concepts of Janowski functions
and conic domains were used.
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