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ABSTRACT. Information systems and decision rules with imprecision and
uncertainty in data analysis are studied in complete residuated lattices. In
this paper, we introduce the notions of distance spaces, Alexandrov pre-
topology (precotopology) and join-meet (meet-join) operators in complete
co-residuated lattices. We investigate their relations and properties. More-
over, we give their examples.
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1. Introduction

Ward et al.[24] introduced a complete residuated lattice which is an important
mathematical tool for many valued logics [1-12,20,21]. Pawlak [16,17] introduced
the rough set theory as a formal tool to deal with imprecision and uncertainty in
the data analysis. For an extension of Pawlak’s rough sets, many researchers[1-
12, 20,21] developed L-lower and L-upper approximation operators in complete
residuated lattices.

Zheng et al.[25] introduced a complete co-residuated lattice as the generaliza-
tion of t-conorm. Junsheng et al.[7] investigated (®, &)-generalized fuzzy rough
set on (L, V, A, ®,&,0,1) where (L, V, A, &,0,1) is a complete residuated lattice
and (L,V,A,®,0,1) is complete co-residuated lattice in a sense [13].

An interesting and natural research topic in rough set theory is the study
topological structures. Lai [13] and Ma [14] investigated the Alexandrov L-
topology and lattice structures on L-fuzzy rough sets determined by lower and
upper sets.
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Kim et al. [8-12] studied the properties of fuzzy join and meet completeness,
L-fuzzy upper and lower approximation spaces and Alexandrov L-topologies
with fuzzy partially ordered spaces in complete residuated lattices.

In this paper, we introduce the notions of distance spaces, Alexandrov pre-
topology (precotopology) and join-meet (meet-join) operators in complete co-
residuated lattices. We investigate their relations and properties. Moreover, we
give their examples.

2. Preliminaries

Definition 2.1. [7,26] An algebra (L,A,V,®,0,1) is called a complete co-
residuated lattice if it satisfies the following conditions:

(C1) L=(L,<,V,A,0,1) is a complete lattice where 0 is the bottom element
and 1 is the top element.

(C2Qla=a®0,adb=bPaand a® (bPc)=(aDb) ®cforallab,ceL.

(C3) (Nierai) ®b = N\;er(a; ®).

Let (L, <, ®) be a complete co-residuated lattice. For each x,y € L, we define

m@y:/\{zeL|y@22x}.
Then (z@y) >z iff x > (z 0 y).

For a € L, A € LX, we denote (a © A), (a ® A),ax € L* as (e« © A)(z) =
a0 Az), (a® A)(z) =ad Ax), ax(z)=ca.

Put n(z) = 1©2. The condition n(n(x)) = x for each x € L is called a double
negative law.

Remark 2.1. (1) An infinitely distributive lattice (L, <,V,A,® = V,0,1) is a
complete co-residuated lattice. In particular, the unit interval ([0,1], <, V, A, & =
V,0,1) is a complete co-residuated lattice where

zroy=NzeL|yVvz>uz}
0, ify>ux,
o { x, ifyZ .
Put n(z) =16 x =1 for x # 1 and n(1l) = 0. Then n(n(x)) =0 for x # 1 and
n(n(1)) = 1. Hence n does not satisfy a double negative law.
(2) The unit interval with a right-continuous t-conorm @, ([0,1],<,®), is a
complete co-residuated lattice [23].
(3) ([1,00], <, V,® =+, A, 1,00) is a complete co-residuated lattice where

zoy=Nz¢ell,o0]|yz =}

(1, ify>a

o %, ify 2 x.
o0-a=a-00=00,Ya € [l,00],00 000 =1.

Put n(z) = co &2 = oo for x # oo and n(oo) = 1. Then n(n(z)) =1 for  # 0o
and n(n(oco)) = oo. Hence n does not satisfy a double negative law.
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(4) ([0,00], <, V, @ =+, A,0,00) is a complete co-residuated lattice where
yor=Nrz€0,00] |z +2 2>y}
=Nz€0,00] [ 22> -z+y}=(y—2)V0,

00 +a=a+o00=00,Ya € [0,00],00 S oo =0.
Put n(z x—ooforx;éooandn( ) =0. Then n(n(z)) =0 for z # oo

) =
and n(n(oo)) = oo. Hence n does not satisfy a double negative law.
(5) ([0,1], <, \/ @, A,0,1) is a complete co-residuated lattice where

r@®y=(a"+y?)r AL, 1<p< oo,
zoy=Nz€el0,1]| (P +yP)r >z}
=Nz€0,1]|2> (aP —yP)r} = (aP —yP)» VO,

Putn(z)=10z=(1- 331’)% for 1 < p < co. Then n(n(x)) = z for x € [0, 1].
Hence n satisfies a double negative law.

(6) Let P(X) be the collection of all subsets of X. Then (P(X),C,U,N, & =
U, 0, X) is a complete co-residuated lattice where

AoB=N\{CeP(X)|BUCDA}
=ANB°=A-B.

Put n(A) = X © A = A° for each A C X. Then n(n(A4)) = A. Hence n satisfies

a double negative law.

Lemma 2.2. [11] Let (L, A,V,®,0,0,1) be a complete co-residuated lattice.
For each x,vy, 2, x;,y; € L, we have the following properties.
Hhy<zjzoy<zdz,yozx<zozandzoz<zoy.

(2) (Vierzi) ©y=Ver(@i ©y) and 2 © (Njcr ¥i) = Vier (@ © i)

(3) (/\z‘eF xl) Oy < /\ieF(xi S y)

(4) 26 (Vier ¥i) < Nier (@ © 9i).

(5)zor=0,260=xand 082 =0. Moreover, z ©y =0iff z <y.

Gy@(zoy) >2r,y>z6(@oy)and (z0yY) @ (Yo 2) 262

(7)x@(y@z):(x@y)@z—(xez)@y

B)zoy=2(z®2)0(yd2),yoz 2 (262)0(20y) and (r@y) © (2 dw) <
(£62) @ (y S w).

(9 zdy=0if z =0and y =0.

(10) (zdy)oz<zd(ycz)and (z0y) ®z>20 (¥ 2).

(11) If L satisfies a double negative law and n(z) = 1 © z, then n(z G y) =

n(2) &y =n(y) &z and x & y = n(y) & n(a).

Definition 2.3. [11] Let (L, A,V,®,S,0,1) be a complete co-residuated lattice.
Let X be a set. A function dx : X x X — L is called a distance function if it
satisfies the following conditions:

(M1) dx(z,z) =0 for all x € X,

(M2) dx(z,y) ®dx(y,z) > dx(z,2), for all z,y, 2z € X.

The pair (X,dx) is called a distance space.
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Remark 2.2. [11] (1) We define a distance function dx : X x X — [0, c0]. Then
(X, dx) is called a pseudo-quasi-metric space.

(2) Let (L,A,V,®,6,0,1) be a complete co-residuated lattice. Define a func-
tiondr : L x L — L as dp(z,y) = ¢ ©y. By Lemma 2.3 (5) and (6), (L,dyr) is
a distance space.

3. Distance spaces, Alexandrov pretopologies and join-meet
operators

In this section, we assume (L, A, V, ®, 5,0, 1) is a complete co-residuated lat-
tice with a double negative law n(z) =16 .

Definition 3.1. (1) A subset 7 C L is called an Alezandrov pretopology on X
iff it satisfies the following conditions:

(01) ax €.

(02) If A; e 7 for all i € I, then \/,.; A; € 7.

(O3) fAeTtand o € L, then A6 a€eT.

(2) A subset n C LX is called an Alezandrov precotopology on X iff it satisfies
the following conditions:

(CO1) ax €n.

(CO2) If A; € npfor alli € I, then A\,; A; €.

(CO3)If Aenpand o€ L, thena® A € 1.

A subset 7 C L¥ is called an Alezandrov topology on X iff it is both Alexan-
drov pretopology and Alexandrov precotopology on X.

Definition 3.2. A map K : LX — L¥X is called a meet-join operator if it satisfies
the following conditions:

(K1) K(ax) = nlax),

(K2) K(A) < n(A), for A € L¥,

(K3) K(A® a) > K(A) © a for each a € L, A € L* and K(B) < K(A) for
A<B.

The pair (X, K) is called a meet-join space.

Definition 3.3. A map D : LX — L¥ is called a join-meet operator if it satisfies
the following conditions:

(D1) D(ax) = n(ax),

(D2) n(A) < D(A), for A € LX,

(D3) a ® D(A) > D(A© a) for each a € L, A € L* and D(A) > D(B) for
A<B.

The pair (X, D) is called a join-meet space.

Theorem 3.4. Let Kx : LX — LX be a meet-join operator. Then the following
properties hold.

(1) Define 7, = A€ LY | A= Kx(n(A))}. Then 1y is an Alevandrov
pretopology on X.

(2) Define dicy (x,y) = V acpx (Kx (n(A))(y) © Kx (n(A))(x)). Then di is
a distance function.
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(3) If dx is a distance function. Define Kay(A)(y) = N.cx(dx(z,y) @
n(A)(z)). Then Kay is a meet-join operator. Moreover, K. (A) > Kx(A)
and d}cdx =dx.

Proof. (1) (O1) Since Kx(n(ax)) =n(n(ax)) = ax, ax € 7y
(02)If A; € 7xc foralli € I, by (K2), then Kx (n(V,c; Ai)) < n(n(V,ep Ai)) =
Vie[ A;. By Lemma 2.3(2), n(/\iel yi) = 19/\@ Yi = VieI(leyi) = Vief n(Yi)-
Put y; = n(x;). Then n(\,c;n(z:)) = V,epn(n(z:)) = V,cp zi. Thusn(V,;¢; ;)
= /\ii n(xi). By (K3), Kx (n(Ver A1) = Kx (Aies n(Ai) 2 Ve Kx (n(4i)) =
ieS{), \Z/.iej A € iy
(0O3) Let A€ 1, and o € L. Then AS o € 7, from:
Acsa>Kx(n(Asa)) =Kx(n(4) ® )
(by Lemma 2.3(11) and (K3))
>Kx(n(A)ea=A06a.
(2) (ML) dicy (2, 2) = V gex (Kx (n(A))(z) © Kx (n(A))(2)) = 0.
(M2) For each z,y,z € X,

dicx (x,2) = V gepx (Kx (n(4)

< Vaerr ((Kx(n(4)(2) & Kx (n(4) ()
S(Kx (n(A))(y) © Kx(n(A))(x))

< Vaerx (Kx(n(A4))(2) © Kx (n(A))(y))
SV aerx (Kx(n(4))(y) © Kx (n(A))(x))
= dix (yv Z) @ dix ({E y)

(3) (K1) Since dx(z,y) @ n(ax)(y) = nlax)(y), Kax(ax)(y) = nlax)(y).
Kax(ax)®) = N.ex(dx(z,9) @ n(A)(2)) < dx(y,y) & n(A)(y) = n(A)(y).
Hence K4, (ax) = n(ax).

(K2) Ky (A)(y) = Aex(dx(z,y)on(A)(2)) < dx(y,y)@n(A)(y) = n(A)(y)-

(K3) If A < B, then n(A) > n(B). Thus K4, (A) > K4, (B). Moreover,

Kax(ax © A) = A.cx(dx(z,y) ® n(ax & A)(2))
= Neex(dx(2,y) © (n(4)(2) © a))
( by Lemma 2.3(11))
2 (A.ex(dx(z,y) ©n(A)(2)) © a = Kax (4) © a
( by Lemma 2.3(3)).

For Ac LX and y € X,

Kax . (A)(y) = N, ex (dicx (2,
= /\zeX(\/BeLX (Kx(n(B)
Ok x (n(B))(2)) & n(A4)(2))

> /\zex((’CX(A)(y) o Kx(A4)(2) ®n(A4)(2))
(by Kx(A) <n(A))

2 N.ex(Kx(A)(y) ©n(A)(z) ®n(A)(z) = Kx(A)(y)
(by Lemma 2.3(6)).
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Since A.cx(dx(z,y) ® dx(p,2)) > dx(p,y) from (M2) and A .y (dx(z,y) &
dx(p,2)) < dx(y,y)®dx(p,y) = dx (0, y), N.ex(dx(2,y)@dx(p,2)) = dx (p,y)-
Moreover, \/peX(dX(p7 y)QdX (p7 SC)) 2 dX (xvy)edx (I,SC) = dX (I7y) Since

For z,y € X,

dicy, (@,y) = Vaepx (Kax (n(A))(y) © Kax (n(A))(x))

= Vacrx (Noex(dx(z,y) @ A(2)) © A ex (dx (w, z) & A(w)))
(Put A=dx(p,—) € LX)

> VpeX(/\zeX(dX (Z7 y) Ddx (pa Z)) S) /\weX(dX (’LU, JZ) @ dx (p7 w)))
= VpeX(dX(p7 y) © dX(p’ 13)) = dX(JU, y):

d (2:9) =V acpx (Kax (n(A))(y) © Kax (n(A))(2))

= Vaerx (N.ex(dx(z,y) ® A(2)) © Ayex (dx (w, 7) & A(w)))
S Vaerx (V.ex(dx(z,y) @ A(2)) © (dx (2, 2) @ A(2)))

(by Lemma 2.3(8))

< \/zeX(dX<Z’y> © dX(Z’x)) = dx(.’);‘,y).
O

Theorem 3.5. Let Dx : LX — LX be a join-meet operator. Then the following
properties hold.

(1) Define np, = A€ LX | A = Dx(n(A))}. Then np, is an Alevandrov
precotopology on X.

(2) Define dpy (2,y) = V aepx (Dx ((A))(y) © Dx (n(A))(x)). Then dp, is
a distance function.

(3) If dx is a distance function. Define Day (A)(y) = V,cex(n(A)(z) ©
dx(y,2)). Then Dy is a join-meet operator. Moreover, Dy, (A) < Dx(4)
and dpdx = dX.

Proof. (1) (CO1) Since Dx (n(ax)) = n(n(ax)) = ax, ax € Npy.

(CO2)If A; € npy foralli € I, then \,.; A; < Dx(n(\;c; Ai)) = Dx (Ve n(4i))
< Aier Dx (n(Ai)) = Nies Ai- So, /\zelA ‘e Dy -

(CO3) Let A€ np, and a € L. Then A ® a € np,, from:

A®a <Dx(n(A®a)) =Dx(n(4) & a)
<Dx(n(A)®a=A®a.

(2) It is similarly proved as Theorem 3.4(2).
(3) (D1) and (D2) are easily proved. If A < B, Dy, (A) > Dg, (B). Moreover,

Diy(Aoa) =V, cx(n(Aca)(z) ©dx(y,2))
V.ex((n(4) © a) ©dx(y, 2)) ( by Lemma 2.3(11))
V. X(a ® (n(A) ©dx(y,2)) (by Lemma 2.3(10))
a® V. cx((n(A) ©dx(y,2)) = a ®Dgy (A).

INIA H
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For A€ LX and y € X,

< V.ex(n (A

For z,y € X,

dp, (2,y) =V acpx (Dax (n(A))(y) © Day (n(A))(x))

= Vaerx(V.ex(A(z) ©dx(y,2)) © Ve x (Alw) © dx (z, w)))
(Put A=dx(p,—) € L¥)

2 Vpex (Veex(dx(p, 2) ©dx(y, 2)) © Vyex (dx (p,w) © dx (z,w)))
:\/peX(dX(pvy)@dX(pv )) dX( )

dp,, (@,y) =V acrx (Dax (n(A))(y) © Day (n(A4))(z))
= Vaerx (V,ex(A(z) ©dx(y,2) © Ve x (Aw) © dx (2, w)))
< Vaecrx (V.ex(A(z) ©dx(y, 2)) © (A(2) © dx (2, 2)))
(by Lemma 2.3(8))
< szX(dX("T7Z) S dX(yvz)) = dX(xvy)‘
O

Theorem 3.6. Let (X,7) be an Alexandrov pretopological space. Then the
following properties hold.
(1) Define K. (A) =V{B e1|B<n(A)}. Then K, is a meet-join operator.
(2) Define d-(x,y) =\ 4, (A(y)©A(2)). Then d; is a distance function with
Kry (A) > K-(A) and 7 C 74, where 7q, = {B € L* | B(z) & d.(z,y) > B(y)}.
(3) If T is an Alezandrov topology on X, then K., (A) = K;(A) and 7 =14, .

Proof. (1) (K1) For each z € X,

Ko(ax)(@) =V{Ben|B <nlax)
=n(ax) =n(a)x.

(K2) For each A € LX K, (A) =\{B e 7| B<n(A)} <n(A).

(K3) For each A,C € LX,
Ki(A)oa=V{B;eT|B;<n(Ad)} o«
=V{B;oaeT1|B; <n(A)}
<\V{B:ioaer|Boa<nA)oa=nAda)}
<K(ADa).

Hence K, is a meet-join operator.

(2) We easily prove that d;, is a distance function from:

dr(z,y) ® d-(y, 2)

= Ve, (Aly) © A(2)) ® V 4. (A

> Vae - (Aly) © A(z)) ® (A(2) © ( )))
2 VAET(A( z) © A(x)) = d-(z,2).
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For B € 7, B(x)®dr(,y) = B(x)BV 4, (A(y)0A(x)) > B(x)a(B(y)oB(x))
B(y). Hence B € 74,. Moreover K. (A) = V,cp{di | A < A/ A; € 7}
Kri (A).

(3) If 7 is an Alexandrov topology on X, for B € 74, B(z) ® d.(z,y)
B(y) and /\xex( () ® dr(z,y)) < B(y) ® dr(y,y) = Bly). Thus B(y)
Neex (B(x) @ dr(2,9)). Since V1 (A(=) © A(x))) € 7, B = A,ex (B(z) ©
dr(z,=)) = Npex(B(x) @ VAET( (—)© A(z))) € 7. Hence B € 7. Thus, by
(2), 7 =714, and K, (4) = K, (A). O

(X

,m) be an Alexandrov precotopological space. Define

IN IV

v

-

Theorem 3.7. Let
dn(z,y)
=V aey(A(y) © A(z)). Then

(1) Define D,,(A) = N{B € n | n(A) < B}. Then D,, is a join-meet operator.

(2) Deﬁne d (m Y) = Vae,(Aly)©A(x)). Thend, is a distance function with
Dy,, (A) < Dy(A) and n C na, where na, ={B € L* | B(z) ®d,(2,y) > B(y)}.
( ) If n is an Alezandrov topology on X, then Dy, (A) = Dy(A) and n = na,.

Proof. (1) (D1) For all z € X, we have

Dy(ax)(z) = M{B € n|n(ax) < B}
=n(ax) =n(a)x.

(D2) For each A € LXD,(A) = N{B € n | n(4) < B} > n(A).
(D3) If A < B, then D (A)ED,](B)

Dy(A)da=N\{B;en|Bi>n(A)}da

=N{Bi@acn|B; >n(A)}

>NMBi@oaen|Bda<n(Ad)@a=n(A6a)}
D,(A S a).

Hence D,, is a join-meet operator.

(2) We similarly prove that d,, is a distance function from Theorem 3.6(2). For
B en, B(z)®dy(z,y) = B(x) &V 4, (Aly) © A(z)) = B(z) & (B(y) © B(x))
B(y). Hence B € ngq,. Moreover D,(A) = N,cp{di | A < Ay, Ay € n}
Dndn (A)

Since B(y) < Npex(B(x) @ Ve, (Aly) © A(2))) < B(y) © Ve, (Aly) ©
A(y)) = B(y), B = Npex(B(z) &V s, (A=) © A())).

(3) If n is an Alexandrov topology on X, for B € n4,, B = /\zeX(B(x

n?

) @
Ve, (A(=) © A(x))) € n. Hence B € . Thus, n = 14, and Dy, (A4) = D, (A).
O

Example 3.8. Let X = {z,y,2} and ([0,1],<,V,A,8,5,0,1) be a complete
co-residuated lattice defined as n(z) =1 — z,

rdy=(r+y)Al, z0y=(z—y)VO0.
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(1) Define Dx : [0,1]% — [0,1]%

Dy (A) = n(ax), ifA = ay,
X (n(A) ®0.1) Asupn(A), otherwise.
(D1) and (D2) are easily proved.
(D3) If A < B, then Dx(A) > Dx(B).

a®Dx(A)=a® ((n(4) ®0.1) Asupn(A))
> (A6 a)®0.1) Asupn(4 S a)
> (n(A)®a)®0.1) Asupn(4 S a)

Put A € [0,1]% with A(z) = 0.6, A(y) = 0.3,A(z) = 0.5. Then Dx(A) =
(n(A) @ 0.1) Asupn(A) = (0.5,0.8,0.6) A 0.7x = (0.5,0.7,0.6). Since np, =
{ax | a €[0,1]}, Dy, (A) = 0.7x. Moreover, Dy, (B) = supn(B) > Dx(B)
for each B € LX.

For 0, € L with 0,(y) = 0, for x = y and 0,(y) = 1,for = # v,

dpy (,y) = V 4epx (Dx (A)(y) © Dx (A)(z))
0, ifz =y,

(0(y) ®0.1) & (0,(x) ®0.1) =0.9, ifz#y
(2) Define Kx : [0,1]% — [0,1]%

- n(ax), ifA = ax,
Kx(A) = { (n(4)©0.1) Vinfn(A), otherwise.

(K1) and (K2) are easily proved.
(K3) If A < B, then Kx(A) > Kx(B).

Kx(A)oa=((n(A)©0.1) Vinfn(A)) © «
((n(4) ©0.1) & a) V (inf n(4) & )
n(A®a)s0.1) Vinfn(A & «)
Kx(A® a).

Put A € [0,1]% with A(z) = 0.6, A(y) = 0.3,A(z) = 0.5. Then Kx(A4) =
(n(4) & 0.1) Vinfn(A4) = (0.3,0.6,0.4) vV 0.4x = (0.4,0.6,0.4). Since 7, =
{ax | @ € [0,1]}, s (A) = 0.4x. Moreover, K., (B) = infn(B) < Kx(B)
for each B € LX.

For 0, € L with 0,(y) = 0, for # = y and 0,(y) = 1,for x # v,

dic (g, ¥) = Vaerx (Kx(A)(y) & iCx(A)(w)lg
_J 0, ifzr=y,
{ (02(y) ©0.1) © (0,(z) ©0.1) =09, ifx#y

(3) Define an Alexandrov pretopology
x ={(A6a)VBx)|a, B €L}
For B = (0.2,0.4,0.3) € [0,1]%
Ko(B)=V{Aiex | A; <n(B)} =0.6x.

VANl
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(4) Define an Alexandrov precotopology
nx ={(A®a)ABx)|a,B €L}
For B = (0.2,0.4,0.3) € [0, 1]%,
Dy (B) = AMAi € nx [ n(B) < A}
=(0.9,0.6,0.8) A 0.8x = (0.8,0.6,0.8).

Example 3.9. (1) Define maps d* : [0,1] x [0,1] — [0,1] for i = 0,1,2,3 as
follows:

0, ifz=y, 0, ifz>y,
do(xvy)_{ 1 ifl‘#z dl(xvy)_{ 1 ifxzz

2 _ 07 if x S Y, 3 _
Since Kax (A)(y) = Nyeo,y(n(A)(2) © dx (z,y)) for each A € [0, 101 we can
obtain

Ko (A)(4) = Aweioy (n(A) (@) @ &% (2,)) = n(A)(y),
Kar(A) = Nysy n(A)(2),

K2 (A) = Npcy n(A)(2),

Kas (A) = /\zG[O,l] n(A)(@).

Tdo = [07 1][0’1]3

T ={A€ 0,100 | A(z) < A(y) if x < y},
T2 = {A € [0,1]0 | A(z) > A(y) if x <y},
Tg3 = {OZX S [0, 1][0’1] | Q€ [Oa 1]}

4. Conclusion

In this paper, we investigate between the topological structures on fuzzy sets
and fuzzy join and meet complete lattices with distance spaces in complete co-
residuated lattices.

In the future, as extensions of fuzzy rough sets, by using the concepts of
distance spaces in complete co-residuated lattices, fuzzy concepts, information
systems and decision rules are investigated.
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