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ON THE (p,q)-POLY-KOROBOV POLYNOMIALS AND
RELATED POLYNOMIALS'
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ABSTRACT. D.S. Kim et al. [9] considered some identities and relations for
Korobov type numbers and polynomials. In this work, we investigate the
degenerate Korobov type Changhee polynomials and the (p,q)-poly-Korobov
polynomials. We give a generalization of the Korobov type Changhee poly-
nomials and the (p,q) poly-Korobov polynomials. We prove some properties
and identities and explicit relations for these polynomials.
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1. Introduction

A usual, throughout this paper, N denotes the set of natural numbers, Ny
denotes the set of nonnegative integers, Z denotes the set of integer numbers, R
denotes the set of real numbers. We begin by introducing the following defini-
tions and notations (see also [2]-[17]). It is well known, the Bernoulli polynomials
B (z) of order o and the Euler polynomials B (z) of order v are defined by
the following generating functions, respectively;

oo t" t «
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and
() v xt
nEZOEn (ac)n' = <€t+1> e, |t < . (2)

For z = 0, B (0) = B and E{(0) = E{* are called the Bernoulli numbers
B of order a and the Euler numbers ES*) of order a.

Generating function for the Stirling numbers of the second kind in ([8], [9],
[10]) are given by

k o
(et — 1) tn
S smmt 0
n==k
The polylogarithm function Lig(z) in ([2], [4], [5]) is defined
o0 Zn
Li = —, keZ, k>1. 4
W)= T ke, 0
This function is convergent for |z| < 1, when k =1
Liy(z) = —log(1 — 2). (5)
The multi-logarithm [6] is defined by
Zmn
Lig, g (2) = Y, ——— ki 21, |2 < L. (6)
0o<my<--<mp, my o mn"

From (6), the following equation can be obtain easily

1) =~ (~log (1-2)". 7)

n times

Kim et al. in [7] defined the poly-Bernoulli polynomials as

- t"  Lig(1—e7")
(k) v k xt
HEZOBH (m)n' =—7 ¢ (8)

For k = 1, we have B;l)(x) = By ().
Hamahata in [4] defined the poly-Euler polynomials as

2Lip(1—e?) ., — k)"
t(6t+1) e _nZ:Ogn (x)n' (9>

when k =1, 5,(11)(x) = E, ().
For z = 1, multi-logarithm function is closely related to multiple zeta values
as
Ligy oo o, (1) = C (K1, k), ki > 1, ky > 2.
The special values of the multi-logarithm function (see detail in [5], [6]) are
following as

Liy(2) = —log(1 — 2), Liy1(2) = % (—log (1 —2))?, ---
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1) = (~log (1 - 2))" (10)

D. S. Kim et al. in [10] defined the Changhee polynomials and the first kind
Korobov polynomials the following generating functions, respectively,

S Chy () g - t% (1+0)° (11)
and
Z n! = (1+tA)t*—1 (141)". (12)

When z = 0, Ch,, ( ) = Chy, and K, (0] A) = K,, (A\) are called the Changhee
numbers and the Korobov numbers, respectively.

The Korobov-type Changhee polynomials in [10] are defined the following
generating function as

2 "
ZCh (x| \) =7A(1—|—t)* (13)
n' 1+ +1
when & = 0, Ch, (0| A) = Chy, (\) are called the Korobov-type Changhee
numbers. Note that
lim Chy, (x | \) = Chy, () and im Ch,, (z | X) = (z),,
A—1 A—0 )
where
(), =z(x—-1)(x—2)---(x —n+1). (14)

For A € R, Carlitz [3] introduced the degenerate Bernoulli polynomials by
means of the following generating function:

t
1+ -1

a3 (o (3),

From (5), we note that

. — tr
1+ 2" =33, () (15)
n=0 :

so that

hmiB (x| /\) = lim (1+A0)"/*
nz% nl 5014 -1
t L e tn
= = n (x) -
-1 n=0 !

where B, (z) are the Bernoulli polynomials.
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2. Degenerate Korobov-type Changhee Polynomials

In this section, we will give some relations and identities for the Changhee
polynomials and the Korobov-type Changhee polynomials. Further, we define
the degenerate Korobov-type Changhee polynomials and prove some relation-
ships for these polynomials.

From (13), we have following relations easily

n

Cha (@) =Y (Z) Chin (A) () »

m=0
Chy, +y|>\=Z<) m (@[ A) (¥)
m=0
and
ChH (2| A) = <">0h53> (210 Ch2, ().
m
m=0

Theorem 2.1. The following relation holds true:

> Chalx | N)Sa(j.n) = E; (%) M. (16)

n=0

Proof. By replacing ¢t by e~ — 1 in (13), we get

= (e_t — 1)” _ 2 —tx
> Chy(x | \) R v
; J — (Z)(—=1) =
> Chaw | ) D2 S (<17 5 = 3By () (-1 .
n=0 7=0 7=0
From here, we get (16). O

From /l\m% (1+ )\t)l/ » — ¢, We consider the degenerate function of ¢ which
—
are given by
1 /A
t = lim log (1 + At)
A—0

is called the degenerate function of ¢. Now we consider the degenerate
Korobov-type Changhee polynomials the following generating function as

log(1+\t)
A

2 1 i
Chpa( = (1 + —log(1+ At)) (17)
Z N' (1+ Llog (1+A6) " +1 A
where A € R. For z = 0, Chy »(0) := Chy » is degenerate Korobov-type
Changhee numbers.
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Theorem 2.2. The following relation holds true:
k

ZZChH ol A - ——> (’;) (—=1)""' S5 (n,p) = E,, (i) AT (18)

k=0 p=0 =0

e)\(ctfl) 1
A

Proposition 2.3. From (3) and by using t by in (17), we get

- 1 —k Aet—1 k _ 2 xt

ZChk/\ Z() et ,\l(e—l):iEn<i))\ni

!
n=0
k > t _ 1\P % n
s %Z (1) o S5 -2 ()
k=0 1=0 p=0 n—=0
] k 00 n 0o n
Zchk,,\ )\kZ( ) 1)kilZ()\l)pZSQ (n,p)%:ZEn (;) )\n%'
k=0 =0 p=0 n=0 ’ n=0 ’

Comparing the coefficients of ';l—n, both sides, we have (18).

3. On The (p, q)-Poly-Korobov Polynomials and Related Polynomials

In this section, we consider and investigate the (p, ¢)-poly-Korobov polynomi-
als and the (p, ¢)-poly-Korobov-type Changhee polynomials. Also, we give some
relations and identities for these polynomials.

Definition 3.1. We define the (p, ¢)-poly-Korobov polynomials and the (p, ¢)-
poly-Korobov-type Changhee polynomials as the following generating functions,
respectively:

> t"  ALippq(1—et)
K® (21 = = k.p.q 141)® 19
; Sna 1N 1= T @) (19)
and
- t"  2Li 1—et
S CnE (o) = Plena U D) ) gy (20)
n=0 n: t((1+t) —|—1>

where p, g real numbers such that 0 < ¢ < p < 1 and the polylogarithm function
is defined as

n

Lik,p,q(t) = Z [nt]k

The polynomials K,(f,),,q 0] A= Kr(l]f%’q (A) are called the (p, ¢)-poly-Korobov
numbers and the polynomials Ch\p 4 (0| A) := Chi¥) , (A) are called the (p, q)-
poly-Korobov-type Changhee numbers.

The polynomial [n]p,q = p;:gn is the n-th (p, q) integer [11].

(21)
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The first values of the (p, ¢)-polylogarithm function for k < 0,

x T

wpat) = T L) = g Sy

z (1 + pqx) o
(1=p?x) (1 —¢®x) (L —pgz)’
The (p, ¢)-polylogarithm function for k£ < 0 is a rational function. For k is a
nonnegative integer

Li—Q,p,q (t)

4 Icflx

. =z 1 k 1k
Fiokpalt) = 2 7w = 21 l(l)lﬁfalq’f—lx'

—k k
n=1 p,q (p - q) =0

For n =3 in (8), we get
. 1
Li11(t) = 55 (~log (1-1))°. (22)
From (19) and (22), for k = p = ¢ = 1, we write as

= t"  ALi 1—et .
SR, (| D= A 0= g
n=0

n! t+1)"—1
t2 At R tm
=——" (1 1275 - nk,_ —
3!(t+1)’\—1( 1) 3!n:0(n )k 2(CEI)\)n!

Comparing the coefficients, we have

1
K (@ | 3) = gin(n = 1) Kop (x| ).

Similarly, from (20) and (22), for k = p = g = 1, we have

2
Chi) (x| A) = 5 (1= 1) Chuz (| X).

Theorem 3.2. The following relations holds true:

n n .
K @10 = 3 (1) @) K8, 0

Ch¥) (@A) =) ) (@) Chiihs

KO @ty =3 (”)Kﬁ’:) @1 W, (i)

and

n n
Ch®) (aty | \) = Z( )Ch;’iB,,,q @A) @)
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Theorem 3.3. There are the following relationships for the (p, q)-poly-Korobov
polynomials and the (p, q)-poly-Korobov-type Changhee polynomials:

KX @+ 2] 0) =K (2]
n n+1+r
- Z( >Z +2J£1}1) Sy (rn+1) (2),_, (23)

and

(Ch,j>1pq<x+A|A>+0hm lpq(xu))

o n 1(— n+1+4r
=2y (M) s @, e

n=0 [n + 1]p7q

Proof. By using (19) and (3), we write as

o0

S (KW, @A 10 - K, ) 5 = ALitpg (L= ¢") (L4+1)°
n=0
i naE DD et oM ) o
- n+1] (n+1)! ~ “l!
Tl + n+1 00 tr o] tl
/\Z o ZSQ r,n+1 ) . (x)ll—'
p q r=0 1=0
By using the Cauchy product rule and comparing the coefficient both sides, we
have (23).
The proof of equation (24) can be make easily, we omit it. O

Corollary 3.4. From (23) and (24), we have the following relationships between
the (p, q)-poly-Korobov polynomials and the (p,q)-poly-Korobov-type Changhee
polynomials:

m,p,q m,p,q

(K(’“) (z+ |\ — K®) (xu))

—Am (Ch(k)

m—1,p,q

(z+ AN+ ORI, @ ).

Theorem 3.5. The following relation holds true:

Z(m)Kﬁ,’mx)(A) L= KE (@] N

r=0 r
@ m i n (=1 n+1+r
:Ar_o(r>n¥0 : +[n>_£1}1]j),q Sa(r,n+1) (x)mir (25)

where is (z), = v (x —1)---(x —n+1).
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Proposition 3.6. From (19), we write as

ZK(k) (| N2 ((t—|— D) = 1) = ALk g (1= e7) (14 8)"

n,p,q
n=0
s & "
ZK(,p,q $|)‘ Z(/\)lﬂ_ZKgg,q(xl)‘)ﬁ
‘z 0 T n=0
(n+ 1) (=1)" & tr > ¢l
=) ~ 7 7 Sy (r,n+1 A), —.
Z n+1 Z 2 ) - 0( i [

Using C’auchy product rule to every szde of these equalities and comparing the
coefficients, we have (25).

Corollary 3.7. From (23) and (25), we have
5 (1)K (0 Oy =K (1) = K5y o+ X N, (2 ).

r=0
Theorem 3.8. The following relation holds true:

ZT(T>Chﬁk)1pq(9€ |A) (2),,_, +mCh{ (| N)

r=0

[ee] n 1(— n+14+r
_22( )Z +[1n)'+( 1]1,3 Sy (ron+1) (2), . (26)

n=0 p,q

Proof. By using (20), we write as

ZCh NEIPVE -

((1 + O + 1) = i pg (1) (1+18)°

e} . 4m o) tl [e%¢) 4m
Z mChgn)—Lpﬁz (x ‘ ’\) m! ( l ll + Z Chm Lp,q (a: ‘ )‘)
m=0 =0 m=0
(n+ 1) (=1)" & st
=2 —_— Sa(rym+1) x), —.
Z n+ 1 Z 2 ) 170( )1 T

Using Cauchy product rule to every blde of these equalities and comparing the
coefficients, we have (26). O

Corollary 3.9. From (24) and (26), we have

S (M )M 0 10 @y R (o V)

r=0

(Ch(k (z+ | A+ CR%. 1M(a:u)).

m—1,p,q
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Theorem 3.10. There is the following relationships between the (p,q)-poly-
Korobov polynomials and the Bernoulli polynomials

3K, (@ ) Sa (o) (<) = 3 (77) Bt () (-0 i

n=0 1=0 [0+ 1]
(27)
Proof. By replacing t by e~ — 1 in (19), we get
—t n —tx
k ( -1 Ae .
Z K(J)Lq nl T o—th _ 1le,p,q (=)
1 (=XM) (=), .
T T le 1 ”\(A)leﬁwq( t)
1 & x tm & (=) gt
= 2 B (5) N
t = A m! — -+ 1]p . l!

& i e tm e l' tl
DK @) 3 Samm) (<1)" Ty = 3B (5) (-2 T,Z -
n=0 m=n l + ].
Using Cauchy product rule and comparing both sides of these equation, we have
(27). O

Theorem 3.11. There is the following relationships between the (p,q)-poly-
Korobouv-type Changhee polynomials and the Euler polynomials:

r—1 '
) 1 N AT
ZnChn 1pg (@[ A) S2 (r,n) (—1) :rz( z )Erlz (X)ik

o L+1],,
(28)
Proof. By replacing t by e™! — 1 in (20), we get
—t n —tx
®) (et =1)" 2¢ ) B
Z Chnp q \T [ A) ol Tl t-D) (et 1)le,p,q (—1)
[e'e] —t 1)n+1 [e'e] 2 n ] ( t)nJrl
h(F) A (67 - E,(Z) (=" = Y
S onith @10 > (5) v W2 e T
o0 oo , t,,.
S (n+1)Ch) (x| X)) Sy (rn+1)(-1) 5
n=0 r=0 :
i( i (r_ 1) (x) et (1))
= T E1(5) (=N k) —.
=\ i\ A (L+1],, !

Comparing the coefficients of tn—rzin both sides, we have (28). O
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Theorem 3.12. The following relation holds true:

2 { S () K8 10 O KL A)}

= \n {nz_: (”m )CW}p L@ AN, OB (x| )\)} . (29)

m=0

Proof. From (19) and (20), we write as
QZK(M (@ [A) — <(t+1)A - 1) D Ne e Py ((t+1) +1) t.
n=0

After making the mathematical operation for these equation, we have (29). O

Corollary 3.13. From (19) and (20), we have the following relationships be-
tween the (p,q)-poly-Korobov polynomials and the Korobov polynomials, the
(p, q)-poly-Korobov-type Changhee polynomials and the Korobou-type Changhee
polynomials, respectively,

KO (@] =Y Ny M(l“)s 41
n n,p,q(x| )*Z K, rx| Z 2(7" +)

r=0 r =0 l+1]
and
cnk) N=S"("\cn 3 HT(ZH)S I+1
nChyipq (@1 =3 () Chns Z ruT R UL

r=0

4. Conclusion

The important subjects of the Analytic number theory are the Bernoulli poly-
nomials and Euler polynomials. Srivastava [15], Srivastava et al. in ([16], [17])
introduced and investigated some basic properties of these numbers and polyno-
mials. They proved some theorems and recurrences relations for these polynomi-
als. Carlitz [3] introduced degenerate Bernoulli polynomials. Bayad et al. in [2],
Hamahata [4], Imatomi et al. [5], Kim et al. ([6], [7]) considered and investigated
poly-Bernoulli and poly-Euler polynomials. Kim et al. ([9], [10]) and Kruchinin
[12] introduced Korobov polynomials. Kim et al. [10] considered the Korobov
type polynomials associated with p-adic integrals on Z,. Komatsu et al. [11]
introduced and investigated the (p, ¢)-analogue of poly-Euler polynomials.

In this work, we define the degenerate Korobov-type Changhee polynomi-
als. We give some relations between the Euler polynomials and the degener-
ate Korobov-type Changhee polynomials. Further, we consider the (p, ¢)-poly-
Korobov polynomials and the (p, ¢)-poly-Korobov type Changhee polynomials.
We give some recurrence relations and identities for the degenerate Korobov-type
Changhee polynomials and the (p, ¢)-poly-Korobov-type Changhee polynomials.
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