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ESTIMATES FOR THE HIGHER ORDER RIESZ

TRANSFORMS RELATED TO SCHRÖDINGER TYPE

OPERATORS

Yanhui Wang

Abstract. We consider the Schrödinger type operator Lk = (−∆)k+V k

on Rn(n ≥ 2k + 1), where k = 1, 2 and the nonnegative potential V

belongs to the reverse Hölder class RHs with n/2 < s < n. In this

paper, we establish the (Lp, Lq)-boundedness of the higher order Riesz

transform Tα,β = V 2α∇2L−β2 (0 ≤ α ≤ 1/2 < β ≤ 1, β − α ≥ 1/2) and

its adjoint operator T ∗α,β respectively. We show that Tα,β is bounded

from Hardy type space H1
L2

(Rn) into Lp2 (Rn) and T ∗α,β is bounded from

Lp1 (Rn) into BMO type space BMOL1
(Rn) when β − α > 1/2, where

p1 = n
4(β−α)−2

, p2 = n
n−4(β−α)+2

. Moreover, we prove that Tα,β is

bounded from BMOL1
(Rn) to itself when β − α = 1/2.

1. Introduction and results

For s > 1, a nonnegative locally Ls-integrable function V is said to belong
to the reverse Hölder class RHs if there exists a constant C > 0 such that the
reverse Hölder inequality(

1

|B|

∫
B

V (y)sdy

)1/s

≤ C

|B|

∫
B

V (y)dy

holds for every ball B ⊂ Rn. It is obvious that V is a doubling measure if
V ∈ RHs with s > 1.

Given a potential V ∈ RHs with s > n/2, we define the auxiliary function
(see [7])

ρ(x) = sup

{
r > 0 :

1

rn−2

∫
B(x,r)

V (y)dy ≤ 1

}
, x ∈ Rn,

where B(x, r) denotes the ball centered at x with radius r. It is well known
that 0 < ρ(x) <∞ for any x ∈ Rn.
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We consider the Schrödinger type operator

Lk = (−∆)k + V k, n ≥ 2k + 1, k = 1, 2.

When V is a nonnegative polynomial, Zhong [10] showed the Lp boundedness
of the operators V 2−j/2∇jL−12 , where j = 0, 1, 2, 3, 4. For the potential V which
belongs to RHs, n/2 < s < n, and there exists a constant C such that V (x) ≤
Cρ(x)−2, Sugano in [8] established estimates of the fundamental solutions for
L2 and showed the Lp boundedness of the operators V 2−j/2∇jL−12 , where
j = 0, 1, 2, 3. When V ∈ RHs with s > n/2, Wang in [9] obtained the (Lp, Lq)-

boundedness of the operator V 2αL−β2 for 0 < α ≤ β ≤ 1.
Let V belong to RHs with n/2 < s < n. We concentrate on the higher order

Riesz transform

Tα,β = V 2α∇2L−β2 , 0 ≤ α ≤ 1/2 ≤ β ≤ 1, β − α ≥ 1/2,

and its adjoint operator T ∗α,β . Obviously, if (α, β) = (0, 12 ), Tα,β just is the

transform R = ∇2L−
1
2

2 . Liu and Dong in [5] investigated the Lp and weak
(1, 1) estimates of R; Liu et al. in [6] obtained the Lp boundedness of the
commutators of R.

We first establish the following (Lp, Lq)-boundedness.

Theorem 1.1. Suppose V ∈ RHs with n/2 < s < n. Let 0 ≤ α ≤ 1/2 < β ≤
1, β − α ≥ 1

2 , and 1
pα

= 2α+2
s − 2

n .

(i) If p′α < p < n
4(β−α)−2 and 1

q = 1
p −

4(β−α)−2
n , then

‖T ∗α,β(f)‖Lq(Rn) ≤ C‖f‖Lp(Rn);

(ii) If 1 < p < 1
1
pα

+
4(β−α)−2

n

and 1
q = 1

p −
4(β−α)−2

n , then

‖Tα,β(f)‖Lq(Rn) ≤ C‖f‖Lp(Rn).

Let us recall the concept of Hardy spaces related to Schrödinger type oper-
ators.

The Schrödinger type operators Lk = (−∆)k + V k (k = 1, 2) generate C0

semigroups {e−tLk}t>0. The maximal function with respect to the semigroup
{e−tLk}t>0 are given by

MLkf(x) = sup
t>0
|e−tLkf(x)|.

By [1, 3], a function f ∈ L1(Rn) is said to be in H1
Lk(Rn)(k = 1, 2) if the

semigroup maximal function MLkf belongs to L1(Rn). The norm of such a
function is defined by

‖f‖H1
Lk

(Rn) = ‖MLkf‖L1(Rn).

It was showed that H1
L2

(Rn) = H1
L1

(Rn) with equivalent norms (see Theorem
1.1 in [1]).



ESTIMATES FOR THE HIGHER ORDER RIESZ TRANSFORMS 237

We consider the boundedness of Tα,β at the endpoint p = 1, and get the
following result.

Theorem 1.2. Suppose V ∈ RHs with n/2 < s < n. Let 0 ≤ α ≤ 1/2 < β ≤
1, β − α ≥ 1/2. Then

‖Tα,β(f)‖Lp2 (Rn) ≤ C‖f‖H1
L1

(Rn),

where p2 = n
n−4(β−α)+2 .

The dual space of H1
L1

(Rn) is the BMO type space BMOL1
(Rn) (see [2]).

Let f be a locally integrable function on Rn and B = B(x, r). Set fB =
1
|B|
∫
B
f(y)dy and f(B, V ) = fB if r < ρ(x); f(B, V ) = 0 if r ≥ ρ(x). We say

f ∈ BMOL1
(Rn) if

‖f‖BMOL1 (Rn) = sup
B

1

|B|

∫
B

|f(y)− f(B, V )|dy <∞.

It follows from [2] that ‖f‖BMOL1 (Rn) is actually a norm which makes

BMOL1
(Rn) a Banach space. Since H1(Rn) ⊂ H1

L1
(Rn), we conclude by

duality that BMOL1(Rn) ⊂ BMO(Rn).
By Theorem 1.2 and duality, we get:

Corollary 1.3. Given V ∈ RHs with n/2 < s < n. Let 0 ≤ α ≤ 1/2 < β ≤ 1.
If β − α > 1/2, we have

‖T ∗α,β(f)‖BMOL1 (Rn) ≤ C‖f‖Lp1 (Rn),

where p1 = n
4(β−α)−2 .

In case β − α = 1/2, we have:

Theorem 1.4. Given V ∈ RHs with n/2 < s < n, and 0 ≤ α ≤ 1/2 < β ≤ 1.
If β − α = 1/2, we have

‖T ∗α,β(f)‖BMOL1 (Rn) ≤ C‖f‖BMOL1 (Rn).

2. Preliminaries

Throughout this section, we always assume V ∈ RHs with n/2 < s < n. Let
us first recall some important properties concerning the auxiliary function.

Lemma 2.1 ([4]). There exist constants C and l0 > 0 such that

1

rn−2

∫
B(x,r)

V (y)dy ≤ C
(

1 +
r

ρ(x)

)l0
.

Lemma 2.2 ([7]). For 0 < r < R <∞, we have

1

rn−2

∫
B(x,r)

V (y)dy ≤ C
(
R

r

)n/s−2
1

Rn−2

∫
B(x,R)

V (y)dy.
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Lemma 2.3 ([7]). There exist constants C and k0 ≥ 1 such that

C−1
(

1 +
|x− y|
ρ(x)

)−k0
≤ ρ(y)

ρ(x)
≤ C

(
1 +
|x− y|
ρ(x)

) k0
1+k0

for all x, y ∈ Rn.

A ball B(x, ρ(x)) is called critical. Assume that Q = B(x0, ρ(x0)). For
x ∈ Q, Lemma 2.3 tell us that ρ(x) ∼ ρ(y), if |x− y| < Cρ(x).

LetWβ = ∇2L−β2 , and letKβ ,K
∗
β be the kernels ofWβ andW∗β , respectively.

Then K∗β(x, z) = Kβ(z, x) and we have the following estimates.

Lemma 2.4. Suppose 1/2 < β ≤ 1.

(i) For every positive integer N there exists a constant CN such that

|K∗β(x, z)| ≤ CN(
1 + |x−z|

ρ(x)

)N 1

|x− z|n−4β

×

(∫
B(z,|x−z|/4)

V (ξ)2

|ξ − z|n−2
dξ +

1

|x− z|2

)
.

Moreover, the inequality above also holds with ρ(x) replaced by ρ(z).
(ii) For every positive integer N and some δ > 0 there exists a constant

CN such that

|K∗β(x, z)−K∗β(y, z)|

≤ CN(
1 + |x−z|

ρ(x)

)N |x− y|δ

|x− z|n−4β+δ

(∫
B(z,|x−z|/4)

V (ξ)2

|ξ − z|n−2
dξ +

1

|x− z|2

)
,

whenever |x− y| < 1
16 |x− z|. Moreover, the inequality above also holds

with ρ(x) replaced by ρ(z).

Proof. Let ΓL2
(x, y, λ) be the fundamental solution of L2 + λ, where λ ≥ 0.

When λ = 0, it follows from Theorem 2 in [8] that for any positive integer N
there exists a positive constant CN such that

0 ≤ ΓL2
(x, y, 0) ≤ CN(

1 + |x−y|
ρ(x)

)N 1

|x− y|n−4
.

When λ > 0, from [5] we have

0 ≤ ΓL2
(x, y, λ) ≤ CN

(1 + λ
1
2 |x− y|2)N

(
1 + |x−y|

ρ(x)

)N 1

|x− y|n−4
.

By the functional calculus, we may write, for any 1/2 < β < 1,

L−β2 =
sinπβ

π

∫ ∞
0

λ−β(L2 + λ)−1dλ.
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Let f ∈ C∞0 . It follows from (L2 + λ)−1f(x) =
∫
Rn ΓL2

(x, z, λ)f(z)dz that

Wβ(f)(x) = ∇2L−β2 (f)(x) =

∫
Rn
Kβ(x, z)f(z)dz.

Then

W∗β(f)(x) =

∫
Rn
K∗β(x, z)f(z)dz,

where

K∗β(x, z) =
sinπβ

π

∫ ∞
0

λ−β∇2
zΓL2

(z, x, λ)dλ

for 1/2 < β < 1, and

K∗β(x, z) = ∇2
zΓL2

(z, x, 0)

for β = 1.

Fix x0, z0 ∈ Rn. Let u(z) = ΓL2(z, x0, λ) and R = |x0−z0|
4 . By the proof of

Lemma 9 in [5] we know

∇2u(z0) ≤ C

(1 + λ
1
2R2)N

(
1 + R

ρ(x0)

)N { 1

Rn−4

∫
B(z0,R)

V (ξ)2dξ

|ξ − z0|n−2
+

1

Rn−2

}
.

Then, for β = 1 we have

|K∗β(x0, z0)| = |∇2
zΓL2

(z0, x0, 0)|

≤ C(
1 + R

ρ(x0)

)N { 1

Rn−4

∫
B(z0,R)

V (ξ)2dξ

|ξ − z0|n−2
+

1

Rn−2

}
.

Note that ∫ ∞
0

λ−β(
1 + λ

1
2R2

)N dλ ≤ CR4β−4.

So, for 1/2 < β < 1, we get

|K∗β(x0, z0)| ≤ CN(
1 + R

ρ(x0)

)N 1

Rn−4β

{∫
B(z0,|u−z0|<R)

V (ξ)2dξ

|u− z0|n−2
+

1

R2

}
.

(ii) Fix x, z ∈ Rn. Let R = |x−z|
8 and δ = 4−2n/s. By the functional calculus

we have

|K∗β(x, z)−K∗β(y, z)| ≤ C
∫ ∞
0

λ−β |∇2
zΓL2

(z, x, λ)−∇2
zΓL2

(z, y, λ)|dλ.

From the proof of Lemma 3.2 in [6] we get

|∇2
zΓL2

(z, x, λ)−∇2
zΓL2

(z, y, λ)|

≤ CR−δ|x− y|δ

(1 + λ
1
2R2)N

(
1 + R

ρ(x)

)N { 1

Rn−4

∫
B(z,5R)

V (ξ)2dξ

|ξ − z|n−2
+

1

Rn−2

}
.
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Note that ∫ ∞
0

λ−β(
1 + λ

1
2R2

)N dλ ≤ CR4β−4.

Then

|K∗β(x, z)−K∗β(y, z)| ≤ C|x− y|δ(
1 + R

ρ(x)

) 1

Rn−4β+δ

{∫
B(z,5R)

V (ξ)2dξ

|u− z|n−2
+

1

R2

}
.

This concludes the proof of Lemma 2.4. �

Let γ ≥ 1, f ∈ Lγloc(Rn). For 0 ≤ σ < n/γ, the fractional Hardy-Littlewood
maximal function Mσ,γ is defined by

Mσ,γ(f)(x) = sup

(
1

|B|1−σγn

∫
B

|f(y)|γdy
)1/γ

.

Lemma 2.5. Suppose 1 ≤ γ < p < n
σ , and 1

q = 1
p −

σ
n . Then

‖Mσ,γf‖Lq(Rn) ≤ C‖f‖Lp(Rn).

At the end of this section we give a characterization of function space
BMOL1

(Rn).

Lemma 2.6 ([2]). Let 1 ≤ p <∞, B = B(x, r). If f ∈ BMOL1(Rn), then

sup
B

(
1

|B|

∫
B

|f(y)− f(B, V )|pdy
)1/p

≤ C‖f‖BMOL1 (Rn).

A function f ∈ BMOL1(Rn) if and only if there exists a suitable constant cB
depending on B and satisfying cB = 0 whenever r ≥ ρ(x) such that

sup
B

(
1

|B|

∫
B

|f(y)− cB |pdy
)1/p

<∞

and

‖f‖BMOL1 (Rn) ≤ C sup
B

(
1

|B|

∫
B

|f(y)− cB |pdy
)1/p

.

3. Proof of main results

First we prove the following lemma.

Lemma 3.1. Suppose V ∈ RHs with n/2 < s < n. Let 0 ≤ α ≤ 1/2 < β ≤
1, β − α ≥ 1

2 . Then there exists a constant C such that

|T ∗α,βf(x)| ≤ CMγ,p′α
(f)(x)

for all f ∈ C∞0 (Rn), where 1
p′α

= 1− 1
pα

, 1
pα

= 2α+2
s − 2

n , and γ = 4(β−α)− 2.
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Proof. Let r = ρ(x), Cj = {z : 2j−1r < |z − x| ≤ 2jr}. We choose t such that
1/t = 2/s− 2/n. Then 1/t+ 1/p′α + (2α)/s = 1. By Hölder inequality,

|T ∗α,β(f)(x)| ≤
+∞∑
j=−∞

∫
Cj

|K∗β(x, z)|V (z)2α|f(z)|dz

≤ C

+∞∑
j=−∞

(2jr)n

(
1

(2jr)n

∫
Cj

|K∗β(x, z)|tdz

)1/t

×
(

1

(2jr)n

∫
B(x,2jr)

V (z)sdz

)2α/s(
1

(2jr)n

∫
B(x,2jr)

|f(z)|p
′
αdz

)1/p′α

.

Due to V ∈ RHs, we have(
1

(2jr)n

∫
B(x,2jr)

V (z)sdz

)2α/s

≤ C

(
1

(2jr)n

∫
B(x,2jr)

V (z)dz

)2α

≤ C (2jr)−4α

(
(2jr)2

(2jr)n

∫
B(x,2jr)

V (z)dz

)2α

.

Let I2(f)(x) =
∫
Rn

f(y)dy
|x−y|n−2 . By (i) of Lemma 2.4, Minkowski inequality and

Hardy-Littlewood-Sobolev inequality, we obtain

(2jr)n

(
1

(2jr)n

∫
Cj

|K∗β(x, z)|tdz

)1/t

≤ C

(1 + 2j)N
1

(2jr)
n
t −4β

((∫
Cj

(
I2(V 2χB(x,2j+1r))(z)

)t
dz

)1/t

+ (2jr)
n
t −2

)

≤ C

(1 + 2j)N
1

(2jr)
n
t −4β

(
(2jr)2n/s

(
1

(2jr)n

∫
B(x,2j+1r)

V (z)sdz

)2/s

+ (2jr)
n
t −2

)

≤ C

(1 + 2j)N
1

(2jr)2−4β

((
(2jr)2

(2jr)n

∫
B(x,2jr)

V (z)dz

)2

+ 1

)
.

For case j ≥ 1, by Lemma 2.1 we have

(2jr)2

(2jr)n

∫
B(x,2jr)

V (z)dz ≤ C2jl0 .

For the case j ≤ 0, by Lemma 2.2 we get

(2jr)2

(2jr)n

∫
B(x,2jr)

V (z)dz ≤ C2j(2−n/s)
1

rn−2

∫
B(x,r)

V (z)dz ≤ C2j(2−n/s).
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Then, taking N ≥ 2l0(α+ 1) we get

|T ∗α,β(f)(x)| ≤ C

 ∞∑
j=1

1

(2j)N−2l0(α+1)
+

0∑
j=−∞

(2j)2α(2−
n
s )


× 1

(2jr)2−4(β−α)

(
1

(2jr)n

∫
B(x,2jr)

|f(z)|p
′
αdz

)1/p′α

≤ C

(
1

(2jr)n−(4(β−α)−2)p
′
α)

∫
B(x,2jr)

|f(z)|p
′
αdz

)1/p′α

≤ CMγ,p′α
(f)(x). �

Proof of Theorem 1.1. By Lemma 2.5 and Lemma 3.1 we know

‖T ∗α,β(f)‖Lq(Rn) ≤ C‖f‖Lp(Rn)

holds if p′α < p < n
4(β−α)−2 and 1

q = 1
p −

4(β−α)−2
n .

By duality, we get

‖Tα,β(f)‖Lq(Rn) ≤ C‖f‖Lp(Rn)

for n
n−4(β−α)+2 < q < pα and 1

q = 1
p−

4(β−α)−2
n . These conditions are equivalent

to

1 < p <
1

1
pα

+ 4(β−α)−2
n

and
1

q
=

1

p
− 4(β − α)− 2

n
.

Theorem 1.1 is proved. �

Proof of Theorem 1.2. Since H1
L2

(Rn) = H1
L1

(Rn) and their norms are equiv-
alent, we only need to show that the operator Tα,β maps the Hardy space
H1
L1

(Rn) continuously into Lp2(Rn), where p2 = n
n−4(β−α)+2 . Firstly, we re-

view the concept of (1, q)ρ-atom.
Let 1 < q ≤ ∞. A measurable function a is called a (1, q)ρ-atom associated

with the ball B(x, r) if r < ρ(x) and the following conditions hold:

(i) supp a ⊂ B(x, r) for some x ∈ Rn and r > 0,
(ii) ‖a‖Lq(Rn) ≤ |B(x, r)|1/q−1,
(iii) if r < ρ(x)/4, then

∫
B(x,r)

a(x)dx = 0.

It follows from [3] that the Hardy space H1
L1

(Rn) admits the following atomic
decomposition:

Lemma 3.2. f ∈ H1
L1

(Rn) if and only if f can be written as f =
∑
j λjaj ,

where aj are (1, q)ρ-atoms and
∑
j |λj | <∞. Moreover

‖f‖H1
L1
∼ inf

{∑
j

|λj |
}
,
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where the infimum is taken over all atomic decompositions of f into (1, q)ρ-
atoms.

Since 0 ≤ α ≤ 1/2 < β ≤ 1, β − α ≥ 1/2, we can choose q1 and q2 such that

1 < q1 <
1

1
pα

+ 4(β−α)−2
n

and
1

q2
=

1

q1
− 4(β − α)− 2

n
.

By Lemma 3.2 we only need to prove ‖Tα,β(a)‖Lp2 (Rn) ≤ C holds for any
(1, q1)ρ-atom, where the constant C > 0 is independent of a.

Assume that supp a ⊂ B(x0, r), r < ρ(x0). Then

‖Tα,β(a)‖Lp2 (Rn) ≤ ‖χ16BTα,β(a)‖Lp2 (Rn) + ‖χ(16B)cTα,β(a)‖Lp2 (Rn)
= I1 + I2.

By Hölder inequality, Theorem 1.1 and 1
p2

= 1− 4(β−α)−2
n , we have

I1 = ‖χ16BTα,β(a)‖Lp2 (Rn)

≤ C |16B|
1
p2
− 1
q2

(∫
Rn
|Tα,βa(x)|q2dx

)1/q2

≤ C |16B|
1
p2
− 1
q2

(∫
B

|a(x)|q1dx
)1/q1

≤ C |16B|
1
p2
− 1
q2 |B|

1
q1
−1 ≤ C.

We divided into two cases for the estimate of I2 : r ≥ ρ(x0)/4 and r <
ρ(x0)/4.

Case I: r ≥ ρ(x0)/4. In this case, we have r ∼ ρ(x0). For z ∈ B(x0, r), we
have ρ(z) ∼ ρ(x0). By Lemma 2.4,∫

B

∣∣Kβ(x, z)a(z)
∣∣dz

≤ C

∫
B

|a(z)|dz(
1 + |x−z|

ρ(z)

)N
|x− z|n−4β+2

+

∫
B

|a(z)|(
1 + |x−z|

ρ(z)

)N
|x− z|n−4β

∫
B(x,|x−z|/4)

V (ξ)2

|ξ − x|n−2
dξdz.

For z ∈ B, x ∈ Ck = {x : 2kr < |x− x0| ≤ 2k+1r}, k ≥ 5, we have∫
B

∣∣Kβ(x, z)a(z)
∣∣dz

≤ C
1

(1 + 2k)N (2kr)n−4β+2

∫
B

|a(z)|dz
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+
1

(1 + 2k)N (2kr)n−4β
I2(V 2χB(x0,2k+1r))(x)

∫
B

|a(z)|dz.

Then

I2 =

(∫
(16B)c

∣∣Tα,βa(x)
∣∣p2dx)1/p2

≤

∑
k≥5

∫
Ck

V (x)2αp2
(∫

B

∣∣Kβ(x, z)a(z)
∣∣dz)p2 dx

1/p2

≤ C

∑
k≥5

(2kr)(4β−n−2)p2+n

(1 + 2k)Np2
1

|2kB|

∫
2kB

V (x)2αp2dx

1/p2 ∫
B

|a(z)|dz

+

∑
k≥5

(2kr)(4β−n)p2+n

(1 + 2k)Np2
1

|2kB|

∫
2kB

V (x)2αp2(I2(V 2χ2kB)(x))p2dx

1/p2

×
∫
B

|a(z)|dz

= I21 + I22.

Notice

p2 =
n

n− 4(β − α) + 2
<

n

4α
<

s

2α
.

By Hölder inequality, V ∈ RHs and Lemma 2.1 we have

1

|2kB|

∫
2kB

V (x)2αp2dx ≤ C(2kr)−4αp2
(

1 +
2kr

ρ(x0)

)2l0αp2

.(1)

Since a is a (1, q1)ρ-atom, we have∫
B

|a(y)|dy ≤ 1.(2)

Due to 4(β − α)− n− 2 + n
p2

= 0, by (1) and (2) we obtain

I21 ≤ C

∑
k≥5

(2k)(4(β−α)−n−2)p2+n

(1 + 2k)
Np2−2l0αp2

1/p2

≤ C

∑
k≥5

1

(2k)
Np2−2l0αp2

1/p2

.

Taking N large enough such that N > 2l0α, we get I21 ≤ C.
It is easy to check that 1

p2
> 1

pα
= 2α

s + 1
t ,

1
t = 2

s −
2
n . By Hölder inequality,

Hardy-Littlewood-Sobolev inequality and V ∈ RHs, we obtain

1

|2kB|

∫
2kB

V (x)2αp2(I2(V 2χ2kB)(x))p2dx

≤ C

(
1

|2kB|

∫
2kB

V (x)sdx

)2p2α/s( 1

|2kB|

∫
2kB

(I2(V 2χ2kB)(x))tdx

)p2/t
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≤ C

(
1

|2kB|

∫
2kB

V (x)dx

)2p2α( 1

|2kB|

∫
2kB

V (x)sdx

)2p2/s

|2kB|p2( 2
s−

1
t )

≤ C

(
1

|2kB|

∫
2kB

V (x)dx

)2p2(α+1)

(2kr)2p2 .

Then

1

|2kB|

∫
2kB

V (x)2αp2(I2(V 2χ2kB)(x))p2dx(3)

≤ C(2kr)−2p2(2α+1)

(
1 +

2kr

ρ(x0)

)2p2l0(α+1)

.

Note that (4β − n)p2 + n− 2p2(2α+ 1) = p2(4(β − α)− n− 2) + n = 0. Then,
taking N > 2l0(α+ 1), we get

I22 ≤ C

∑
k≥5

1

(1 + 2k)
Np2−2p2l0(α+1)

1/p2

≤ C.

Case II: r < ρ(x0)/4. Let z ∈ B, x ∈ Ck, k ≥ 5. By (ii) of Lemma 2.4, for
some δ > 0, we have

|Kβ(x, z)−Kβ(x, x0)|

≤ CN(
1 + |x−z|

ρ(x0)

)N |z − x0|δ

|x− z|n−4β+δ+2

+
CN(

1 + |x−z|
ρ(x0)

)N |z − x0|δ

|x− z|n−4β+δ

∫
B(z,|x−z|/4)

V (ξ)2

|ξ − x|n−2
dξ

≤ C
1(

1 + 2kr
ρ(x0)

)N rδ

(2kr)n+δ−4β+2

+
1(

1 + 2kr
ρ(x0)

)N rδ

(2kr)n+δ−4β
I2(V 2χ2k+1B)(x).

By the vanishing condition of a and (2),

I2 =

(∫
(16B)c

∣∣Tα,βa(x)
∣∣p2dx)1/p2

≤ C

∑
k≥5

∫
Ck

V (x)2αp2
(∫

B

∣∣(Kβ(x, z)−Kβ(x, x0))a(z)
∣∣dz)p2 dx

1/p2

≤ CI ′21 + I ′22,
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where

I ′21 =

∑
k≥5

1(
1 + 2kr

ρ(x0)

)Np2 rδp2

(2kr)(n+δ−4β+2)p2

∫
2kB

V (x)2αp2dx


1/p2

and

I ′22 =

∑
k≥5

1(
1 + 2kr

ρ(x0)

)Np2 rδp2

(2kr)(n+δ−4β)p2

∫
2kB

V (x)2αp2(I2(V 2χ2kB)(x))p2dx


1/p2

.

Since 4(β − α)− n− 2 + n
p2

= 0, by (1) we obtain

I ′21 ≤ C

∑
k≥5

1

2kδp2
1(

1 + 2kr
ρ(x0)

)Np2−2l0αp2


1/p2

≤ C

∑
k≥5

1

2kδp2

1/p2

≤ C.

By (3) and n− (n− 4β)p2 + 2p2(2α+ 1) = 0, we get

I ′22 ≤ C

∑
k≥5

1

2kδp2
1(

1 + 2kr
ρ(x0)

)Np2−2l0(α+1)p2


1/p2

≤ C

∑
k≥5

1

2kδp2

1/p2

≤ C.

This completes the proof of Theorem 1.2. �

Proof of Theorem 1.4. If β − α = 1/2, it follows from Theorem 1.1 that

‖T ∗α,βf‖Lp(Rn) ≤ C‖f‖Lp(Rn)
for p′α < p <∞.

Let f ∈ BMOL1(Rn), B = B(x0, r), and let B∗ = B(x0, 2r). Write

f = fχB∗ + fχ(B∗)c = f1 + f2.

Consider the case r ≥ ρ(x0). Owing to the fact that T ∗α,β is bounded on

Lp(Rn), we have

1

|B|

∫
B

|T ∗α,β(f1)(x)|dx ≤ C
(

1

|B|

∫
B

|T ∗α,β(f1)(x)|pdx
)1/p

≤ C
(

1

|B∗|

∫
B∗
|f(x)|pdx

)1/p

.
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By Lemma 2.6 we get

1

|B|

∫
B

|T ∗α,β(f1)(x)|dx ≤ C‖f‖BMOL1 (Rn).

For any x ∈ B(x0, r), by Lemma 2.3, we have ρ(x) ∼ ρ(x0). Then

|T ∗α,β(f2)(x)|

≤
∫
(B∗)c

|K∗β(x, z)|V (z)2α|f(z)|dz

≤ C

∫
(B∗)c

V (z)2α(
1 + |x−z|

ρ(x0)

)N |f(z)|
|x− z|n−4β+2

dz

+

∫
(B∗)c

V (z)2α(
1 + |x−z|

ρ(x0)

)N |f(z)|
|x− z|n−4β

∫
B(z,|x−z|/4)

V (ξ)2

|ξ − z|n−2
dξdz

≤ C

∞∑
k=2

1(
1 + 2kr

ρ(x0)

)N 1

(2kr)n−4β+2

∫
2kB

V (z)2α|f(z)|dz

+ C

∞∑
k=2

1(
1 + 2kr

ρ(x0)

)N 1

(2kr)n−4β

∫
2kB

V (z)2α|f(z)|I2(V 2χ2k+1B)(z)dz

= J1 + J2.

Note that 1
p′α

+ 2α
s + 1

t = 1, and 1
t = 2

s −
2
n , by Hölder inequality and Hardy-

Littlewood-Sobolev inequality we get

1

(2kr)n

∫
2kB

V (z)2α|f(z)|I2(V 2χ2k+1B)(z)dz

≤ C
(

1

(2kr)n

∫
2kB

V (z)sdz

)2α/s(
1

(2kr)n

∫
2kB

|f(z)|p
′
αdz

)1/p′α

×
(

1

(2kr)n

∫
2kB

|I2(V 2χ2k+1B)(z)|tdz
)1/t

≤ C
(

1

(2kr)n

∫
2kB

V (z)dz

)2α

‖f‖BMOL1 (Rn)

×
(

1

(2k+1r)n

∫
2k+1B

V (z)sdz

)2/s

(2kr)
2n
s −

n
t

≤ C(2kr)−4(α+1)

(
1 +

2kr

ρ(x0)

)2l0(α+1)

(2kr)
2n
s −

n
t ‖f‖BMOL1 (Rn).

Because 4β − 4(α+ 1) + 2n
s −

n
t = 0, then, taking N > l0(α+ 1) we get

J2 ≤ C
∞∑
k=2

1

(2k)N−2l0(α+1)
‖f‖BMOL1 (Rn)
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≤ C‖f‖BMOL1 (Rn).

In the same way, by Hölder inequality and β − α = 1/2, we get

J1 =

∞∑
k=2

(2kr)−n+4β−2(
1 + 2kr

ρ(x0)

)N ∫
2kB

V (z)2α|f(z)|dz

≤ C

∞∑
k=2

(2kr)4β−2(
1 + 2kr

ρ(x0)

)N ( 1

(2kr)n

∫
2kB

V (z)sdz

)2α/s

×
(

1

(2kr)n

∫
2kB

|f(z)|p
′
αdz

)1/p′α

≤ C

∞∑
k=2

(2kr)4β−2(
1 + 2kr

ρ(x0)

)N ( 1

(2kr)n

∫
2kB

V (z)dz

)2α

‖f‖BMOL1 (Rn)

≤ C

∞∑
k=2

(2kr)4β−2−4α(
1 + 2kr

ρ(x0)

)N−2l0α ‖f‖BMOL1 (Rn)

≤ C

∞∑
k=2

1

(2k)N−2l0α
‖f‖BMOL1 (Rn) ≤ C‖f‖BMOL1 (Rn).

Thus, for any x ∈ B(x0, r), we get

|T ∗α,β(f2)(x)| ≤ C‖f‖BMOL1 (Rn).

Consequently,

1

|B|

∫
B

|T ∗α,β(f2)(x)|dx ≤ C‖f‖BMOL1 (Rn).

Let us consider the case r < ρ(x0). We set B] = B(x0, 2ρ(x0)) and write

f = fχB] + fχ(B])c = f ]1 + f ]2.

Similar to the estimates for |T ∗α,βf2(x)|, we have

|T ∗α,β(f ]2)(x)| ≤ C‖f‖BMOL1 (Rn).

Then

1

|B|

∫
B

|T ∗α,β(f ]2)(x)− (T ∗α,β(f ]2))B |dx ≤ C‖f‖BMOL1 (Rn).

For any x ∈ B(x0, r), let Bx,k = B(x, 22−kρ(x0)). It is obvious that

|f(Bx,k, V )| = 0

for k = 0, 1, 2. Notice

|f(Bx,3, V )− f(Bx,2, V )| = |f(Bx,3, V )|
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≤ C 1

|B(x, ρ(x0))|

∫
B(x,ρ(x0))

|f(z)|dz

≤ C‖f‖BMOL1 (Rn).

So, for k = 3, 4, . . . , we have

|f(Bx,k, V )− f(Bx,k−1, V )| ≤ C‖f‖BMO(Rn) ≤ C‖f‖BMOL1 (Rn).

Then, for k = 3, 4, . . . , we get

|f(Bx,k, V )| ≤ Ck‖f‖BMOL1 (Rn).

Hence, for any p > 1 and k = 0, 1, 2, . . . , we have(
1

|Bx,k|

∫
Bx,k

|f(z)|pdz

)1/p

≤ C

(
1

|Bx,k|

∫
Bx,k

|f(z)− f(Bx,k, V )|pdz

)1/p

+ |f(Bx,k, V )|

≤ C(k + 1)‖f‖BMOL1 (Rn).

For any x ∈ B,

|T ∗α,β(f ]1)(x)|

≤ C

∫
B]
|K∗β(x, z)|V (z)2α|f(z)|dz

≤ C

∞∑
k=0

∫
Bx,k\Bx,k+1

V (z)2α(
1 + |x−z|

ρ(x0)

)N |f(z)|
|x− z|n−4β+2

dz

+

∞∑
k=0

∫
Bx,k\Bx,k+1

V (z)2α(
1 + |x−z|

ρ(x0)

)N |f(z)|
|x− z|n−4β

∫
B(z,|x−z|/4)

V (ξ)2

|ξ − z|n−2
dξdz

≤ C

∞∑
k=0

(22−kρ(x0))4β−2

|Bx,k|

∫
Bx,k

V (z)2α|f(z)|dz

+

∞∑
k=0

(22−kρ(x0))4β

|Bx,k|

∫
Bx,k

V (z)2α|f(z)|I2(V 2χBx,k)(z)dz

= K1 +K2.

Note that 2α < s, by Hölder inequality and β − α = 1/2, we get

K1 ≤ C
∞∑
k=0

(22−kρ(x0))4α
1

|Bx,k|

∫
Bx,k

V (y)2α|f(y)|dy

≤ C
∞∑
k=0

(22−kρ(x0))4α

(
1

|Bx,k|

∫
Bx,k

V (y)sdy

)2α/s
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×

(
1

|Bx,k|

∫
Bx,k

|f(y)|( s2α )′dy

)1/( s2α )′

≤ C ‖f‖BMOL1 (Rn)

∞∑
k=0

(k + 1)

(
1

(22−kρ(x0))n−2

∫
Bx,k

V (y)dy

)2α

.

It follows from Lemma 2.2 that

1

(22−kρ(x0))n−2

∫
Bx,k

V (y)dy ≤ C2−kδ

for k = 2, 3, . . . , where δ = 2− n/s > 0. Then K1 ≤ C‖f‖BMOL1 (Rn).

Pay attention to 1
p′α

+ 2α
s + 1

t = 1, 1t = 2
s −

2
n . By Hölder inequality and

Hardy-Littlewood-Sobolev inequality we get

1

|Bx,k|

∫
Bx,k

V (z)2α|f(z)|I2(V 2χBx,k)(z)dz

≤ C

(
1

|Bx,k|

∫
Bx,k

V (z)sdz

)2α/s(
1

|Bx,k|

∫
Bx,k

|f(z)|p
′
αdz

)1/p′α

×

(
1

|Bx,k|

∫
Bx,k

|I2(V 2χBx,k)(z)|tdz

)1/t

≤ C (k + 1)‖f‖BMOL1 (Rn)

(
1

|Bx,k|

∫
Bx,k

V (z)dz

)2α

×

(
1

|Bx,k|

∫
Bx,k

V (z)sdz

)2/s

|Bx,k|
2
s−

1
t

≤ C (k + 1)‖f‖BMOL1 (Rn)(2
2−kρ(x0))−4α−2

×

(
1

(22−kρ(x0))n−2

∫
Bx,k

V (z)dz

)2α+2

.

Then

K2 ≤ C‖f‖BMOL1 (Rn)

∞∑
k=0

(k + 1)2−kδ(2α+2) ≤ C‖f‖BMOL1 (Rn).

Combining the estimates for K1 and K2, we have proved the inequality

|T ∗α,β(f ]1)(x)| ≤ C‖f‖BMOL1 (Rn)

holds for any x ∈ B(x0, r), r < ρ(x0). Thence

1

|B|

∫
B

|T ∗α,β(f ]1)(x)− (T ∗α,β(f ]1))B |dx ≤ C‖f‖BMOL1 (Rn).

This finishes the proof of Theorem 1.4. �
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