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SEMIBRICKS OVER SPLIT-BY-NILPOTENT EXTENSIONS

Hanpeng Gao

Abstract. In this paper, we prove that there is a bijection between the

τ -tilting modules and the sincere left finite semibricks. We also construct

(sincere) semibricks over split-by-nilpotent extensions. More precisely, let
Γ be a split-by-nilpotent extension of a finite-dimensional algebra Λ by

a nilpotent bimodule ΛEΛ, and S ⊆ mod Λ. We prove that S ⊗Λ Γ is a
(sincere) semibrick in mod Γ if and only if S is a semibrick in mod Λ and

HomΛ(S,S ⊗Λ E) = 0 (and S ∪ S ⊗Λ E is sincere). As an application,

we can construct τ -tilting modules and support τ -tilting modules over
τ -tilting finite cluster-tilted algebras.

1. Introduction

Simple modules and semisimple modules are fundamental in the represen-
tation theory of a finite dimensional K-algebra Λ. Let S1, S2 be two noniso-
morphic simple Λ-modules. Schur’s Lemma shows that they have the following
properties (1) HomΛ(Si, Si) is a K-division algebra, (2) HomΛ(Si, Sj) = 0, i 6=
j.

As generalizations of simple modules and semisimple modules, bricks and
semibricks are considered and they have long been studied in [9, 12]. A Λ-
module M is called a brick if HomΛ(M,M) is a K-division algebra and a
semibrick is a set consisting of isoclasses of pairwise Hom-orthogonal bricks.
Ringel [12] has given a classical result that there is a bijection between the
semibricks in mod Λ and the wide subcategories of mod Λ (that is, the sub-
categories of mod Λ which are closed under taking kernels, cokernels, and ex-
tensions). Marks and S̆tóvic̆ek [11] consider the relationship between wide
subcategories of mod Λ and torsion classes of mod Λ. In fact, they establish
a bijection from functorially finite torsion classes to functorially finite wide
subcategories.

In 2014, Adachi, Iyama and Reiten [1] introduced τ -rigid modules and it
support τ -tilting modules which generalize rigid modules and classical tilting
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modules. They also showed that the support τ -tilting modules correspond
bijectively to the functorially finite torsion classes. Demont, Iyama and Jasso
[8] obtained a bijection from the set of indecomposable τ -rigid modules to the
set of isomorphism classes of bricks B of Λ such that the smallest torsion class
T (B) containing B functorially finite. In [2], the author called a semibrick S left
finite if the smallest torsion class T (S) containing S is functorially finite and
he also proved that there exists a bijection between the set sτ -tilt Λ of support
τ -tilting Λ-modules and the set fL-sbrick Λ of left finite semibricks of Λ given
by M 7→ ind(M/ radBM) where B = EndΛ(M).

Recall that a Λ-module M is called sincere if every simple Λ-module appears
as a composition factor in M . A τ -tilting Λ-module is exactly sincere support
τ -tilting. In this paper, we say that a subset S of mod Λ is sincere if S⊕ is
sincere where S⊕ stands for the direct sum of all modules in S. Let τ -tilt Λ be
the set of all τ -tilting Λ-modules and sfL-sbrick Λ the set of sincere left finite
semibricks in mod Λ. Our first result is as follows.

Theorem 1.1. There exists a bijection

τ -tilt Λ→ sfL-sbrickΛ

defined as M 7→ ind(M/ radBM).

Let Γ be a split extension of an algebra Λ by a nilpotent bimodule ΛEΛ,
that is, there exists a split surjective algebra morphism Γ→ Λ whose kernel E
is contained in the radical of Γ [4, 5]. Next, we will consider how to construct
the (sincere) semibricks in mod Γ from the semibricks in mod Λ. We obtain
a sufficient and necessary condition such that S ⊗Λ Γ is a (sincere) semibrick
where S ⊆ mod Λ.

Theorem 1.2. Let Γ be a split-by-nilpotent extension of an algebra Λ by ΛEΛ

and S ⊆ mod Λ. Then we have

(1) S⊗Λ Γ is a semibrick in mod Γ if and only if S is a semibrick in mod Λ
and HomΛ(S,S ⊗Λ E) = 0.

(2) S ⊗Λ Γ is a sincere semibrick in mod Γ if and only if S is a semibrick
in mod Λ, HomΛ(S,S ⊗Λ E) = 0 and S ∪ S ⊗Λ E is sincere.

As a consequence, we get that if Γ is a cluster-tilted algebra corresponding
to a tilted algebra Λ and S ⊆ mod Λ, then S ⊗Λ Γ is a (sincere) semibrick in
mod Γ if and only if S is a semibrick in mod Λ and HomΛ(S, τ−1Ω−1S) = 0
(and S ∪ S ⊗Λ E is sincere) (see Theorem 3.8).

As an application, we can construct τ -tilting modules and support τ -tilting
modules over τ -tilting finite cluster-tilted algebras (they are exactly represen-
tation finite cluster-tilted algebras).

The paper is organized as follows. In Section 2, we recall several defini-
tions and results of semibricks and support τ -tilting modules. We study the
relationship between semibricks and τ -tilting modules, and then construct the
(sincere) semibricks over split-by-nilpotent extensions in Section 3. In Section
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4, applying our results to τ -tilting finite cluster-tilted algebras , we construct
τ -tilting modules and support τ -tilting modules over them. Finally, we give an
example to illustrate our results in Section 5.

Throughout this paper, all algebras will be basic, connected, and finite di-
mensional K-algebras over an algebraically closed field K. Let Λ be an algebra.
We denote by mod Λ the category of finitely generated right Λ-modules and
by τ the Auslander-Reiten translation of Λ. For M ∈ mod Λ, we denote by
|M | the number of pairwise nonisomorphic indecomposable summands of M ,
denote by ind(M) the set of isoclasses of indecomposable direct summands of
M , and denote by FacM the full subcategory of mod Λ consisting of modules
isomorphic to factor modules of finite direct sums of copies of M . The injec-
tive dimension and the first cosyzygy of M are denoted by idΛM and Ω−1M
respectively. For two sets X1, X2 ⊆ mod Λ, we write

HomΛ(X1, X2) = {HomΛ(M,N) |M ∈ X1, N ∈ X2}.

2. Preliminaries

Let Λ be an algebra. In this section, we recall some definitions and facts
about semibricks of Λ and support τ -tilting Λ-modules.

Definition ([2, Definition 1.1]). Let S ∈ mod Λ.

(1) S is called a brick if HomΛ(S, S) is a division K-algebra. The set of
isoclasses of bricks in mod Λ will be denoted by brick Λ.

(2) A subset S ⊆ brick Λ is called a semibrick if HomΛ(S1, S2) = 0 for
any S1 6= S2 ∈ S. The set of semibricks in mod Λ will be denoted by
sbrick Λ.

By Schur’s Lemma, every simple module is a brick, and a set of isoclassees
of simple modules is a semibrick.

Let X be a full subcategory of mod Λ. We say that X is covariantly finite
if for any M ∈ mod Λ, there exists a morphism fM : M → XM with XM ∈ X
such that any morphism f : M → X with X ∈ X factors through fM . Dually,
we can define the concept of contravariantly finite subcategories. X is called
functorially finite if it is both covariantly finite and contravariantly finite. A
full subcategory T ⊆ mod Λ is said to be a torsion class if it is closed under
images, direct sums, and extensions. We denote by f-torΛ the set of functorially
finite torsion classes of mod Λ.

Definition ([2, Definition 1.2(1)]). Let S ∈ sbrick Λ. S is called left finite if
T (S) ∈ f-torΛ where T (S) stand for the smallest torsion class containing S.

We will write fL-sbrick Λ for the set of left finite semibricks in mod Λ.

Definition ([1, Definition 0.1]). Let M ∈ mod Λ.

(1) M is called τ -rigid if HomΛ(M, τM) = 0.
(2) M is called τ -tilting if it is τ -rigid and |M | = |Λ|.
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(3) M is called support τ -tilting if it is a τ -tilting Λ/ΛeΛ-module for some
idempotent e of Λ.

Recall that M ∈ mod Λ is called sincere if every simple Λ-module appears
as a composition factor in M (equivalently, HomΛ(eiΛ,M) 6= 0, i = 1, 2, . . . , n
where {e1, e2, . . . , en} is a complete set of primitive orthogonal idempotents of
Λ). It is well-known that the τ -tilting modules are exactly the sincere support
τ -tilting modules [1, Proposition 2.2(a)].

We will denote by τ -tilt Λ (respectively, sτ -tilt Λ) the set of isomorphism
classes of basic τ -tilting (respectively, support τ -tilting) Λ-modules.

The following result states the relationship between sτ -tilt Λ and fL-sbrick Λ.

Theorem 2.1 ([2, Theorem 1.3(2)]). There exists a bijection

sτ -tilt Λ→ fL-sbrick Λ

defined as M 7→ ind(M/ radBM) where B = EndΛ(M).

In particular, the support τ -tilting module Λ corresponds to the semibrick
consisting of all simple Λ-modules.

3. Main results

In this section, we introduce the concept of the sincere semibricks, establish
the relationship between the semibricks and the τ -tilting modules, and then
construct (sincere) semibricks over split-by-nilpotent extensions. We start at
the following definition.

Definition. A subset S of mod Λ is called sincere if S⊕ is sincere where S⊕
stands for the direct sum of all modules in S.

Let s-sbrick Λ stand for the set of all sincere semibricks in mod Λ and
sfL-sbrick Λ stand for the set of all sincere left finite semibricks in mod Λ.

Theorem 3.1. There exists a bijection

τ -tilt Λ→ sfL-sbrick Λ

defined as M 7→ ind(M/ radBM).

Proof. By Theorem 2.1, there exists a bijection

sτ -tilt Λ→ fL-sbrick Λ

defined as M 7→ ind(M/ radBM). Note that

(ind(M/ radBM))⊕ = M/ radBM

and the τ -tilting Λ-modules are exactly the sincere support τ -tilting Λ-modules,
we only need to show M is sincere if and only if M/ radBM is also. For any
idempotent ei ∈ Λ, we have the following isomorphisms

HomΛ(eiΛ,M/ radBM) ∼= (M/ radBM)ei ∼= Mei/ radB(Mei)

which implies M/ radBM is sincere if and only if Mei is nonzero (that means
M is sincere). �
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Corollary 3.2. Let S be a sincere left finite semibrick in mod Λ. Then T (S)
is a sincere functorially finite torsion class of mod Λ.

Proof. It follows from Theorem 3.1 that there is a τ -tilting Λ-module M such
that S = ind(M/ radBM). Hence, we have T (S) = Fac(M) by [2, Lemma
1.5(5)]. Note that Fac(M) is sincere functorially finite by [1, Corollary 2.8],
and hence the result holds. �

An algebra Λ is called τ -tilting finite [8, Definition 1.1] if there are only
finitely many isomorphism classes of basic τ -tilting Λ-modules (It is equivalent
to every torsion class in mod Λ being functorially finite[8, Theorem 3.8]). In
this case, we have sfL-sbrick Λ=s-sbrick Λ.

Corollary 3.3. Let Λ be a τ -tilting finite algebra. Then there exists a bijection

τ -tilt Λ→ s- sbrick Λ.

Let Λ and Γ be two algebras. We say that Γ is a split extension of Λ by the
nilpotent bimodule ΛEΛ, or simply a split-by-nilpotent extension [5, Definition
1.1] if there exists a split surjective algebra morphism Γ→ Λ whose kernel E is
contained in the radical of Γ. There is a short exact sequence of Λ-Λ-bimodules

0−→ΛEΛ−→ΛΓΛ−→Λ−→0

which splits. Therefore, we have an isomorphism ΛΓΛ
∼= Λ ⊕Λ EΛ. Moreover,

if {e1, e2, . . . , en} is a complete set of primitive orthogonal idempotents of Λ,
then {e1, e2, . . . , en} is also a complete set of primitive orthogonal idempotents
of Γ since ΛEΛ is nilpotent.

Next, we will construct (sincere)semibricks in mod Γ from mod Λ.
For a simple Λ-module S, S⊗Λ Γ may not be simple. Indeed, let i be a sink

of Λ = KQ/I, then Si ∼= Pi is simple corresponding to the point i. Hence,
Si ⊗Λ Γ ∼= Pi ⊗Λ Γ is the projective Γ-module corresponding to the point i.
It may not be simple since i may not be a sink of Γ. For example, let Λ be
the algebra given by the quiver 1 −→ 2 and Γ the algebra given by the quiver

1
α
((
2

β

hh with the relation αβ = 0. Then 2 is a sink of Λ, however, it is not a

sink of Γ. We will show that S ⊗Λ Γ is a brick in mod Γ under some condition.
The following lemma is very important in this paper.

Lemma 3.4. Let Γ be a split-by-nilpotent extension of Λ by ΛEΛ. For any
M,N ∈ mod Λ, we have

HomΓ(M ⊗Λ Γ, N ⊗Λ Γ) ∼= HomΛ(M,N)⊕HomΛ(M,N ⊗Λ E).

Proof. Let M,N ∈ mod Λ. Then we have the following isomorphism

HomΓ(M ⊗Λ Γ, N ⊗Λ Γ) ∼= HomΛ(MΛ,HomΓ(ΛΓΓ, N ⊗Λ Γ))

∼= HomΛ(MΛ, N ⊗Λ ΓΛ)

∼= HomΛ(MΛ, N ⊗Λ (Λ⊕ E)Λ)
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∼= HomΛ(MΛ, NΛ)⊕HomΛ(MΛ, N ⊗Λ E). �

Proposition 3.5. Let Γ be a split-by-nilpotent extension of Λ = KQ/I by

ΛEΛ which has basis α1, α2, . . . , αl as a K-vector space. Suppose that there is
no path from i to i in E (equivalently, eiαjei = 0, j = 1, 2, . . . , l), then Si⊗Λ Γ
is a brick in mod Γ where Si is the simple Λ-module corresponding to the point
i.

Proof. By Lemma 3.4, we have to show HomΛ(Si, Si⊗Λ E) is zero. Since Si is
generated by ei which is an idempotent corresponding to the point i, we have
Si⊗ΛE has basis eiα1, eiα2, . . . , eiαl. For any f ∈ HomΛ(Si, Si⊗ΛE), we have
f(ei) = w for some w ∈ Si ⊗Λ E. Hence, f(ei) = f(e2

i ) = w2 = 0 since there is
no path from i to i in E. Thus, HomΛ(Si, Si ⊗Λ E) = 0. �

Theorem 3.6. Let Γ be a split-by-nilpotent extension of an algebra Λ by ΛEΛ

and S ⊆ mod Λ. Then we have

(1) S⊗Λ Γ is a semibrick in mod Γ if and only if S is a semibrick in mod Λ
and HomΛ(S,S ⊗Λ E) = 0 where S ⊗Λ Γ = {S ⊗Λ Γ | S ∈ S}.

(2) S ⊗Λ Γ is a sincere semibrick in mod Γ if and only if S is a semibrick
in mod Λ, HomΛ(S,S ⊗Λ E) = 0 and S ∪ S ⊗Λ E is sincere.

Proof. (1) For any Si, Sj ∈ S, it follows from Lemma 3.4 that we have

HomΓ(Si ⊗Λ Γ, Sj ⊗Λ Γ) ∼= HomΛ(Si, Sj)⊕HomΛ(Si, Sj ⊗Λ E).

If i = j, then we have HomΓ(Si ⊗Λ Γ, Si ⊗Λ Γ) is a K-division algebra if and
only if HomΛ(Si, Si) is a K-division algebra and HomΛ(Si, Si ⊗Λ E) = 0.

If i 6= j, then HomΓ(Si ⊗Λ Γ, Sj ⊗Λ Γ) = 0 if and only if HomΛ(Si, Sj) = 0
and HomΛ(Si, Sj ⊗Λ E) = 0. Therefore, the assertion holds.

(2) Note that (S ⊗Λ Γ)⊕ ∼= S⊕ ⊗Λ Γ, we have the following isomorphisms

HomΓ(eiΓ, (S ⊗Λ Γ)⊕) ∼= HomΓ(eiΛ⊗Λ Γ,S⊕ ⊗Λ Γ)

∼= HomΛ(eiΛ,HomΓ(ΛΓΓ,S⊕ ⊗Λ Γ))

∼= HomΛ(eiΛ,S⊕ ⊗Λ ΓΛ)

∼= HomΛ(eiΛ,S⊕ ⊗Λ (Λ⊕ E)Λ)

∼= HomΛ(eiΛ,S⊕ ⊕ S⊕ ⊗Λ E).

Hence, S ⊗Λ Γ is sincere if and only if S ∪ S ⊗Λ E is sincere. Finally, the
assertion follows (1). �

The following result gives a converse construction of Theorem 3.6.

Proposition 3.7. Let Γ be a split extension of an algebra Λ and S ⊆ mod Γ.
Then we have

(1) S ⊗Γ Λ is a semibrick in mod Λ if and only if HomΓ(Si, Si ⊗Γ ΛΓ) is
a K-division algebra for any Si ∈ S and HomΓ(Si, Sj ⊗Γ ΛΓ) = 0 for
any Si 6= Sj ∈ S where S ⊗Γ Λ = {S ⊗Γ Λ | S ∈ S}.
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(2) S ⊗Γ Λ is a sincere semibrick in mod Λ if and only if S ⊗Γ ΛΓ is a
semibrick in mod Γ and S ⊗Γ ΛΓ is sincere.

Proof. (1) For any Si, Sj ∈ S, we have

HomΛ(Si ⊗Γ Λ, Sj ⊗Γ Λ) ∼= HomΓ(Si,HomΛ(ΓΛΛ, Sj ⊗Γ ΛΛ))

∼= HomΓ(Si, Sj ⊗Γ ΛΓ).

If i = j, then we have HomΛ(Si ⊗Γ Λ, Si ⊗Γ Λ) is a K-division algebra if and
only if HomΓ(Si, Si ⊗Γ ΛΓ) is a K-division algebra.

If i 6= j, then HomΛ(Si⊗ΓΛ, Sj⊗ΓΛ) = 0 if and only if HomΓ(Si, Sj⊗ΓΛΓ) =
0. Therefore, the result is obvious.

(2) The following isomorphism

HomΛ(eiΛ, (S ⊗Γ Λ)⊕) ∼= HomΛ(eiΓ⊗Γ Λ,S⊕ ⊗Γ Λ)

∼= HomΓ(eiΓ,HomΛ(ΓΛΛ,S⊕ ⊗Γ Λ))

∼= HomΓ(eiΓ,S⊕ ⊗Γ ΛΓ)

∼= HomΓ(eiΓ, (S ⊗Γ ΛΓ)⊕)

implies S⊗Γ ΛΛ is sincere if and only if S⊗Γ ΛΓ is sincere. The assertion follows
(1). �

Let A be a hereditary algebra and Db(modA) the bounded derived category
of modA. The orbit category of Db(modA) under the action of the functor
τ−1[1] is called cluster category denoted by CA, where [1] is the shift functor. A

tilting object T̃ in CA is an object such that Ext1
CA(T̃ , T̃ ) = 0 and |T̃ | = |A| ([6]).

The endomorphism algebra of T̃ is called cluster-tilted ([7]). It was shown that
the relation extension Γ = Λ n Ext2

Λ(DΛ,Λ) of a tilted algebra Λ is cluster-
tilted (see [3, Theorem 3.4]). Moreover, all cluster-tilted algebras are of this
form. In this case, we say Γ is a cluster-tilted algebra corresponding to the
tilted algebra Λ.

For S ∈ mod Λ, let

τ−1Ω−1S = {τ−1Ω−1S | S ∈ S} and idS = Max{idΛS | S ∈ S}.

We have the following:

Theorem 3.8. Let Γ be a cluster-tilted algebra corresponding to the tilted al-
gebra Λ and S ⊆ mod Λ. Then

(1) S⊗Λ Γ is a semibrick in mod Γ if and only if S is a semibrick in mod Λ
and HomΛ(S, τ−1Ω−1S) = 0.

(2) S ⊗Λ Γ is a sincere semibrick in mod Γ if and only if S is a semibrick
in mod Λ, HomΛ(S, τ−1Ω−1S) = 0 and S ∪ τ−1Ω−1S is sincere.

Proof. Since the global dimension of the tilted algebra Λ is at most 2, we have

S ⊗Λ Ext2
Λ(DΛ,Λ) ∼= τ−1Ω−1S
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for any S ∈ S by [13, Proposition 4.1]. Now the assertions follow from Theorem
3.6. �

If idS ≤ 1, then τ−1Ω−1S = 0. Hence, we have the following result by
Theorem 3.8.

Corollary 3.9. Let Γ be a cluster-tilted algebra corresponding to the tilted
algebra Λ and S ⊆ mod Λ. If idS ≤ 1, we have

(1) S⊗ΛΓ is a semibrick in mod Γ if and only if S is a semibrick in mod Λ.
(2) S ⊗Λ Γ is a sincere semibrick in mod Γ if and only if S is a sincere

semibrick in mod Λ.

4. An application

In this section, we will apply our results to construct τ -tilting modules and
support τ -tilting modules over τ -tilting finite cluster-tilted algebras.

Let Γ be a cluster-tilted algebra corresponding to the tilted algebra Λ and
T ∈ mod Λ be a support τ -tilting module. Then there exists a semibrick S in
mod Λ such that S = ind(T/ radB T ) by Theorem 2.1 where B = EndΛ(T ).
Suppose that HomΛ(S, τ−1Ω−1S) = 0, we get a semibrick S ⊗Λ Γ in mod Γ
by Theorem 3.8. In addition, if Γ is τ -tilting finite, then T (S ⊗Λ Γ) is a
functorially finite torsion class, hence there is a support τ -tilting module T ′ ∈
mod Γ such T (S ⊗Λ Γ) = Fac(T ′) by using Theorem 2.1 again (in fact, T ′ is
exactly the maximal Ext-projective object in T (S ⊗Λ Γ) by [1, Theorem 2.7]).

Definition. Let Λ be a τ -tilting finite algebra. We say a Λ-module T is a
support τ -tilting module with respect to the semibrick S if S = ind(T/ radB T ).
We also say the semibrick S with respect to T .

Proposition 4.1. Let Γ be a τ -tilting finite cluster-tilted algebra corresponding
to the tilted algebra Λ and T ∈ mod Λ be a support τ -tilting module with respect
to the semibrick S.

(1) If HomΛ(S, τ−1Ω−1S) = 0, then the maximal Ext-projective object T ′

in T (S ⊗Λ Γ) is a support τ -tilting Γ-module.
(2) If HomΛ(S, τ−1Ω−1S) = 0 and S ∪ τ−1Ω−1S is sincere, then the max-

imal Ext-projective object T ′ in T (S ⊗Λ Γ) is a τ -tilting Γ-module.

Proof. (1) Follows from the above discussion.
(2) By Theorem 3.8(2) and Corollary 3.2, T (S ⊗Λ Γ) is a sincere functori-

ally finite torsion class. Hence T ′ is τ -tilting by [1, Corollary 2.8]. �

Corollary 4.2. Let Γ be a τ -tilting finite cluster-tilted algebra corresponding
to the tilted algebra Λ and T ∈ mod Λ be a support τ -tilting module with respect
to the semibrick S.

(1) If idS ≤ 1, then the maximal Ext-projective object T ′ in T (S ⊗Λ Γ) is
a support τ -tilting Γ-module.
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(2) If idS ≤ 1 and S is sincere, then the maximal Ext-projective object T ′

in T (S ⊗Λ Γ) is a τ -tilting Γ-module.

Remark 4.3. (1) The τ -tilting finite cluster-tilted algebras are exactly rep-
resentation finite cluster-tilted algebras by [14, Theorem 3.1].

(2) In [10], the authors construct τ -tilting modules and support τ -tilting
modules over cluster-tilted algebras. More precisely, let Γ be a cluster-
tilted algebra corresponding to a tilted algebra Λ and T ∈ mod Λ. They
proved that T ⊗Λ ΓΓ is support τ -tilting in mod Γ if and only if T is
support τ -tilting in mod Λ and

HomΛ(τ−1Ω−1TΛ, τTΛ) = 0 = HomΛ(eΛ, τ−1Ω−1TΛ),

where e is an idempotent of Λ such that T is a τ -tilting Λ/〈e〉-module
[10, Proposition 3.4]. In particular, T ⊗Λ ΓΓ is τ -tilting in mod Γ if
and only if T is τ -tilting in mod Λ and HomΛ(τ−1Ω−1TΛ, τTΛ) = 0.
Different from the result, we can construct a τ -tilting Γ-module from
a proper support τ -tilting Λ-module (that is, it is a support τ -tilting
module but not a τ -tilting Λ-module) by Proposition 4.1(2) (see the
example in section 5).

5. An example

In this section, we illustrate our results by the following example. All inde-
composable modules are denoted by their Loewy series.

Example 5.1. Let Λ be the tilted algebra given by the quiver

1
α−→ 2

β−→ 3

with the relation αβ = 0. The cluster-titled algebra Γ corresponding to Λ is
given by the following quiver

2
β

��
1

α

@@

3
γ

oo

with relations αβ = 0, βγ = 0 and γα = 0.
The Auslander-Reiten quiver of Λ is as follows (the dotted horizontal lines

from right to left represents Auslander-Reiten translation).

2
3

��

1
2

��
3

AA

2

AA

1

Note that 3 is the unique indecomposable module in mod Λ with injective
dimension two. So for any indecomposable module W not isomorphic to 3 , we
have τ−1Ω−1W = 0, and τ−1Ω−1 3 = 1 .
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The Hasse quiver Q(sτ -tilt Λ) is as follows and semibricks in mod Λ will be
marked by black.

Q(sτ-tilt Λ): 1
2

2
3 2 (T2)

//

**

1
2 2 (T5)

//

**

1
2 1 (T7)

// 1 (T9)

$$
1
2

2
3 3 (T1)

//

88

&&

1
2 1 3 (T3)

//

44

1 3 (T6)

44

**

2
3 2 (T8)

// 2 (T10)
// 0 (T12)

2
3 3 (T4)

//

44

3 (T11),

::

Hence, we have the following semibricks in mod Λ

S1 = { 1 , 2 , 3 }, S2 = { 1 , 2
3 }, S3 = { 1

2 , 3 }, S4 = { 2 , 3 }, S5 = { 1 , 2 },
S6 = { 1 , 3 }, S7 = { 1

2 }, S8 = { 2
3 }, S9 = { 1 }, S10 = { 2 }, S11 = { 3 },

S12 = { 0 }.
Since idSi ≤ 1 (i = 2, 5, 7, 8, 9, 10, 12), we have the following semibricks in
mod Γ by Corollary 3.9.

S2 ⊗Λ Γ = { 1 , 2
3 }, S5 ⊗Λ Γ = { 1 , 2 }, S7 ⊗Λ Γ = { 1

2 }, S8 ⊗Λ Γ = { 2
3 },

S9 ⊗Λ Γ = { 1 }, S10 ⊗Λ Γ = { 2 }, S12 ⊗Λ Γ = { 0 }.
A simple calculation yields

HomΛ(S4, τ
−1Ω−1S4) = 0,HomΛ(S11, τ

−1Ω−1S11) = 0.

Hence, S11 ⊗Λ Γ = { 3
1 } is a semibrick and S4 ⊗Λ Γ = { 2 , 3

1 } is a sincere
semibrick since S4∪τ−1Ω−1S4 = { 1 , 2 , 3 } is sincere by Theorem 3.8. However,
Si ⊗Λ Γ (i = 1, 3, 6) are not semibricks since HomΛ(Si, τ−1Ω−1Si) 6= 0 (i =
1, 3, 6). The Auslander-Reiten quiver of Γ is as follows(we identify the two
copies of 3 along the dotted vertical lines).

2
3

��

1
2

��

3
1

��
3

AA

2

AA

1

AA

3

We have torsion classes of mod Γ as follows

T (S2 ⊗Λ Γ) = { 1 , 2
3 , 2 , 1

2 }, T (S4 ⊗Λ Γ) = { 2 , 3
1 ,

2
3 , 3 },

T (S5 ⊗Λ Γ) = { 1 , 2 , 1
2 }, T (S7 ⊗Λ Γ) = { 1

2 , 1 },
T (S8 ⊗Λ Γ) = { 2

3 , 2 }, T (S9 ⊗Λ Γ) = { 1 },
T (S10 ⊗Λ Γ) = { 2 }, T (S11 ⊗Λ Γ) = { 3

1 , 3 }, T (S12 ⊗Λ Γ) = { 0 }.
Now, we can get the following support τ -tilting Γ-modules

T ′2 = 1
2

2
3 2 , T ′4 = 3 2

3
3
1 , T ′5 = 1

2 2 , T ′7 = 1
2 1 ,

T ′8 = 2
3 2 , T ′9 = 1 , T ′10 = 2 , T ′11 = 3

1 3 , T ′12 = 0 .

The module T4 is a proper support τ -tilting Λ-module, however, T ′4 is a τ -tilting
Γ-module.
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In fact, all support τ -tilting Γ-modules and semibricks (marked by black) in
mod Γ can be found in the following Hasse quiver of Γ.

Q(sτ-tilt Γ): 1
2

2
3 2 (T ′

2)
//

**

1
2 2 (T ′

5)
//

**

1
2 1 (T ′

7)
// 1 (T ′

9)

##
1
2

2
3

3
1

//

88

&&

1
2 1 3

1
//

44

1 3
1

44

$$

2
3 2 (T ′

8)
// 2 (T ′

10)
// 0 (T ′

12)

3 2
3

3
1 (T ′

4)
//

%%

3
1 3 (T ′

11)

$$
2
3 3 //

CC

3

DD
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