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CONTINUOUS ORBIT EQUIVALENCES ON
SELF-SIMILAR GROUPS

INHYEOP Y1

ABSTRACT. For pseudo-free and recurrent self-similar groups, we show
that continuous orbit equivalence of inverse semigroup partial actions
implies continuous orbit equivalence of group actions. Conversely, if group
actions are continuous orbit equivalent, and the induced homeomorphism
commutes with the shift maps on their groupoids, we obtain continuous
orbit equivalence of inverse semigroup partial actions.

1. Introduction

The main purpose of this paper is to find relations of continuous orbit equiv-
alences on self-similar groups. Continuous orbit equivalence of one-sided sub-
shifts of finite type defined by Matsumoto [12] has had a major effect on the
study of C*-algebras and topological dynamics. The concept of continuous
orbit equivalence has been generalized to many areas, including graph alge-
bras [1, 3], group actions [10,11], partial actions of inverse semigroups [2,4-6],
and asymptotic Ruelle algebras of Smale spaces [13]. In particular, for graphs,
Cordeiro and Beuter [4] showed that two graphs are topologically orbit equiva-
lent if and only if their graph semigroup partial actions on corresponding path
boundaries are topologically orbit equivalent. Li [10] also determined that two
graphs are topologically orbit equivalent if and only if partial actions of free
groups generated by edge sets of graphs are topologically orbit equivalent.

Inspired by the results of [4,10], we studied continuous orbit equivalences
defined on self-similar groups. Introduced by Nekrashevych [15,16], the class
of self-similar groups has become an important example of C*-dynamics. A
self-similar group (G, X) has at least two naturally associated actions. One is
G action on the infinite path space X%, and the other is the partial action of
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an inverse semigroup Sg on X“. Moreover, Nekrashevych defined the equiva-
lence of self-similar groups to show conjugacy of group actions on the rooted
trees. Then, it is a rational question to find interrelations among these three
equivalences. The method we employ is groupoids of germs of these actions
and their corresponding groupoid C*-algebras. To use groupoids and their C*-
algebras effectively, we have to provide some restrictions on self-similar groups.
When self-similar groups satisfy pseudo-free and recurrent conditions, we show
that continuous orbit equivalence of inverse semigroup partial actions implies
continuous orbit equivalence of group action (Theorem 4.7). The converse is
also true if we assume an extra condition that the induced homeomorphism
commutes with the shift maps on their groupoids, we obtain continuous orbit
equivalence of inverse semigroup partial actions (Theorem 4.9).

2. Inverse semigroups

All of the material in this section is taken from [4] and [19]. We refer the
reader to [9,17] for inverse semigroups and their groupoid C*-algebras.

Inverse semigroups

An inverse semigroup is a semigroup S such that for every s € S, there is a
unique element s* € 9, called the inverse of s, satisfying

ss*s = s and s*ss* = s”.
We assume that S has a unit element 1 and a zero element 0 with the property
1s =s1 = s and 0s = s0 = 0 for every s € S.
An element s € S is called an idempotent if s2 = s. We denote the set of all
idempotents in S by E(95).
Example 2.1 ([7, Definition 5.2]). Let X be a topological space and define
pHomeo (X) ={h: U — V | U,V C X are open, and h is a homeomorphism}.

Then pHomeo (X) is an inverse semigroup: its binary operation is given by
composition, for hy, hy € pHomeo (X),

hihy = hy o hg: hy ' (Dom hy NImhy) — hy(Dom hy N Im hy).

The inverse is given by A* = A1, the unit element is Idx, the 0 element is the
trivial map between empty sets, and h is an idempotent if and only if h = Idy
for some open subset U of X.

An element h € pHomeo (X) is called a partial homeomorphism of X.

Inverse semigroup partial actions

For a topological space X and an inverse semigroup S, S is said to act on X
if there is a semigroup homomorphism 6: S — pHomeo (X) that preserves the
unit element and the zero element [2]. To describe that the partial action of S
on X preserves the topological structure of X, we need the following definitions.
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Definition 2.2 ([2,4]). A partial homeomorphism between inverse semigroups
S and T is a map ¢: S — T such that, for all s1,s2 € S, one has

(1) o(s7) = p(s1)";

(2) w(s1)p(s2) < p(s152);

(3) ¢(s1) < p(s2) whenever s1 < ss.
Here, s1 < sg if and only if s; = s15552 holds.

Definition 2.3 ([4, Definition 2.4]). A (topological) partial action of an inverse
semigroup S on a topological space X is a tuple § = ({Xs}ses, {0(s) }ses) such
that:
(1) for every s € S, X, is an open subset of X and 0(s): X« — X, is a
homeomorphism,;
(2) the map s — 6(s) is a partial homomorphism of inverse semigroups;
(3) X = Ueep(s)Xe-

Suppose that 0 = ({X;}ses,{0(s)}ses) is the partial action of an inverse
semigroup S on a topological space X. To simplify notation, we denote 6(s)
simply by s so that the S partial action on X will be written as = ({ X }ses,5).
We consider S as a discrete topological space. A subset S+ X of S x X is defined
by

S« X ={(s,x) e SxX:z€ X}
For each z € X, the subset {s € S: © € X~} of S is denoted by S,.
Definition 2.4 ([4, Definition 7.2]). Suppose that 0 = ({Xs}ses, {0(s)}ses)

is as stated previously. We say that the S partial action on X is topologically
free if the following set is dense in X:

{r € X: Vs €8,, if s(x) =z, then there is an e € E(S) such that
e<sandz € X.}.

Groupoids of germs

Suppose that an inverse semigroup S acts on a locally compact Hausdorff
space X. The groupoid of germs of S, denoted by S'x X, is the set of equivalence
classes of pairs (s, ) such that s € S, and « € Xs«. Two pairs (s,z) and (¢,y)
are equivalent to each other if and only if x = y and s and ¢ coincide on a
neighborhood of x. The equivalence class of (s,z) is denoted by [s,z] and
called the germ of s at x.

The domain and range maps of S x X are

d([s,z]) = x and r([s,z]) = s(x).
The set of composable pairs of S x X is
§x X® = {(s,al,[t.y]) € (S x X) x (S x X): H(y) = x},
and the groupoid composition and inversion are given as

[qu}] : [tay] = [Stay] and [S’I]il - [5*35(1')}'
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The unit space of S x X is
Sx X0 ={le,z]: e € E(S),x € X},

which is identified with X via the bijective map [e, z] — x.
A topology on S x X is given as follows: for an s € S and any open set
U C Xy, let
O(s,U) = {[s,x]: x € U}.

Then the collection of all O(s, U) forms a basis for a topology on S x X, which
makes S x X a locally compact étale groupoid [16].

Continuous orbit equivalence of inverse semigroup partial actions

Suppose that S and T are inverse semigroups and that X and Y are topolog-
ical spaces such that .S acts on X and T acts on Y. We denote the S partial ac-
tion on X and T partial action on Y by 6 = ({Xs}ses,S) and n = {Yebier, T),
respectively.

Definition 2.5 ([4, Definition 8.1]). Let 6 and 7 be as stated previously. We
say that 6 is continuously orbit equivalent to 7 if there is a homeomorphism

f: X—=Y
and continuous maps
a:S*X —-Tandb:T*xY = S

such that, forallz € X, s€ S, y€Y, andt € Ty

(1) f(s(x)) = a(s,z)(f(x)); and
(2) f7H(t(y) = b(t, v)(f " (v))-

Implicitly, we require a(s,z) € T(,) and b(t,y) € Sp-1(y)-

Definition 2.6 ([4, Definition 8.7]). A topological partial action 8 = ({X;}ses,
{0(s)}ses) is called almost ample if X is a locally compact Hausdorff space and
X is ultraparacompact for every s € S.

Theorem 2.7 ([4, Theorem 8.15]). Suppose that S and T are inverse semi-
groups and that X and 'Y are topological spaces such that the S partial action
on X and T partial action on'Y are denoted as 0 and n, respectively. Assume
that 0 and n are almost ample and topologically free partial actions and that the
corresponding groupoids of germs S x X and T XY are Hausdorff groupoids.
Then the following are equivalent.

(1) The partial actions 8 and n are continuously orbit equivalent.
(2) The groupoids of germs S x X and T XY are topologically isomorphic.
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Continuous orbit equivalence of groups actions

We briefly review the continuous orbit equivalence of group actions defined
by Li [11].

Suppose that G is a discrete and countable group and that X is a compact
Hausdorff space. We say that G acts on X if there is a group homomorphism
g — Ay € Homeo (X). As in the case of inverse semigroup partial actions,
we denote A(g) simply by ¢g. The transformation groupoid T(G, X) of the
G action on X is given by the set G x X = {(g,z)} with the multiplication
(h,y)-(g,z) = (hg,z) if y = gzx. It is easy to observe that conditions for inverse
semigroup partial actions are extended to group actions. See [4-7] for details.

Definition 2.8 ([11, Definition 2.5]). Suppose that G and H are discrete and
countable groups and X and Y are compact Hausdorff spaces such that G
acts on X and H acts on Y. Then G action on X and H action on Y are
continuously orbit equivalent if there is a homeomorphism f: X — Y and
continuous maps a: G x X — H and b: H X Y — G such that

flyg(@)) = alg,z) o f(2),
FHR(y)) = b(h,y) o f~H(y)
foralge G, he H, x€ X,andy €Y.

Definition 2.9 ([11, Definition 2.1]). Let G and X be as above. We say that
the G action on X is topologically free if, for each nontrivial element g € G,
{r € X:g(z) # x} is dense in X.

Theorem 2.10 ([11, Theorem 1.2]). Suppose that G action on X and H action
on'Y are topologically free actions. Then the following are equivalent.

(1) The G action on X and H action on'Y are continuously orbit equiva-
lent.

(2) The transformation groupoids T(G,X) and T(H,Y) are topologically
isomorphic.

(3) There is a x-isomorphism ¢: Co(X) x,G — Co(Y) %, H with $(Co(X))
=Co(Y).

3. Self-similar groups

We review the properties of self-similar groups. All of the material in this
section is taken from [15,16].

Suppose that X is a finite alphabet. We denote by X™ the set of words of
length n in X with X% = {0}, and let X* = U2 ,X™. We denote by X“ the
set of right-infinite paths of the form zix5--- where x; € X. The product
topology of the discrete set X is given on X“. A cylinder set Z(u) for each
u e X*is

Z(u) ={§ € X¥: & =wmwoxy--- such that zo- - Ty —1 = u}.
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Then the collection of all such cylinder sets forms a basis for the product
topology on X“. It is trivial that every cylinder set is a compact open set, and
that X“ is a compact metrizable space.

A self-similar group (G, X) consists of a finite set X and a faithful action of
a group G on X* such that, for all g € G and = € X, there exist unique y € X
and h € G such that

g(zu) = yh(u) for every u € X*.

The unique element h is called the restriction of g at x and denoted by g|;.
The restriction extends to X™* via the inductive formula

g|:1:y = (g|:1:) ‘y

so that for every u,v € X* we have

g(uwv) = g(u)glu(v).

The G-action extends to an action of G on X“ given by
g(xowy---) = g(xo - Tn-1)9lwgzpr (Tn ).

Conditions on self-similar groups

A self-similar group (G, X) is called contracting if there is a finite subset
N of G satisfying the following: for every g € G, there is n > 0 such that
gly € N for every v € X* of length |v| > n. We say that (G, X) is regular if, for
every g € G and every £ € X%, either g(£) # £ or there is a neighborhood of
¢ such that every point in the neighborhood is fixed by g. We say that (G, X)
is recurrent if, for any two words a, b of equal length and every h € G, there is
a g € G such that g(a) = b and g|, = h (see [14, p. 235]). We say that (G, X)
is pseudo-free if (g,z) € G x X is such that g(z) = z and g|, = 1, then g = 1
(see [8, Definition 5.4]).

Lemma 3.1. If (G, X) is a pseudo-free self-similar group, then G action on
X¥ is a topologically free action.

Proof. Assume that the action is not topologically free. Then there is a non-
trivial element g € G such that {€ € X¥: g(&) # £} is not dense in X“. Thus,
there is a p € X“ such that:

(1) g(u) = p; and
(2) there are v € X* and v € X¥ such that 4 = uv and every element is
Z(u) is fixed by g.

As we have
9(n) = g(uv) = g(u)glu(v) = uv
for every a € X¥ so that ua € Z(u),

g(uar) = g(u)glu(a) = ua.
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Hence, we obtain g|, = 1, which implies ¢ = 1 by the pseudo-free condition.
This is a contradiction to the assumption of g # 1. Therefore, G action on X*
is a topologically free action. O

Recall that G action on X is free if g(z) # « for every nontrivial g € G and
every ¢ € X.

Lemma 3.2. If (G, X) is a pseudo-free and regular self-similar group, then G
action on X% is a free action.

Proof. If there are g # 1 in G and £ in X* such that g(§) = &, then the regular
condition implies that there is a neighborhood U of £ such that every point in
U is fixed by g. Thus, the G action on X is not topologically free, which is a
contradiction to Lemma 3.1. Thus, G action on X“ is a free action. [l

Inverse semigroups of self-similar groups

Suppose that (G, X) is a self-similar group. The Cuntz-Pimsner algebra O¢
of a self-similar group (G, X) is the universal C*-algebra generated by G and
{841 x € X} satisfying the following relations (see [16, Definition 3.1]):

(1) all relations of Gj
(2) s3s, =1forevery x € X and )y 5,55 = 1; and
(3) forallge Gand x € X, g- 5, = Sg(a) * Ga-
We denote by S the inverse semigroup generated by the elements s,, s, and
G in Og. For u=wuy - u, € X", we let s, = 8y, -+ 5y, and s;, = 85 -5, .
Likewise, we also let sy be the identity. Then every element of S¢ is uniquely
written in the form s,gs? for some u,v € X* and g € G [16, Proposition 3.2].
The inverse semigroup Sg acts on X“ by the partial homeomorphism

sugs, (v€) = ug(§)

with domain Z(v) and range Z(u). The groupoid of germs of S¢ is denoted by
Cg and called the Cuntz-Pimsner groupoid of (G, X).

For a self-similar group (G, X), we recall that the group G is a subset of
the inverse semigroup Sg. Moreover, v¢ is a fixed element of s,gs} € Sg if
and only if u = v and ¢g(§) = £ Then the following property comes from
[8, Corollary 14.14].

Lemma 3.3. Suppose that (G, X) is a self-similar group with its inverse semi-
group Sq. If (G, X) is pseudo-free, then S partial action on X% is topologically
free.

Remark 3.4. Let (G,X) be a pseudo-free self-similar group with its Cuntz-
Pimsner groupoid C¢ and inverse semigroup Sg.

(1) The notion of groupoid germs used in [4], due to Exel and Paterson
[6,17], differs from the one we used. But both definitions coincide when
an inverse semigroup partial action is topologically free [8].
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(2) The S¢ partial action on X is almost ample because X“ is compact,
Hausdorff, and zero-dimensional.

(3) The Cuntz-Pimsner groupoid Cg is an étale, topologically principal, lo-
cally compact, and Hausdorff groupoid. The étale and locally compact
properties come from the definition of groupoids of germs. The topo-
logically principal property is by [8, Corollary 14.14], and the Hausdorff
property is by [16, Lemma 5.4]. If (G, X) is contracting and recurrent,
then C¢ is amenable by [16, Theorem 5.6].

(4) The Cuntz-Pimsner algebra O is isomorphic to the convolution C*-
algebra of C¢ [16, Theorem 5.1].

We refer the reader to [17,18] for the definition and properties of groupoids
of germs and groupoid algebras.

Theorem 3.5 (|20, Theorem 4.14]). Suppose that (G, X) and (H,Y') are con-
tracting, recurrent, and regular self-similar groups. Then the following are
equivalent:

(1) Sg is isomorphic to Sy .

(2) Cgq is isomorphic to Cy as topological groupoids.

(3) There is a x-isomorphism ®: Og — On with ®(C(X¥)) =C(Y¥).

4. Continuous orbit equivalences on self-similar groups

Suppose that (G, X) and (H,Y) are self-similar groups with their inverse
semigroups Sg and Sp, respectively. We show that continuous orbit equiv-
alence of inverse semigroups with cocycle condition implies continuous orbit
equivalence of group actions under pseudo-free and recurrent conditions and
that the converse is also true under additional commuting condition of shift
maps and homeomorphism.

It is a well-known fact that, for the transformation groupoid and the groupoid
of germs from discrete group action on a topological space, the transformation
groupoid coincides with the groupoid of germs if the group action is topologi-
cally free. So we have the following property from Lemma 3.1.

Proposition 4.1. If (G, X) is a pseudo-free self-similar group, then the trans-
formation groupoid T(G,X%) of G action on X* is isomorphic to the groupoid
of germs G x X“ of G action on X¥.

Note that {s,gs}: |u| = |v|,g € G} is a subsemigroup of Sg so that Sg
partial action on X* induces an {s,gs%: |u| = |v|,g € G} partial action.

Proposition 4.2. If (G, X) is a pseudo-free and recurrent self-similar group,
then the transformation groupoid T(G,X%) is isomorphic to the groupoid of
germs of {sygss: |u| = |v|,g € G} partial action on X*.

Proof. Let us denote by D¢ the groupoid of germs of {s,gs}: |u| = |v], g € G}
partial action on X*“. For a (g,£) € T(G, X¥), let a € X* be a prefix of £ so
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that £ = aa for some o € X*. We define ¢: T(G, X*) — D¢ by

(gag) = [Sg(a)g|a5:u§]'
As |a| = |g(a)|, it is obvious that [sy(q)glash,&] € Dg for every £ € Z(a) and

Sg(a)g‘aSZ(g) = 5g(a)9|a52(aa) = Sg(a)g|a(a) = g(a)g\a(a) = g(aa) = g(f)

First, we show that ¢ is well-defined. Let b € X* be another prefix of £ so
that & = b3 for some 5 € X“. Without loss of generality, we consider only the
case |a| > |b] so that there is a finite word w such that a = bw. Then we need
to check that [sg(4)9lash, €] = [ 9lss, €], i-e., there is a neighborhood U of
& such that

Sg(a)9lasa(n) = g 9losy(n)
for every n € U.

We let U = Z(a). Then every n € U is given by n = a( = bw( for some
¢ € Z“. Here, we recall that from the definition of self-similar groups, for
a = bw,

g(a) = g(bw) = g(b)gls(w) and (g]p)|lw = glow = gla
hold. Thus, for every n = a{ = bw( € U, we have

Sg(0)9lbsy (1) = sg)gle{sy (bwC)} = sq)gle(w()
= g(0)gls(wC) = g(b){gls(w)(glo)]w (<)}
= {g(b)gle(w) H(gle)]w ()}
= g(a)gla(C)
= g(a)glasy(aC)
= Sg(a)9lasa(n)-
Hence, ¢ is a well-defined map.
If ¢(g,&) = ¢(h,n), then we have £ = n = a for some ¢ € X* and ¢ € X¥
so that
?(9,€) = [sg(@)9lasa: & = [Sha)hlasa, ] = ¢(h,n)

and 54(q)9lash = Sn(a)hlas; on a neighborhood U of £. As

Sg(@)9lasa(§) = Sg(@9lasa(aC) = g(a)gla(¢) = h(a)hla({) = sn(a)hlasa(S),
we have g(a) = h(a), which implies g|, = h|, on X*. Thus, the pseudo-free
condition induces g = h, and ¢ is an injective map.

By the recurrent condition, for any finite words u,v of equal length and
g € G, there is an h € G such that h(u) = v and h|, = g. Thus, we have

¢(h7§) = [sh(u)h|u82a€] = [5v9827§]
for every £ € Z(u), and ¢ is a surjective map.

It is routine to show that ¢ is a groupoid homomorphism. Therefore, ¢ is a
groupoid isomorphism. O

Before going further, we summarize some necessary properties of Dg.
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Remark 4.3. Suppose that Og is the Cuntz-Pimsner algebra of a self-similar
group (G, X) and that C*(Dg) is the groupoid algebra of the groupoid of germs
D¢. Then we have the following properties.

(1) By [16, Theorem 5.3], C*(D¢) is isomorphic to a universal C*-algebra
generated by partial isometries in Dg.

(2) By [16, Theorem 3.7], C*(D¢) is isomorphic to the gauge-invariant
subalgebra of Og¢.

We recall that the Cuntz-Pimsner groupoid C¢ of a self-similar group (G, X)
is the groupoid of germs of S¢ partial action on X,

Lemma 4.4 ([8, Proposition 8.4 and Theorem 8.19]). If (G, X) is a pseudo-free
self-similar group, then the Cuntz-Pimsner groupoid Cg is isomorphic to
(o [{gnsi}l, 1l = ks B): 0, B € X, g; € G, LK EN,
Eq = Ontt = gnt1(Bntr) and ;
In+l+1 = gn+l|ﬁn+k for everyn >'1
where o € X is given by @ = ayag -+ and [{gi+n}] is explained in the follow-
ing.

Remark 4.5. For {g;},{h:} € G*°, define {g;} ~ {h;} if and only if there is a
sufficiently large natural number N such that g; = h; for every ¢ > N. Then it
is easy to check that ~ is an equivalence relation on G*°, and the equivalence
class of {g;} is denoted by [{gn+i}]. See [8, Section 7] for more details.

It is not difficult to see that the isomorphism Cs — E¢ is given by

[Sugsfnﬂ} = (SugS:(ﬂ)v [{g7l+|u\}]a |u| - ‘U|7ﬁ)

where g1y = g and gnyju| = 9lpiisBo_rys fOr every n > 2. Then the
following is trivial.

Lemma 4.6. Let Dg be the groupoid of germs of {s,gsi: |u| = |[v|,g € G}
partial action on X“. Then D¢ is isomorphic to

Fg = {(aa [{gn}}aoaﬂ)} C Eg,
where g1 = g and g, = g|p,...5,_, for every n > 2.

From now on, we consider Fg and Fg instead of Cg and D¢, respectively,
of a self-similar group (G, X). For the groupoid Eg, we define a cocycle map
ca: Eq — Z by

(Oé, [{gnJrl}],l - k’, B) — 1l —k.

Then it is trivial that Fg = ker cg.

We remind that, for self-similar groups (G, X) and (H,Y’), continuously
orbit equivalence of inverse semigroup partial actions implies that there is a
groupoid isomorphism ¢: Fg — Eg by Theorem 2.7 and Lemma 4.4.
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Theorem 4.7. Suppose that (G, X) and (H,Y) are pseudo-free and recurrent
self-similar groups. If Sg partial action on X“ and Sy partial action on Y¢
are continuously orbit equivalent and that the cocylce maps and groupoid iso-
morphism satisfy |cq| = |cu © ¢|, then G action on X* and H action on Y
are continuously orbit equivalent.

Proof. By Definition 2.10, Lemma 3.1, Proposition 4.2, and Lemma 4.6, it is
enough to show that F is isomorphic to F.
Since we assumed |cg| = |cg o @], it is easy to see
e 0 ¢, [{943],0,8) = 0 and cg 0 ¢~ (v, [{ha}],0,0) = 0

for every (o, [{gn}],0,8) € Fg and (v, [{hn}],0,0) € Fg. Then it is routine
to check that Fg = 051(0) is mapped to Fy = cﬁl(O) by ¢. Therefore, Fg is
isomorphic to Fy by ¢ restricted on Fg, and G action on X“ and H action on
Y¥ are continuously orbit equivalent. O

Remark 4.8. We define the shift map o: X“ — X% by 182+ — B283---.
Then

91(8) = 91(B10(8)) = 91(B1)g11p, (0(B)) = 91(B1)g2(0(B)) = ro(a)
implies that the shift map naturally extends to F by

(@, [{gn}],0,8) = (o(e), {gn+1},0,0(8)).

Let us denote this extended shift also o.

Recall that, for self-similar groups (G, X) and (H,Y), continuous orbit
equivalence of group actions induces that there is a homeomorphism f: X% —
Yv.

Theorem 4.9. Suppose that (G, X) and (H,Y) are pseudo-free and recurrent
self-similar groups. If G action on X“ and H action on Y are continuously
orbit equivalent and the homeomorphism f: X¥ — Y% commutes with the shift
maps on Fg and Fy, then Sg partial action on X and Sy partial action on
Y% are continuously orbit equivalent.

Proof. Let ¢: Fg — Fy be a groupoid isomorphism and show that ¢ induces
a groupoid isomorphism ¢: Eg — Epg. Before proving the statement, let us
note the following.

(i) For any (a, [{gn}],0, 8), (8, {gn}],0,7) € Fg with
(p(O&, [{gn}]v 076) = (Ev [{hn}]voan) S FH7
(e, [{93],0,8) - (B, {gn}],0,7)) = ¢(a, [{gn}],0, B) - ©(B, [{gn}],0,7)
= (&, [{hn}],0,m) - ©(B, [{g,}],0,7)
implies

©(8,{gn3:0,7)=(n, [{1},}],0,¢) € Fpr and o(ev, [{1c}, 0, @)= (&, [{L1a}],0,£).
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(ii) For any (o, [{gn}],0,8) € Fg and u,v € X*, we obtain

(UOL, [{gn—|u\}n>\u|]v |u| - |U‘7UB) € Eg.
Conversely, for any (uc, [{gn+|u}],! — k,vB) € Eg with the conditions |u| >
l,|v]| > k and |u| — |v] =1 — k, we also have

(v, [{gn-‘rlu\}]’ 0,8) € Fa.
(iii) For a finite word w € X*, denote the infinite circuit wuu--- € X
by @. Then it is easy to see (u,[{l¢}],0,4) € Fg and ¢(u,[{1¢}],0,a) =
(1, [{15}],0, 1) by (i). For = pypa--- € Y, we let u € Yl be

w

U= 11 oy
Recall that we assumed that the homeomorphism f: X“ — Y“ commutes
with the shift maps on Fz and Fy, i.e.,

foo=oof
and that ¢: Fg — Fp is determined by
(a, [{9n}],0,8) = (f(@), [{Pn}], 0, £(B)) = (&, [{hn}], 0,m)
such that
F(gn(a"1(B))) = ha(f 0 0" 71(B)).
For @ € X* and pu € Y* as above, u = f() and o/"/(@) = @ imply that
p= £@) = fo o (@) = o o f(@) = o (u).

Hence, p is also an infinite circuit uu- -+ in Y%,
Now we define the induced map ¢: for any (uc, [{gn4ju}],l — k,vB) € Eg

with (Oé, [{gn+\u|”7076) € FG7 (p(Oé, [{gn+|u|}]7 Oa/B) = (fa [{hn+|u\}]a 0777) € FHa
ue Yl and v e Y1V, let

¢(uav [{9n+|u\}]al - k»”ﬂ) = (ufv [{hn+|u|}]7l - k,Vn).

Then ¢ is one-to-one because f is a homeomorphism and (iii), and it is onto
by (ii) and (iii). For the homeomorphism property, we consider

d(uct, {gni i}, L=k, v8) = (W&, [{Pngju }], L — K, vn),
OB, {1 o 355 — 1ywy) = (va, [{h], 4 Y], 5 — i, WC).
Then we have
o(uer, [{gnt1u ], 1 =k, vB) - (0B, [{ gy 410}, J — 4, wY)
= (&, {3, 1=K vm) - (v, [{ g g0 o — 4, Q)
= (€, [{hnspuhrgpo 2 U+ = (k+ 1), W),
On the other hand,
(uer, [{gnr1u})s L = K, 0B) - (0B, [{gh g 1o 1o 5 — 1, w7y)
= (uet, [{gn-tuns o L+ 7 — (b +1),w7)
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implies

(b((ua’ [{gnJrlu\}]al - ]f,’l}ﬁ) : (Uﬁ, [{g;zﬂv\}]’j — 1, UJ’)/))
= (u&, [{=}], 1+ — (k +1), w().

We have to decide the * part.
Combining

Fo" @) = £ (Gl (0" 7H(B)) = by (f 0 0" 71(8)) and
F@"7HB)) = F (G (0" 71()) = Hop oy (F 0 0" 1)),

we have

f(o_n—l(a)) — hn+|u|(f ° 0’"_1(6)) = hn+‘u|h;+|v‘(f o Un—l(')/)).

Hence, we obtain

¢((uaa [{gn+|u\}]al - k,vﬂ) ' (vﬂa [{g;z+|v\}]vj - iaw’y))
= (uga [{hn+\u|h;+|v\}]’ l +] - (k + i)’ WC)
= ¢(ua, [{gn+|u\}]al - k»vﬂ) : d)(vﬂv [{g;+\v|}]7‘7 - ’i,IU’)/),

and ¢: Eg — Epg is a groupoid isomorphism. Therefore, G action on X* and
H action on Y are continuously orbit equivalent by Theorem 2.7 and Lemma
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