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INEQUALITIES OF OPERATOR VALUED QUANTUM SKEW
INFORMATION

Byouna JIN CHOI AND MI RA LEE

ABSTRACT. In this paper, we study two operator-valued inequalities for
quantum Wigner-Yanase-Dyson skew information related to module op-
erators. These are extended results of the trace inequalities for Wigner-
Yanase-Dyson skew information. Moreover, we study a sufficient con-
dition to prove an uncertainty relation for operator-valued generalized
quantum Wigner-Yanase-Dyson skew information related to module op-
erators and a pair of functions (f,g). Also, we obtain several previous
results of scalar-valued cases as a consequence of our main result.

1. Introduction

In quantum information theory, quantum skew information plays an im-
portant role in matrix algebras. Quantum skew information is a significant
tool for understanding uncertainty relations. For example, in [9], Heisenberg
first proved the following uncertainty relation for a quantum state (or density
operator) p and a pair of self-adjoint matrices (or observables) A and B:

1 2

(1) VAW, (B) > 3T (1. 5)

)

where V,(A) = Tr(pA?) — Tr(pA)® and [A, B] = AB — BA is the commutator.
Also Schrédinger in [14] proved that
2

)

(12) VoA () — [Re Cov, (4, B > |3Tr 14, )

where Cov,(A, B) := Tr(pAB) — Tr(pA)Tr(pB) which is stronger result than
Heisenberg’s result (1.1). In [15], Yanagi et al. defined the new skew information

Received December 20, 2019; Revised August 27, 2020; Accepted October 16, 2020.

2010 Mathematics Subject Classification. Primary 94A17, 81P45.

Key words and phrases. Uncertainty relation, Wigner-Yanase-Dyson skew information,
module operator.

The first author was supported by the National Research Foundation of Korea(NRF)
grant funded by the Korea government(MSIT) (No. 2020R1C1C1A01003305).

(©2021 Korean Mathematical Society



60 B. J. CHOI AND M. R. LEE

(Wigner-Yanase-Dyson skew information) for an observable A, as the following:

I5(4) = ST (0%, Adl) (i[5, 4]))

= Tr(pA?) — Tr(p“Ap'~*A), a € (0,1),

where Ag = A — Tr(pA)I. It can be considered as a kind of measurement for

non-commutativity between the density operator p and A. Note that if p is

a pure state, then Ipl/z(A) = V,(A). But the Heisenberg type inequality for
1/2 .

I,/°(4), ie.,

IYAA)Y(B) > | [Tr (plA, B

fails in general (see e.g., [15]). On the other hand, for this information (indeed,
more general form), Furuichi proved that the following inequality [5]: for any
self-adjoint operators A and B,

2
(1.3) Re Corr{l9 (4, B)| < I{/:9)(A)19)(B),

=
where (f, g) is a monotone pair of functions,

Corr'9) (A, B) = Tr(f(p)g(p)AB) — Tx(f(p)Ag(p)B)

and
I — I
159 (4) := Corr {9 (A, A).
Note that if we take f(z) = z® and g(x) = 2!~* with a € (0,1), then one
reduces Iéf ) to I, Indeed, in [15], Yanagi et al. proved that for any self-
adjoint elements A and B,
|Re Corr(4, B)|* < I3(A)I2(B),
where
Corr( (A, B) = Tr(pAB) — Tr(p*Ap*~*B).

Another generalization of Wigner-Yanase-Dyson skew information was stud-
ied by Furuichi et al. in [7]. More precisely, the authors defined the new skew
information as

) 2

o 1 Pt
Lp,Tr(A) = ) r ({ 9 ,Ao} )

pa + pl—a

A
2 s 410

« 1 .
Ky (A) = iTr (z

and
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where Ag = A—Tr(pA)I and {A, B} = AB + BA is the anti-commutator, and
proved the uncertainty relation
2

2
N o 1 a+ -«
(14) (AW (B) = 7 |Tr (”j) (A, B]

for a € (0,1), a quantum state p, an observable A and

;?,’IY(A) = \/K;)X,Tr(A)Lg,Tr(A)'

For more results of uncertainty relations for quantum skew information, we
refer to [6,8,10-13], and references cited therein.

In [2], the authors introduced the new notion of ®-density operators, where
® is a tracial positive linear operator on a C*-algebra A, and the authors proved
the uncertainty relation for Wigner-Yanase-Dyson skew information valued in a
C*-algebra A for any self-adjoint elements A and B in A and ®-density operator
p € A (see Corollary 2.6). Also, Heisenberg and Schrodinger’s uncertainty
relations for positive operators valued in C* or von Neumman algebras were
studied in [1-3].

The main purpose of this paper is to study the operator valued inequalities
concerning generalized quantum Wigner-Yanase-Dyson skew information of the
forms (1.3) and (1.4) (see Theorems 2.4 and 2.10). Also, we study a sufficient
condition to prove an uncertainty relation for operator valued generalized quan-
tum Wigner-Yanase-Dyson skew information of the form (1.3) (see Theorem
2.4). To do this, in Section 2, we define the generalized quantum (f, g)-skew in-
formation and the generalized quantum Wigner-Yanase skew information with
the certain condition of a pair of functions (f,g) (see the property (P) in Sec-
tion 2), and then we present main results in this paper. Also, we have several
corollaries as a consequence of main results, which include previous results. In
Section 3, we give the proofs of the inequalities with some lemmas.

2. Quantum skew information and main results

Let A and B be two unital C*-algebras (or von Neumann algebras). A linear
operator T': A — B is called tracial if T(XY) =T (Y X) for all X,V € A and
positive if T(X) >0 for all X € A, where A, is a set of positive elements in
A.

Definition ([3]). Let (f,g) be a pair of continuous functions on a domain D
in R. Let T : A — B be a tracial positive operator and p be a T-density
operator, i.e., p is positive and T'(p) = 1. Then

Con'li (A, B) = T(f(p)g(p)A*B) — T(f())A*g(p) B), A,B € A,
is called the generalized correlation and

) = Conlff(4,4), A< A
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is called the generalized quantum (f, g)-skew information.

Now, we say that a linear operator T : A — B and a pair function (f, g)
satisfy the property (P) if T and (f, g) satisfy the following property:

T(f(A)Bg(A)B) < T(f(A)g(A)B?)

for any self-adjoint elements A and B in A. Note that in the above definition,
we always assume that (f, g) is defined on an interval containing the spectrums
of A and B, respectively.

Let A be a C*-algebra and B be a C*-subalgebra of A. A linear operator
T : A — Bis called a module operator ([1]) if T satisfies the following property:

(2.1) T(AXB) = AT(X)B

for any X € A and A, B € B. Note that if a module operator T is tracial,
then by using module and tracial properties, we have T(A) C Z(B), where
Z(B) is the center of B. A pair (f,g) is said to be a monotone pair of operator
monotone functions on the domain D in R if

(f(a) = f(b)) (g(a) — g(b)) = 0

for any a,b € D. There are many examples of monotone pairs as following: for
more examples, see [10].

Example 2.1. (i) For any operator monotone function f, the pair (f, f)
is a monotone pair.
(i) (2, 27) with a, 8 € (0,1) on [0,1] is a monotone pair.

(iii) (Ia'”ka $a+w17a> with a € (0,1) on [0, 1] is a monotone pair.

2 ’ 2

Now, we give several examples of a pair of functions satisfying the property
(P) as followings:

Example 2.2. (i) Any trace Tr on an n X n-matrix algebra M,,, and
any monotone pair (f,g) satisfy the property (P) for any self-adjoint
matrices A and B (see [4, Theorem 2]).

(ii) Any tracial positive linear operator T : A — B, where A and B are
von Neumann algebras, and a monotone pair (f, g) satisfy the property
(P) for any positive element A € A4 and any self-adjoint element B € A
(see [3, Theorem 4.1]).

(iii) Any tracial positive linear operator T : A — B, where A and B are
C*-algebras, and the monotone pair (1=, 2%) with a € (0, 1) satisfy
the property (P) for any positive element A € A and any self-adjoint
element B € A (see [2, Lemma 3.1]).

Example 2.3. Any tracial positive module operator T': A — B C A, where
A and B are von Neumann algebras, and a pair (f, f) of positive preserving
function f (i.e., f(z) > 0 for > 0) satisfy the property (P) for any positive
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elements A and B. Indeed, using the fact that T'(A) C Z(B), and the inequality
(2.13) (Araki-Lieb-Thirring inequality) in [1, Theorem 2.8], we have

T(f(A)Bf(A)B) = T((f(A)B)*) < T(f(A)BBf(A)) = T(f(A)f(A)BB),
where A and B are positive elements in A.

The following theorem is one of the main results in this paper which is an
uncertainty relation for a generalized quantum (f, g)-skew information.

Theorem 2.4. Let A be a C*-algebra and B be a C*-subalgebra of A. Let
T : A — B be a tracial positive module operator. If T and (f,g) satisfy
property (P), then for all self-adjoint elements A, B € A and T-density operator
pEA

Re Corr(pﬁ?)(A, B)

2
<l ),

where
1
Re Corri’;’g) (A,B) := 3 (Corrff}g)(A, B) + Corr;{ﬁ)(A, B)*)

and (f, g) is a pair of functions which are defined on some interval containing
the spectrum of p.

By (ii), (iii) in Example 2.2 and Theorem 2.4, we have the following corol-
laries.

Corollary 2.5 ([3]). Let A be a von Neumann algebra and B be a von Neumann
subalgebra of A. Let T : A — B be a tracial positive module operator. Then
for all self-adjoint elements A, B € A and T-density operator p € A,

2
Re Corrl/¥) (4, B)| < 1 ()1 (B),
where (f,g) is a monotone pair of functions.

If we take the monotone pair (f,g) = (z!7% %) with o € (0,1), we have
the following result.

Corollary 2.6 ([2]). Let A be a C*-algebra and B be a C*-subalgebra of A.
Let T : A — B be a tracial positive module operator. Then for all self-adjoint
elements A, B € A and T-density operator p € A,

(07 2 « «
|Re Corr (A, B)|” < IS (A)IS1(B), (€ (0,1)),

where I$(A) := T(pA?) — T(p*Ap'=*A) and Corr}) (A, B) := T(pA*B) —
T(paA*pl_aB).

The following result is an infinite dimensional version of the Furuichi’s (f, g)-
skew information result in [5].
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Corollary 2.7 (c.f. [5]). Let B(H) be the Banach space of all bounded linear

operators on a Hilbert space H. Let Tr : B(H) — C be a usual trace and

(f,q) be a pair of functions. If Tr and (f,g) satisfy property (P), then for all
self-adjoint elements A, B € B(H) and Tr-density operator p € B(H),

2

[ReCorelfi2) (4, )| < 12 ()18 (B).

Remark 2.8. In Corollary 2.7, we take H = C" with n € N then by Example
2.2(i), Tr and any monotone pair (f,g) satisfy the property (P) for any self-
adjoint matrices A and B. Thus we have for any monotone pair (f,g),

(£.9) 2
‘Re Corr, 7y (A, B)‘

< @)1 (B),
(see [5]).

Let T : A — B be a tracial positive module operator. For a T-density
operator p and a self-adjoint element A € A, we define the generalized quantum
Wigner-Yanase skew information by

(2.2) K 1 (A) =10 (4) = %T ((z If (p),Ao})2> ,

where Ag = A—T(pA). Indeed, for a tracial positive module operator T, since
f(p)g(p) = 9(p)f(p), we have

194y = 57 ((il7(0). 40]) (iloo). 40)) ) .

It is a generalization of the quantum Wigner-Yanase skew information I;/j% (4).
We also define

1 2
(23) Lf () = 5T ({7(0). 40}") -
Note that for any self-adjoint element A,

(i17(), 40]) " = il£(p). 4o]

induces that K Z,T(A) is positive. Similarly, LZ;T(A) is positive with self-adjoint
element A € A.
By Example 2.2 and Theorem 2.4, the following result holds.

Corollary 2.9. Let A be a von Neumann algebra and B be a von Neumann
subalgebra of A. Let T : A — B be a tracial positive module operator. Then
for any positive elements A, B € A and T-density operator p € A,

2 ,
Iof
Re Cort;! (4, B)| < K 1 (A)K! 1.(B),
where f is an operator monotone function or a positive preserving function.

Based on the above setting, we have the following inequality which is the
other main result in this paper.
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Theorem 2.10. Let A be a C*-algebra and B be a C*-subalgebra of A. If
T : A — B is a tracial positive module operator and p is a density operator
with respect to T, then it holds that

W/ (AW (B) = ~|T (£(0)*[A. B])|

| =

with self-adjoint A, B € A, where

W1 (A) = /K (AL 1(A),

and f is a function which is defined on an interval containing the spectrum of
T-density operator p.

Remark 2.11. (i) If we take f(z) = 422 for @ € [0,1] in (2.2) and (2.3)
respectively, then we obtain that for a self adjoint element A € A

>2
o A) e f ) — 1 pa +p1—a A 2
Lp,T( ) T Lp,T( ) - §T P s 410 )

where Ag = A —T(pA). Then Theorem 2.10 induces the inequality
2

2
a a 1 p*+p e
p,T(A) p,T(B) > Z T <2> [A7B] )

where WST(A) =, /K;T(A)L&T(A).
(ii) If we take f(z) = x'/2 in (2.2) and (2.3) respectively, then we obtain
that for a self-adjoint element A € A
) 2

1 2
TR = L) = 57 ({572, 20}).

where Ag = A —T(pA). Also, Theorem 2.10 induces the inequality

oz_|_ -«

@ 1 .
KSp(A) = KI (A) = 5T (z

and

1 )
1,7 (A) = K] (4) = 5T ( P!, Ag

and

Upir(A)Ur(B) > § [T (pIA, B

where U, 7(A) = \/IVE(A)J)E(A) (see [2]).

Using Remark 2.11, we have the following corollaries which are related to
the Wigner-Yanase skew information and Lao’s information in [7,12].
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Corollary 2.12 ([7]). Let B(H) be the Banach space of all bounded linear
operators on a Hilbert space H. Let Tr: B(H) — C be a usual trace functional.
Then for any self-adjoint elements A, B € B(H) and Tr-density operator p €
B(H),

2

2
1 pa +p1—(x
WpOfTr(A)WpofTr(B) > 1 Ir (2 (A, B] )

where W, ( \/ o (A LS 7.(A).

Corollary 2.13 ([12]). Let Tr: B(H) — C be a usual trace functional. Then

for any self-adjoint elements A, B € B(H) and Tr-density operator p € B(H),
Up, (AU, me(B) > 7 | T (plA, B
where U, 7-(A \/I;/:,%r ;/%r (4).
3. Proofs

3.1. Proof of Theorem 2.4

Let A be a C*-algebra and B be a C*-subalgebra of A. To prove Theorem
2.4, we need some lemmas.

Lemma 3.1. Let T : A — B be a tracial positive linear operator and (f,g)
be a pair of functions. If T and (f,g) satisfy the property (P), then for any
AecA

192(4) > 0.

Proof. The proof is clear owing to the property (P). O

Now, for any A, B € A, we define

——(f.9) 1
Corrpjf] (A, B) = 3 (Corr 9 (A, B) +Corr(f 2 (B, A*))

and ——(f,9)
19 (4) := Conr o (A, A).

Note that if A is a self-adjoint element, then I(f’g)(A) = Il()ffg) (A). Also, it is
easy to show that the following properties hold

(i) CorrpyT (A, A) >0 for A € A (using Lemma 3. 1)

(if) Corrys (A, B+aC) = Cormoy (4, B)+aCor g (A,C) for A, B,C €

A and a € C;

iii) Corr :9) A, B)* = Corr(fg B, A) for A,B € A (using the fact that
p,T p,T g

ﬂ@ﬂ@—g@ﬁ@»

Using the module property (2.1), we can prove the following lemma.
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Lemma 3.2. If T : A — B is a tracial positive module operator, then we
have

Corrifj?)(A BC) = Corr;ng)(A B)C

for all A,B € A and C € B and T-density operator p.

Proof. For any A, B € A and any C € B we obtain that

——(f,9) 1 f f * *
Corr, . (4,BC) = 3 (Corr(p{ﬁ) (A, BC) + Corr /2 (BC)", A ))

LT (F(0)9(p) A BC) — T(f(p)A%9(p) BC)
(

2

+T(f(p)g(p)BCA™) = T(f(p)BCg(p)A™)
= % (T(f(p)g(p)A*B)C —T(f(p)A*g(p)B)C

+T(f(p)g(p)BA")C = T(f(p)Bg(p)A*)C)

= L @90 A*B) — T(1(p) A%9(0) B)

)
2
+T(f(p)g(p)BA") = T(f(p)By(p)A")) C
= Corrpf;])(A B)C,

by using module and tracial properties of T O

Lemma 3.3 (Cauchy-Schwarz inequality, see [1,2]). Let T : A — B be a tracial
positive module operator. Then we have

T y)* < T(z"0)T(y"y),  z,y € A

Now we prove the following theorem by applying the above lemmas.

Proof of Theorem 2.4. Define the map (-,") : A x A — B as (4, B) =

7
Corr; 7?)(A B). Then due to Lemma 3.2, it is clear that (-, -) is a B-valued

semi-inner product and A is a B-module. Using Lemma 3.3, we obtain for all
self-adjoint elements A, B € A that

2|1 2
Re Corr;ﬁi’)(A,B)’ = '2 (Corr(f’q (A, B) + Corr(p{ci,?)(B,A))‘
2

= Corr(p{’Tg)(A,B)

< (4, 4) (B, B)
= I (A (B)

)

which gives the proof. O
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3.2. Proof of Theorem 2.10

Proof of Theorem 2.10. Let Z € B be a self-adjoint element and put

(3.1) M =i[f(p), Ao] Z + {f(p), Bo},
where Ag = A —T(pA) and By = B — T(pB). Then by the positivity of T we
obtain that

0 < T(M*M)
=T ((iZ[f(p), Ao] + {f (), Bo}) (i[£(p), Ao] Z + {f(p), Bo}))
=T (=Z[f(p), Ao*Z +iZ[f(p), Adl{f(p), Bo}
+i{f(p), Bo}[f(p), Al Z + {f(p), Bo}?)
= ZT ((i[f(p), Ao))?) Z+2T ([f(p), Acl{f(p), Bo}) Z+T ({f(p), Bo}?)
(3.2) = 2K;{,T(A)Z2 + 24T ([f(p), Aol{f(p), Bo}) Z + 2L£,T(B)7

where for the last equality, we use the fact that T'(A4) C Z(B). On the other
hand, since T is a tracial module operator, we obtain that

T ([f(p), Aol{f(p), Bo})
=T (f(p)Aof(p)Bo+ f(p)AcBof(p) — Aof(p)’Bo — f(p)Aof(p)Bo)
=T (f(p)*(AoBo — BoAy))
(33) =T (f(p)’[A B]).
Hence, combining (3.2) with (3.3), we have
(3.4) 0 < 2K7 1.(A)Z% + 2T (f(p)*[A, B]) Z + 2L 1(B).
Now, without loss of the generality, we assume that K ;T(A) > 0. Put
7= —%KZ)T(A)*T (f(p)?[A, B)) .
Then we can see, using the fact that T'(A) C Z(B),

fiKZ (AT (F()*[A B)) + K] o(A)7'T (f(0)*[A, B)) +2L] +(B) = 0,

equivalently,

KL o (AL n(B) > ~ T (£(o)’14,B)’
Since T (f(p)[A, B])" = =T (f(p)[A, B]), we have
(35) KLo(A)L]2(B) > 1|7 (7014, B]) |
Finally, since T(A) C Z(B),

W (AW 1(B) = /KL (AL (4K 1 (B)LE 1(B)

1

= <K§,T<A>2Lﬁ,T<A>%><K£,T(B>%Li,T<B>

[N

)
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= (K] (L] 1(B))* (5] 1 (B)L] (1)) *
Hr roram [
is obtained by (3.5). O

v

Remark 3.4. In the proof of Theorem 2.10, if we take M := i (pl/QAo) Z +
p'/2By in (3.1), then we have

2

T (plA, B])

)

(3.6) Vor(A)V, r(B) > ‘

| —

where V, 7(A) = T(pA?) —T(pA)? which is the Heisenberg uncertainty relation
for T (see [2]). Indeed, if we take Z = —% (pA%)_lT(p[AO,BO]), where
Ag = A—T(pA) and By = B — T(pB), then we have (3.6) by using same
method in the proof.
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