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CURVATURES OF SEMI-SYMMETRIC METRIC

CONNECTIONS ON STATISTICAL MANIFOLDS

Mohammad Bagher Kazemi Balgeshir and Shiva Salahvarzi

Abstract. By using a statistical connection, we define a semi-symmetric

metric connection on statistical manifolds and study the geometry of these
manifolds and their submanifolds. We show the symmetry properties of

the curvature tensor with respect to the semi-symmetric metric connec-
tions. Also, we prove the induced connection on a submanifold with re-

spect to a semi-symmetric metric connection is a semi-symmetric metric

connection and the second fundamental form coincides with the second
fundamental form of the Levi-Civita connection. Furthermore, we obtain

the Gauss, Codazzi and Ricci equations with respect to the new connec-

tion. Finally, we construct non-trivial examples of statistical manifolds
admitting a semi-symmetric metric connection.

1. Introduction

As a generalization of the Riemannian connection, the notion of a semi-
symmetric connection was introduced in [7]. This type of connections is a
linear connection whose torsion tensor does not vanish, and for a 1-form η, sat-
isfies T (X,Y ) = η(Y )X − η(X)Y . In [13], K. Yano studied a semi-symmetric
metric connection and proved some interesting results. In [1], the authors de-
fined a semi-symmetric non-metric connection and investigated the curvature
tensor of the manifold with respect to the semi-symmetric non-metric con-
nection. Many authors studied manifolds endowed with the semi-symmetric,
quarter-symmetric non-metric connections equipped with the complex and con-
tact structures [6, 8–11].

On the other hand, statistical manifolds were studied in terms of information
geometry by Amari [2]. Statistical manifolds are equipped with dual affine
and torsion free connections which are related to each other with respect to
the Riemannian metric g. Many authors initiated the study of geometry of
submanifolds of statistical manifolds [4, 5, 12].
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In this paper, we consider a statistical manifold endowed with a semi-
symmetric metric connection. First, we give a brief information about the
statistical manifolds and their submanifolds. In Section 3, we study a semi-
symmetric metric connection on a statistical manifold. Also, the curvature
tensor with respect to the semi-symmetric metric connection and its symmetry
properties are obtained. In Section 4, we deduce the Gauss and Weingarten
formulas with respect to a semi-symmetric metric connection. Moreover, we
prove that the induced connection on a submanifold is also semi-symmetric
metric and the corresponding second fundamental form coincides with the sec-
ond fundamental form with respect to the Levi-Civita connection. In Section
5, the Gauss, Codazzi and Ricci equations with respect to a semi-symmetric
metric connection are obtained. Furthermore, we give some examples of semi-
symmetric connections on statistical manifolds.

2. Preliminaries

Let (M̄, g) be an m-dimensional Riemannian manifold and ∇̂ be the Levi-
Civita connection on M̄ .

Definition ([2]). A Riemannian manifold (M̄, g, ∇̄) is said to be a statistical
manifold if ∇̄ is an affine and torsion free connection and ∇̄g satisfies in Codazzi
equation, that is, for all X,Y, Z ∈ Γ(TM̄)

(1) (∇̄Xg)(Y, Z) = (∇̄Y g)(X,Z).

It is well-known that there exists an affine connection ∇̄∗ dual of ∇̄ with
respect to g such that

(2) Xg(Y, Z) = g(∇̄XY, Z) + g(Y, ∇̄∗XZ).

Also ∇̄∗ satisfies in (1) and (∇̄∗)∗ = ∇̄. From compatibility of ∇̂ with g and
Equation (2), we obtain [5]

(3) ∇̂ =
1

2
(∇̄+ ∇̄∗).

A tensor field K̄ of type (1, 2) on M̄ is defined

(4) K̄XY = ∇̄XY − ∇̂XY, K̄XY =
1

2
(∇̄XY − ∇̄∗XY ).

K̄ is symmetric and we have

(5) g(K̄XY,Z) = g(K̄XZ, Y ), K̄XY = K̄YX.

The statistical curvature tensor field with respect to ∇̄ is defined [4]

(6) R̄(X,Y )Z = ∇̄X∇̄Y Z − ∇̄Y ∇̄XZ − ∇̄[X,Y ]Z.

By changing ∇̄ to ∇̄∗ we obtain the statistical curvature tensor field R̄∗.
The curvature tensor fields R̄ and R̄∗ satisfy

R̄(X,Y )Z = −R̄(Y,X)Z, R̄∗(X,Y )Z = −R̄∗(Y,X)Z,
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g(R̄(X,Y )Z,W ) = −g(R̄∗(X,Y )W,Z),

R̄(X,Y )Z + R̄(Y,Z)X + R̄(Z,X)Y = 0.

Let N be a submanifold of statistical manifold M̄ with the induced metric g.
The Gauss and Weingarten formulas for the Levi-Civita connection are

(7) ∇̂XY = ∇◦XY + h◦(X,Y ), ∇̂XV = −A◦VX +D◦XV,

for all X,Y ∈ Γ(TN) and V ∈ Γ(TN⊥), where ∇◦ and h◦ are the induced
connection and the second fundamental form on N , respectively. A◦ is the
shape operator and D◦ is the normal connection on TN⊥. Now, the Gauss
and Weingarten formulas for submanifold N of statistical manifold M̄ with
respect to the statistical connections ∇̄ and ∇̄∗ are given by [4]

(8) ∇̄XY = ∇XY + h(X,Y ), ∇̄XV = −AVX +DXV,

(9) ∇̄∗XY = ∇∗XY + h∗(X,Y ), ∇̄∗XV = −A∗VX +D∗XV,

for all X,Y ∈ Γ(TN) and V ∈ Γ(TN⊥), where ∇,∇∗ and h, h∗ are induced
statistical connections and second fundamental forms on N , respectively. A,A∗

are the shape operators and D,D∗ are the normal connections on TN⊥. It is
well-known that ∇ and ∇∗ are dual and statistical connections [5]. From (8)
and (9) we have

(10) g(AVX,Y ) = g(h(X,Y ), V ), g(A∗VX,Y ) = g(h∗(X,Y ), V ).

N is called a totally geodesic submanifold with respect to ∇̄ and ∇̄∗ if the
second fundamental forms h and h∗ vanish. The submanifold is called a totally
umbilical submanifold if

h(X,Y ) = Hg(X,Y ), h∗(X,Y ) = H∗g(X,Y ),

where H and H∗ are the mean curvature vectors with respect to ∇̄ and ∇̄∗,
respectively.

3. Semi-symmetric metric connections on statistical manifolds

A linear connection ∇̃ on (M̄, g) is called a semi-symmetric connection if for

all X,Y ∈ Γ(TM̄), its torsion tensor T̃ satisfies

(11) T̃ (X,Y ) = ∇̃XY − ∇̃YX − [X,Y ] = η(Y )X − η(X)Y,

where η is a 1-form and for a vector field U

g(X,U) = η(X).

Moreover, if the semi-symmetric connection ∇̃ satisfies ∇̃g = 0, then ∇̃ is said
to be a semi-symmetric metric connection.

By using the approach of [9], we give the following definition.
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Definition. Let (M̄, ∇̄, g) be a statistical manifold and U be a vector field on

M̄ . For any X,Y ∈ Γ(TM̄), we define the linear connection ∇̃ on M̄ by

(12) ∇̃XY = ∇̄XY + η(Y )X − g(X,Y )U − K̄XY,

where g(X,U) = η(X).

By taking (4) in (12) we get

(13) ∇̃XY = ∇̄∗XY + η(Y )X − g(X,Y )U + K̄XY.

It is easy to see that the torsion tensor T̃ with respect to the linear connection
∇̃ satisfies in (11).

Proposition 3.1. Let (M̄, ∇̄, g) be a statistical manifold admitting a semi-

symmetric linear connection ∇̃ which is defined in (12). Then ∇̃ is a metric
connection.

Proof. For all X,Y, Z on M̄ from (2), (5) and (12) we have

(∇̃Xg)(Y,Z) = Xg(Y, Z)− g(∇̃XY, Z)− g(Y, ∇̃XZ)

= Xg(Y,Z)− g(∇̄XY + η(Y )X − g(X,Y )U − K̄XY,Z)

− g(∇̄XZ + η(Z)X − g(X,Z)U − K̄XZ, Y )

= g(Y, ∇̄∗XZ)− g(Y, ∇̄XZ) + 2g(KXZ, Y )

= −2g(KXZ, Y ) + 2g(KXZ, Y ) = 0.

It gives the assertion. �

The previous proposition shows that ∇̃ is a semi-symmetric metric connec-
tion. Now, we prove any semi-symmetric metric connection on a statistical
manifold satisfies in (12).

Proposition 3.2. Let (M̄, ∇̄, g) be a statistical manifold which admits a semi-

symmetric metric connection ∇̃. Then ∇̃ satisfies in (12) and (13).

Proof. Let ∇̃ be a metric connection satisfying (11) on a statistical manifold
M̄ defined by

(14) ∇̃XY = ∇̄XY +m(X,Y ),

where ∇̄ is a statistical connection and m is a (1, 2)-tensor field on M̄ . From
(2) and (14) we get

0 = (∇̃Xg)(Y, Z) = Xg(Y,Z)− g(∇̃XY, Z)− g(Y, ∇̃XZ)

= Xg(Y, Z)− g(∇̄XY +m(X,Y ), Z)− g(Y, ∇̄XZ +m(X,Z))

= −2g(KXZ, Y )− g(m(X,Y ), Z)− g(m(X,Z), Y ).

So

g(m(X,Y ), Z) + g(m(X,Z), Y ) = −2g(KXZ, Y ).
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Now, from (14) we have

T̃ (X,Y ) = m(X,Y )−m(Y,X).

By using (11) we obtain

g(T̃ (X,Y ), Z) + g(T̃ (Z,X), Y ) + g(T̃ (Z, Y ), X)

= g(m(X,Y )−m(Y,X), Z) + g(m(Z,X), Y )−m(X,Z), Y )

+ g(m(Z, Y )−m(Y, Z), X)

= 2(g(m(X,Y ), Z) + g(K̄XZ, Y )).

Substituting (11) in the last equation implies

g(m(X,Y ), Z) =
1

2
{g(η(Y )X − η(X)Y,Z) + g(η(X)Z − η(Z)X,Y )

+ g(η(Y )Z − η(Z)Y,X)} − g(K̄XZ, Y ).

Thus we get
m(X,Y ) = η(Y )X − g(X,Y )U − K̄XY.

By taking the Equations (4) and (12), we get (13). �

Example 3.3. We recall Example 2.2 in [12] for a 5-dimensional statistical
manifold M̄ with standard coordinate (x1, x2, y1, y2, z). We consider the metric
g and the conjugate connections ∇̄ and ∇̄∗ defined in that example. Assume
U = ∂z and η(X) = g(X,U) for all X ∈ Γ(TM̄). We define an affine connection

∇̃ as follows

∇̃∂x1
∂x1 = y1∂y1− (2 +y2

1)∂z−y1∂x1, ∇̃∂x2
∂x2 = y2∂y2− (2 +y2

2)∂z−y2∂x2,

∇̃∂x2
∂x1 =

1

2
y1∂y2 +

1

2
y2∂y1 − y1y2∂z − y1∂x2,

∇̃∂x1
∂x2 =

1

2
y1∂y2 +

1

2
y2∂y1 − y1y2∂z − y2∂x1,

∇̃∂x1
∂y1 = y1∂x1 −

3

4
y1∂x2 +

1

4
(y2

1 − 2)∂z − y1∂y1,

∇̃∂y1∂x1 = y1∂x1 −
3

4
y1∂x2 +

1

4
(y2

1 − 2)∂z,

∇̃∂y2∂x1 =
1

4
(y1∂x2 + y1y2∂z)− y1∂y2, ∇̃∂x1∂y2 =

1

4
(y1∂x2 + y1y2∂z),

∇̃∂y1∂x2 =
1

4
(y2∂x1 + y1y2∂z)− y2∂y1, ∇̃∂x2∂y1 =

1

4
(y2∂x1 + y1y2∂z),

∇̃∂y2∂x2 =
1

4
(∂x2 + (y2

2 − 2)∂z)− y2∂y2, ∇̃∂x2∂y2 =
1

4
(∂x2 + (y2

2 − 2)∂z),

∇̃∂z∂x1 =
−1

2
∂y1, ∇̃∂x1

∂z =
−1

2
∂y1 + ∂x1 + y1∂z,

∇̃∂z∂x2 =
−1

2
∂y2, ∇̃∂x1

∂z =
−1

2
∂y2 + ∂x2 + y2∂z,

∇̃∂z∂y1 =
−1

4
(∂x1 + y1∂z), ∇̃∂y1∂z =

−1

4
(∂x1 + y1∂z) + ∂y1,
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∇̃∂z∂y2 =
−1

4
(∂x2 + y2∂z), ∇̃∂y2∂z =

−1

4
(∂x2 + y2∂z) + ∂y2,

∇̃∂y1∂y1 = ∇̃∂y2∂y2 = ∂z, ∇̃∂y2∂y1 = ∇̃∂y1∂y2 = ∇̃∂z∂z = 0.

So, we get the torsion tensor T̃ with respect to the connection ∇̃ as follows:

T̃ (∂x1, ∂x2) = −y2∂x1+y1∂x2, T̃ (∂x1, ∂y1) = y1∂y1, T̃ (∂x2, ∂y1) = y2∂y1,

T̃ (∂x1, ∂y2) = y1∂y2, T̃ (∂x2, ∂y1) = y2∂y1, T̃ (∂x2, ∂y2) = y2∂y2,

T̃ (∂x1, ∂z) = ∂x1 + y1∂z, T̃ (∂x2, ∂z) = ∂x2 + y2∂z,

T̃ (∂y1, ∂z) = ∂y1, T̃ (∂y2, ∂z) = ∂y2.

Hence ∇̃ is a semi-symmetric connection and the relation (11) is satisfied.

Moreover, it is easy to see ∇̃g = 0. So, ∇̃ is a semi-symmetric metric connection
on the statistical manifold M̄ .

We denote the curvature tensor associated with the semi-symmetric metric
connection ∇̃ by R̃. From [9], the curvature tensor R̃ is related to statistical
connections ∇̄ and ∇̄∗ by the following relations

R̃(X,Y )Z = R̄(X,Y )Z + {η(X)U −X − ∇̄XU + K̄XU}g(Y, Z)

− {η(Y )U − Y − ∇̄Y U + K̄Y U}g(X,Z)

− (∇̄XK̄)(Y,Z) + (∇̄Y K̄)(X,Z) + K̄XK̄(Y,Z)− K̄Y K̄(X,Z)

− g(η(X)U − ∇̄XU + K̄XU,Z)Y +g(η(Y )U−∇̄Y U+K̄Y U,Z)X,(15)

and

R̃(X,Y )Z = R̄∗(X,Y )Z + {η(X)U −X − ∇̄∗XU − K̄XU}g(Y,Z)

− {η(Y )U − Y − ∇̄∗Y U − K̄Y U}g(X,Z)

+ (∇̄∗XK̄)(Y,Z)− (∇̄∗Y K̄)(X,Z) + K̄XK̄(Y,Z)− K̄Y K̄(X,Z)

− g(η(X)U−∇̄∗XU−K̄XU,Z)Y + g(η(Y )U−∇̄∗Y U − K̄Y U,Z)X.(16)

For investigating the symmetry of curvature tensor R̃, we need the following
proposition.

Proposition 3.4. Let (M̄, ∇̄, g) be a statistical manifold. The following rela-
tions hold:

1) −g(∇̄XU,W ) + g(K̄XU,W ) = −g(∇̄∗XU,W )− g(K̄XU,W ),
2) g((∇̄Y K̄)(X,Z),W ) − g((∇̄XK̄)(Y,Z),W ) = g((∇̄∗Y K̄)(X,W ), Z) −

g((∇̄∗XK̄)(Y,W ), Z),
3) g(K̄XK̄Y Z,W ) = g(K̄Y K̄XW,Z).

Proof. From (4), by direct computations, we get 1).
2) From (5), we prove that

g(K̄∇̄YXZ,W )− g(K̄∇̄XY Z,W ) = g(K̄[Y,X]Z,W )

= g(K̄[Y,X]W,Z) = g(K̄∇̄∗YXW,Z)− g(K̄∇̄∗XYW,Z).(17)
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Now, by using (2) and (5), we get

g((∇̄Y K̄)(X,Z),W )

= g(∇̄Y K̄XZ,W )− g(K̄X∇̄Y Z,W )− g(K̄∇̄YXZ,W )

= Y g(K̄XZ,W )− g(K̄XZ, ∇̄∗YW )− g(K̄XW, ∇̄Y Z)− g(K̄∇̄YXZ,W )

= Y g(K̄XZ,W )− g(K̄X∇̄∗YW,Z)− Y g(K̄XW,Z) + g(Z, ∇̄∗Y K̄XW )

− g(K̄∇̄YXZ,W )

= g(Z, ∇̄∗Y K̄XW )− g(K̄X∇̄∗YW,Z)− g(K̄∇̄YXZ,W ),(18)

from (17) and (18), we obtain

g((∇̄Y K̄)(X,Z),W )− g((∇̄XK̄)(Y,Z),W )

= g(Z, ∇̄∗Y K̄XW )− g(K̄X∇̄∗YW,Z)− g(K̄∇̄∗YXW,Z)− g(Z, ∇̄∗XK̄YW )

+ g(K̄Y ∇̄∗XW,Z) + g(K̄∇̄∗XYW,Z)

= g((∇̄∗Y K̄)(X,W ), Z)− g((∇̄∗XK̄)(Y,W ), Z).

3) From symmetry property of K̄, we deduce

g(K̄XK̄Y Z,W ) = g(K̄XW, K̄Y Z) = g(K̄Y K̄XW,Z). �

The next proposition expresses the symmetry of curvature tensor R̃ associ-
ated with the semi-symmetric metric connection ∇̃.

Proposition 3.5. Let (M̄, ∇̄, g) be a statistical manifold admitting the semi-

symmetric metric connection ∇̃. Then the curvature tensor R̃ associated with
∇̃ satisfies the following conditions:

1) R̃(X,Y )Z = −R̃(Y,X)Z,

2) g(R̃(X,Y )Z,W ) = −g(R̃(X,Y )W,Z),

3) R̃(X,Y )Z+R̃(Y, Z)X+R̃(Z,X)Y = g(∇̄XU,Z)Y −g(∇̄Y U,Z)X

+ g(∇̄Y U,X)Z−g(∇̄ZU,X)Y

+ g(∇̄ZU, Y )X−g(∇̄XU, Y )Z.

Proof. By a simple computation and using (15), we get 1). In view of (15), (16)

and Proposition 3.4, we get the relation 2). For 3), by cycling R̃ on X,Y, Z
and direct calculating we get the result. �

Corollary 3.6. Let (M̄, ∇̄, g) be a statistical manifold admitting the semi-

symmetric metric connection ∇̃. If η is closed, then

R̃(X,Y )Z + R̃(Y,Z)X + R̃(Z,X)Y = 0.

Proof. By using (2), we derive

g(∇̄XU,Z)Y − g(∇̄ZU,X)Y = Xg(U,Z)Y − g(U, ∇̄∗XZ)Y

− Zg(U,X)Y + g(U, ∇̄∗ZX)Y

= (Xη(Z)− Zη(X)− η[X,Z])Y = dη(X,Z)Y.



156 M. B. KAZEMI AND S. SALAHVARZI

Now, from 3) in Proposition 3.5 we conclude

R̃(X,Y )Z + R̃(Y, Z)X + R̃(Z,X)Y = dη(X,Z)Y + dη(Y,X)Z + dη(Z, Y )X,

which this equation gives the result. �

4. Induced connection of a semi-symmetric metric connection on
submanifolds of statistical manifolds

In this section we obtain the Gauss and Weingarten formulas for a semi-
symmetric metric connection.

We consider∇′ and h′ as the induced connection and the second fundamental
form on the submanifold N with respect to the semi-symmetric metric connec-
tion ∇̃, respectively. So, the Gauss formula with respect to semi-symmetric
metric connection ∇̃ is

(19) ∇̃XY = ∇′XY + h′(X,Y ).

The submanifold N is called totally geodesic with respect to ∇̃ if the second
fundamental form h′ vanishes and N is called totally umbilical if we have

h′(X,Y ) = H ′g(X,Y ),

where, H ′ is the mean curvature vector with respect to ∇̃.
In the next theorem we assume U ∈ Γ(TN) and obtain the relations between

∇′ and ∇.

Theorem 4.1. Let N be a submanifold of statistical manifold M̄ such that M̄
admits a semi-symmetric metric connection ∇̃ and U ∈ Γ(TN). Then we have

(20) ∇′XY = ∇XY + η(Y )X − g(X,Y )U −KXY, ∀X,Y ∈ Γ(TN)

(21) h′(X,Y ) =
1

2
(h(X,Y ) + h∗(X,Y )),

where KXY = 1
2 (∇−∇∗).

Proof. Applying (12) and Gauss formula in (8) we get

∇̃XY = ∇̄XY + η(Y )X − g(X,Y )U − K̄XY

= ∇XY + h(X,Y ) + η(Y )X − g(X,Y )U

− 1

2
(∇XY + h(X,Y )−∇∗XY − h∗(X,Y ))

= ∇XY + η(Y )X − g(X,Y )U −KXY +
1

2
(h(X,Y ) + h∗(X,Y )).(22)

By separating the tangential and normal parts we get the result. �

Remark 4.2. By similar proof of Theorem 4.1, we can show

∇′XY = ∇∗XY + η(Y )X − g(X,Y )U +KXY, ∀X,Y ∈ Γ(TN).

By using (3), (19), (20) and (21), we have the following corollaries.
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Corollary 4.3. Let N be a submanifold of statistical manifold M̄ such that M̄
admits a semi-symmetric metric connection ∇̃. Then the induced connection ∇′
of the semi-symmetric metric connection ∇̃ is also semi-symmetric connection
and

(∇′Xg)(Y, Z) = (∇̃Xg)(Y,Z).

Corollary 4.4. Let N be a submanifold of statistical manifold M̄ such that M̄
admits a semi-symmetric metric connection ∇̃. Then the second fundamental
form with respect to the semi-symmetric metric connection ∇̃ coincides with
the second fundamental form of the Levi-Civita connection.

Proposition 4.5. Let N be a submanifold of statistical manifold M̄ admitting
a semi-symmetric metric connection ∇̃. If N is totally umbilical with respect
to the statistical connections then N is totally umbilical with respect to the
semi-symmetric metric connection.

Proof. Since N is totally umbilical with respect to the statistical connections,
we have

h(X,Y ) = Hg(X,Y ), h∗(X,Y ) = H∗g(X,Y ),

from (3) and (20), we get

h′(X,Y ) =
1

2
(h(X,Y ) + h∗(X,Y )) =

1

2
(H +H∗)g(X,Y ),

so, N is totally umbilical with respect to the semi-symmetric metric connection
and the mean curvature vector with respect to ∇̃ is

H ′(X,Y ) =
1

2
(H +H∗). �

Theorem 4.6. Let N be a submanifold of statistical manifold M̄ such that M̄
admits a semi-symmetric metric connection ∇̃ and U ∈ Γ(TN). Then for all
X,Y ∈ Γ(TN) and V ∈ Γ(TN⊥), we have

∇̃XV =
−1

2
(AVX +A∗VX) +

1

2
(DXV +D∗XV ).

Proof. Since η(V ) = g(U, V ) = 0, the Equations (12) and (8) imply

∇̃XV = ∇̄XV + η(V )X − g(X,V )U − K̄XV

= −AVX +DXV −
1

2
(∇̄XV − ∇̄∗XV )

=
−1

2
(AVX +A∗VX) +

1

2
(DXV +D∗XV ).(23) �

Proposition 4.7. Let N be a submanifold of statistical manifold M̄ such that
M̄ admits a semi-symmetric metric connection ∇̃ and U ∈ Γ(TN). Then the
shape operator and the normal connection associated with the semi-symmetric
metric connection coincide with the shape operator and the normal connection
of the Levi-Civita connection, respectively.
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Proof. If we take the Weingarten formula associated with the semi-symmetric
metric connection by

(24) ∇̃XV = −A′VX +D′XV,

equating the tangential and normal parts of (23) implies

(25) A′VX =
1

2
(AVX +A∗VX), D′XV =

1

2
(DXV +D∗XV ).

The assertions follows from (3) and (25). �

From (10), (21) and (25), we find

g(A′VX,Y ) =
1

2
g((AVX +A∗VX), Y ) =

1

2
g(h(X,Y ) + h∗(X,Y ), V )

= g(h′(X,Y ), V ).(26)

Remark 4.8. In Theorem 4.1, if we take U ∈ Γ(TN⊥), by the same proof we ob-
tain the Gauss formula associated with the semi-symmetric metric connection
∇̃ as follows

(27) ∇̃XY = ∇XY −KXY − g(X,Y )U +
1

2
(h(X,Y ) + h∗(X,Y )),

thus, ∇′XY = ∇XY −KXY . In view of (4) and (7), we find that

∇◦XY = ∇XY −KXY.

So, when U ∈ Γ(TN⊥) the induced connection ∇′ on the submanifold coincides
with the induced connection of the Levi-Civita connection.

Proposition 4.9. Let N be a submanifold of statistical manifold M̄ such that
M̄ admits a semi-symmetric metric connection ∇̃ and U ∈ Γ(TN⊥). Then h′

is totally geodesic if and only if h◦(X,Y ) = g(X,Y )U.

Proof. By equating the normal part of (27) we get

h′(X,Y ) =
1

2
(h(X,Y ) + h∗(X,Y ))− g(X,Y )U, ∀X,Y ∈ Γ(TN)

from (7) we obtain

h′(X,Y ) = h◦(X,Y )− g(X,Y )U,

this implies the result. �

5. The Gauss, Codazzi and Ricci equations with respect to the
semi-symmetric metric connection

We denote the tangent and normal parts of the curvature tensor R̃ by R′

and R⊥, respectively. By direct computations from (19) and (24), we get

∇̃X∇̃Y Z = ∇′X∇′Y Z + h′(X,∇′Y Z)−A′h′(Y,Z)X +D′Xh
′(Y, Z),(28)

by changing the role of X and Y in (28) we obtain ∇̃Y ∇̃XZ. So,

R̃(X,Y )Z = ∇′X∇′Y Z + h′(X,∇′Y Z)−A′h′(Y,Z)X +D′Xh
′(Y, Z)
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−∇′Y∇′XZ − h′(Y,∇′XZ) +A′h′(X,Z)Y −D
′
Y h
′(X,Z)

−∇′[X,Y ]Z − h
′([X,Y ], Z).(29)

Let W ∈ Γ(TN), from (29) we obtain the Gauss equation with respect to the
semi-symmetric metric connection as follows:

g(R̃(X,Y )Z,W ) = g(R′(X,Y )Z,W )− g(h′(X,W ), h′(Y,Z))

+ g(h′(X,Z), h′(Y,W )).(30)

Proposition 5.1. Let N be a submanifold of statistical manifold M̄ such that
M̄ admits a semi-symmetric metric connection ∇̃ and U ∈ Γ(TN). Then we
have

g(R̃(X,Y )Z,W )

= g(R(X,Y )Z,W )

+ {η(X)η(W )− g(X,W )− g(∇XU,W ) + g(KXU,W )}g(Y,Z)

− {η(Y )η(W )− g(Y,W )− g(∇Y U,W ) + g(KY U,W )}g(X,Z)

− g((∇XK)(Y, Z),W ) + g((∇YK)(X,Z),W ) + g(KXK(Y,Z),W )

− g(KYK(X,Z),W )− g(η(X)U −∇XU +KXU,Z)g(Y,W )

+ g(η(Y )U −∇Y U +KY U,Z)g(X,W )

− 1

4
g(h(X,W ) + h∗(X,W ), h(Y, Z) + h∗(Y, Z))

+
1

4
g(h(X,Z) + h∗(X,Z), h(Y,W ) + h∗(Y,W )),

where R is the curvature tensor of the induced statistical connection ∇ on N .

Proof. The assertion follows from (20), (21) and (30). �

Proposition 5.2. Let N be a submanifold of statistical manifold M̄ such that
M̄ admits a semi-symmetric metric connection ∇̃ and U ∈ Γ(TN). Then the

Codazzi equation with respect to the semi-symmetric metric connection ∇̃ is
given by

g(R̃(X,Y )Z, ξ) = g((∇′Xh′)(Y,Z), ξ)− g((∇′Y h′)(X,Z), ξ)

+ η(Y )g(h′(X,Z), ξ)− η(X)g(h′(Y,Z), ξ),(31)

where

(∇′Xh′)(Y,Z) = D′Xh
′(Y, Z)− h′(∇′XY, Z)− h′(Y,∇′XZ).

Proof. Inner product of Equation (29) and ξ ∈ Γ(TN⊥) implies

g(R̃(X,Y )Z, ξ) = g(h′(X,∇′Y Z), ξ)) + g(D′Xh
′(Y,Z), ξ)

− g(h′(Y,∇′XZ), ξ)) + g(D′Y h
′(X,Z), ξ)

− g(h′([X,Y ], Z), ξ).(32)
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In the last term, we have

−[X,Y ] = η(Y )X − η(X)Y +∇′YX −∇′XY,
thus (31) holds. �

Theorem 5.3. Let N be a submanifold of statistical manifold M̄ such that
M̄ admits a semi-symmetric metric connection ∇̃ and U ∈ Γ(TN). Then the

Ricci equation with respect to the semi-symmetric metric connection ∇̃ is given
by

g(R̃(X,Y )V,W ) = g(R⊥(X,Y )V,W ) + g([A′V , A
′
W ]X,Y ),

where R⊥(X,Y )V is defined

R⊥(X,Y )V = D′XD
′
Y V −D′YD′XV −D′[X,Y ]V

for all X,Y ∈ Γ(TN) and V,W ∈ Γ(TN⊥) and

[A′V , A
′
W ] = A′VA

′
W −A′WA′V .

Proof. For all X,Y ∈ Γ(TN) and V,W ∈ Γ(TN⊥) from (19) and (24) we
obtain

g(R̃(X,Y )V,W ) = g(∇̃X∇̃Y V,W )− g(∇̃Y ∇̃XV,W )− g(∇̃[X,Y ]V,W )

= g(R⊥(X,Y )V,W )−g(h′(X,A′V Y ),W )+g(h′(Y,A′VX),W ).

By using (26), we get

g(R̃(X,Y )V,W ) = g(R⊥(X,Y )V,W )− g(A′WA
′
V Y,X) + g(A′VA

′
WX,Y )

= g(R⊥(X,Y )V,W ) + g([A′V , A
′
W ]X,Y ). �

Example 5.4. Let M̄ be the 5-dimensional statistical manifold as in Example
3.3. Assume N be a 3-dimensional submanifold with the coordinate (u, v, w)
given by

i : N −→ M̄

i(u, v, w) = (
1

2
u,

1

2
v,
−1

2
v,

1

2
u,w).

Then the tangent bundle TN and normal bundle TN⊥ are spanned by

TN = {Z1 =
1

2
(∂x1 + ∂y2), Z2 =

1

2
(∂x2 − ∂y1), Z3 = ∂z},

TN⊥ = {N1 =
1

2
(∂x1 − ∂y2), N2 =

1

2
(∂x2 + ∂y1)}.

We obtain

∇̃Z1Z1 =
−y1

2
Z1 −

y1

8
Z2 −

1

4
(1 + y2

1 −
1

2
y1y2)Z3 +

3

8
y1N2,

∇̃Z2
Z2 =

y2

8
Z1 −

y2

2
Z2 −

1

4
(1 + y2

2 +
1

2
y1y2)Z3 −

3

8
y2N1,

∇̃Z2
Z1 =

y1

8
Z1 −

1

16
(5y1 + 2y2 − 1)Z2 −

1

16
(y2

1 − y2
2 + 4y1y2)Z3 −

y1

8
N1
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+
1

16
(3y1 + 2y2 + 1)N2,

∇̃Z1
Z2 =

−1

8
(y1 + 4y2)Z1 +

1

16
(1− 2y2)Z2 −

1

16
(y2

1 − y2
2 + 4y1y2)Z3

− 3y1

8
N1 + (

y2

8
+

1

16
)N2,

∇̃Z3Z1 =
1

8
Z2−

y2

8
Z3−

3

8
N2, ∇̃Z1

Z3 = Z1 +
1

8
Z2 +

1

2
(y1−

1

4
y2)Z3−

3

8
N2,

∇̃Z3Z2 =
−1

8
Z1 +

y1

8
Z3 +

3

8
N1, ∇̃Z2

Z3 = Z2−
1

8
Z1 +

1

2
(y2 +

1

4
y1)Z3 +

3

8
N1.

By direct computations, we obtain some components of the connection as fol-
lows

∇Z1
Z1 = y1Z2 +

1

2
y1y2Z3, ∇∗Z1

Z1 =
−5y1

4
Z2 −

y1y2

4
Z3,

∇Z2Z2 = −y2Z1 −
y1y2

2
Z3, ∇∗Z2

Z2 =
5y2

4
Z1 +

y1y2

4
Z3,

h(Z1, Z1) = 0, h∗(Z1, Z1) =
3y1

4
N2, h(Z2, Z2) = 0, h∗(Z2, Z2) = −3y2

4
N1.

We see that in this example, Theorem 4.1 is satisfied.

Example 5.5. Let M̄ be the statistical manifold of Gaussian density functions
given by (see [3, p. 45] and [5, p. 51])

M = {n(z;µ, σ) | µ ∈ R, σ ∈ R+}, z ∈ R,

where

n(z;µ, σ) =
1√
2πσ

e
−

(z − µ)2

2σ2 ,

µ and σ2 are mean and variance, respectively. The Fisher metric for this
Gaussian manifold with parameters (x, y) = (µ, σ) is given by

g =


1

y2
0

0
2

y2

 .

For components of the affine and dual connections ∇̄ and ∇̄∗, we have

∇̄∂x∂x = 0, ∇̄∗∂x∂x =
1

y
∂y, ∇̄∂y∂y =

−3

y
∂y, ∇̄∗∂y∂y =

1

y
∂y,

∇̄∂x∂y =
−2

y
∂x, ∇̄∂y∂x =

−2

y
∂x, ∇̄∗∂x∂y = 0, ∇̄∗∂y∂x = 0.

Then (M̄, g,∇,∇∗) is a 2-dimensional statistical manifold. By taking U = ∂x,

we obtain the semi-symmetric metric connection ∇̃

∇̃∂x∂x =
1

2y
∂y, ∇̃∂y∂y =

−2

y2
∂x− 1

y
∂y,
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∇̃∂x∂y =
−1

y
∂x, ∇̃∂y∂x =

1

y2
∂y − 1

y
∂x.

The non-zero component of the torsion tensor is T̃ (∂x, ∂y) = −1
y2 ∂y. By direct

calculation, we have

R̃(∂x, ∂y)∂x =
1

2y2
∂y, R̃(∂x, ∂y)∂y =

−1

y2
∂x.

Example 5.6. Let 4-manifold M̄ be the set of Freund bivariate mixture ex-
ponential density function F such as [3]

M = {F(x, y;α1, β1, α2, β2) | αi, βi > 0, i = 1, 2}, x, y > 0,

F(x, y) =

{
α1β2e

−β2y−(α1+α2−β2)x, 0 < x < y,
α2β1e

−β1y−(α1+α2−β1)x, 0 < y < x.

The Fisher information metric g is given by

g =
1dα1dα1

α2
1 + α1α2

+
α2

β2
1(α1 + α2)

dβ1dβ1 +
1dα2dα2

α2
2 + α1α2

+
α1

β2
2(α1 + α2)

dβ2dβ2.

We obtain the dual statistical connections ∇̄ and ∇̄∗ as follows:

∇̄∂α1
∂α1 =

−α2

α1(α1 + α2)
∂α1 +

α2

α1(α1 + α2)
∂α2, ∇̄∗∂α1

∂α1 =
−2

α1 + α2
∂α1,

∇̄∂β1∂β1 =
α1α2

(α1 + α2)β2
1

∂α1−
α1α2

(α1 + α2)β2
1

∂α2, ∇̄∗∂β1
∂β1 =

−2

β1
∂β1,

∇̄∂α2∂α2 =
α1

α2(α1 + α2)
∂α1 −

α1

α2(α1 + α2)
∂α2, ∇̄∗∂α2

∂α2 =
−2

α1 + α2
∂α2,

∇̄∂β2
∂β2 =

α1α2

(α1 + α2)β2
2

∂α2, ∇̄∗∂β2
∂β2 =

−2

β2
∂β2−

α1α2

(α1 + α2)β2
2

∂α1,

∇̄∂β1
∂α1 = 0, ∇̄∗∂β1

∂α1 =
−1

α1 + α2
∂β1,

∇̄∂α2
∂α1 = 0, ∇̄∗∂α2

∂α1 =
−1

α1 + α2
∂α1 −

1

α1 + α2
∂α2,

∇̄∂β2
∂α1 =

α2

α1(α1 + α2)
∂β2, ∇̄∗∂β2

∂α1 = 0,

∇̄∂α2∂β1 = 0, ∇̄∗∂α2
∂β1 =

α1

α2(α1 + α2)
∂β1,

∇̄∂β2∂β1 = 0, ∇̄∗∂β2
∂β1 = 0, ∇̄∂β2∂α2 = 0, ∇̄∗∂β2

∂α2 =
−1

α1 + α2
∂β2.

By taking U = ∂β2, we obtain the semi-symmetric metric connection ∇̃ as
follows:

∇̃∂α1∂α1 =
−α2 − 2α1

2α1(α1 + α2)
∂α1 +

α2

2α1(α1 + α2)
∂α2 −

1

α1(α1 + α2)
∂β2,

∇̃∂β1∂β1 =
α1α2

2β2
1(α1 + α2)

∂α1 −
α1α2

2β2
1(α1 + α2)

∂α2 −
α2

β2
1(α1 + α2)

∂β2 −
1

β1
∂β1,
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∇̃∂α2∂α2 =
α1

2α2(α1 + α2)
∂α1 −

α1 + 2α2

2α2(α1 + α2)
∂α2 −

1

α2(α1 + α2)
∂β2,

∇̃∂β2
∂β2 =

α1α2

2β2
2(α1 + α2)

∂α2 −
α1α2

2β2
2(α1 + α2)

∂α1 −
1

β2
∂β2,

∇̃∂α1
∂β1 = ∇̃∂β1

∂α1 =
−1

2(α1 + α2)
∂β1,

∇̃∂α2∂α1 = ∇̃∂α1∂α2 =
−1

2(α1 + α2)
∂α1 −

1

2(α1 + α2)
∂α2,

∇̃∂β2
∂α1 =

α2

2α1(α1 + α2)
∂β2,

∇̃∂α1
∂β2 =

α1

β2
2(α1 + α2)

∂α1 +
α2

2α1(α1 + α2)
∂β2,

∇̃∂β1∂α2 = ∇̃∂α2∂β1 =
α1

2α2(α1 + α2)
∂β1,

∇̃∂β1
∂β2 =

α1

β2
2(α1 + α2)

∂β1, ∇̃∂β2
∂β1 = 0,

∇̃∂β2
∂α2 =

−1

2(α1 + α2)
∂β2,

∇̃∂α2∂β2 =
−1

2(α1 + α2)
∂β2 +

α1

β2
2(α1 + α2)

∂α2.

The non-zero components of the torsion tensor T̃ are

T̃ (∂α1, ∂β2) =
α1

β2
2(α1 + α2)

∂α1,

T̃ (∂β1, ∂β2) =
α1

β2
2(α1 + α2)

∂β1,

T̃ (∂α2, ∂β2) =
α1

β2
2(α1 + α2)

∂α2.

By direct calculation, we get some components of the curvature tensor of the
semi-symmetric metric connection ∇̃:

R̃(∂α1, ∂β1)∂α1 =
4α1 − α2β

2
2

4α1β2
2(α1 + α2)2

∂β1, R̃(∂α1, ∂α2)∂β1 = 0,

R̃(∂α1, ∂β1)∂β2 =
α2

2β2
2(α1 + α2)2

∂β1, R̃(∂β1, ∂β2)∂α2 =
−α1

2β2
2(α1 + α2)2

∂β1,

R̃(∂β1, ∂α2)∂β2 =
α1

2β2
2(α1 + α2)2

∂β1,

R̃(∂β1, ∂β2)∂β2 = (
α2

1 + α1α2

4β2
2(α1 + α2)2

+
α1

β3
2(α1 + α2)

)∂β1.

Now, we can see that this example verifies Proposition 3.5.
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