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ON DUAL ZARISKI TOPOLOGY OVER GRADED
COMULTIPLICATION MODULES

RASHID ABU-DAWWAS AND AZZH SAAD ALSHEHRY

ABSTRACT. In this article, we deal with Zariski topology on graded co-
multiplication modules. The purpose of this article is obtaining some con-
nections between algebraic properties of graded comultiplication modules
and topological properties of dual Zariski topology on graded comultipli-
cation modules.

1. Introduction

Throughout this article, G will be a group with identity e and R a commu-
tative ring with a nonzero unity 1. R is said to be G-graded if R = @geG R,
with RgRy, C Ry, for all g,h € G where R, is an additive subgroup of R for
all g € G. The elements of R, are called homogeneous of degree g. Consider
supp(R,G) = {g € G: R, # 0}. If z € R, then z can be written as EgeG zg,
where z4 is the component of x in Ry. Also, h(R) = ,cq Ry Moreover, it
has been proved in [10] that R, is a subring of R and 1 € R,. Let I be an ideal
of a graded ring R. Then I is said to be graded ideal if I = @960(1 N Ry),
ie,forzel, x= EgeG x4 where x4 € I for all g € G. The following example
shows that an ideal of a graded ring need not be graded.

Example 1.1. Consider R = Z[i| = {a +ib: a,b € Z,i* = —1} (where Z is

the ring of integers) and G = Zo (the group of integers modulo 2). Then R

is G-graded by Ry = Z and R; = iZ. Now, I = (1 + i) is an ideal of R with

14+4el IfIis graded, then 1 € I, so 1 = a(l 4 4) for some a € R, i.e.,

1= (x+iy)(1+1) for some z,y € Z. Thus l =z —yand 0 =z +y, ie., 2z =1
1

and hence x = 5 a contradiction. So, I is not graded ideal of R.

Let R be a G-graded ring and [ is a graded ideal of R. Then R/I is G-graded
by (R/I), = (Rg+1)/IforallgeG.

Assume that M is a left R-module. Then M is said to be G-graded if
M = GBQGG M, with RgMj, C My, for all g,h € G where M, is an additive
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subgroup of M for all g € G. The elements of M, are called homogeneous of
degree g. Also, we consider supp(M,G) = {g € G : M, # 0}. It is clear that
My is an R.-submodule of M for all g € G. Moreover, h(M) = J,cq My. Let
N be an R-submodule of a graded R-module M. Then N is said to be graded
R-submodule if N = @ q(N N M), ie., forz € N, x = > ;x4 where
x4 € N for all g € G. The following example shows that an R-submodule of a
graded R-module need not be graded.

Example 1.2. Consider R = Z, M = Z[i] and G = Z3. Then R is G-graded
by Ry = Z and R; = {0}. Also, M is G-graded by My = Z and M; = iZ.
Similarly as in Example 1.1, N = (14 1) is an R-submodule of M which is not
graded.

Let M be a G-graded R-module and N be a graded R-submodule of M.
Then M/N is a graded R-module by (M/N), = (Mg + N)/N for all g € G.

Lemma 1.3 ([8], Lemma 2.1). Let R be a G-graded ring and M be a G-graded
R-module.

(1) If T and J are graded ideals of R, then I + J and I(\J are graded
ideals of R.

(2) If N and K are graded R-submodules of M, then N + K and N( K
are graded R-submodules of M.

(3) If N is a graded R-submodule of M, r € h(R), x € h(M) and I is a
graded ideal of R, then Rx, IN and rN are graded R-submodules of
M. Moreover, (N :g M) ={r € R:rM C N} is a graded ideal of R.

Also, it has been proved in [9] that if N is a graded R-submodule of M, then
Anng(N) ={r € R:rN = {0}} is a graded ideal of R.

A proper graded ideal P of R is said to be graded prime if whenever x,y €
h(R) such that zy € P, then either x € P or y € P. Graded prime ideals have
been admirably introduced and studied in [12]. The set of all graded prime
ideals of R is denoted by GSpec(R). Graded prime submodules have been
introduced by Atani in [5]. A proper graded R-submodule N of M is said to
be graded prime if whenever r € h(R) and m € h(M) such that rm € N, then
either m € N or r € (N :g M). Let M and S be two G-graded R-modules.
An R-homomorphism f : M — S is said to be graded R-homomorphism if
f(My) C Sy for all g € G (see [10]). Graded second submodules have been
introduced by Ansari-Toroghy and Farshadifar in [4]. A nonzero graded R-
submodule N of M is said to be graded second if for each a € h(R), the graded
R-homomorphism f : N — N defined by f(x) = axz is either surjective or zero.
In this case, Anng(N) is a graded prime ideal of R. Graded second submodules
have been wonderfully studied by Ceken and Alkan in [7]. On the other hand,
graded secondary modules have been introduced by Atani and Farzalipour in
[6]. A nonzero graded R-module M is said to be graded secondary if for each
a € h(R), the graded R-homomorphism f : M — M defined by f(z) = ax is
either surjective or nilpotent. Let K be a graded R-submodule of M. Then
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the graded second radical of K is denoted by GSec(K) and is defined as the
sum of all graded second R-submodules of M, which are contained in K.

In the graded module theory, the concept of graded second submodule is
known as the dual concept of graded prime submodule. Similarly, Zariski topol-
ogy on the set of all graded second submodules of M, denoted by GSpec®(M),
is known as dual Zariski topology. Let K be a graded R-submodule of a graded
R-module M and V*(K) = {P € GSpec®*(M) : P C K}. Then the following
hold:

(1) V5({0}) = 0 and V(M) = GSpec®(M).

(2) Niea VE(EK:) =V (N;ep Ki) for every family of graded R-submodules
K;’s of M.

(3) V3(K)JV*(L) C V*(K+L) where K and L are graded R-submodules
of M.

Graded comultiplication modules have been introduced by H. A. Toroghy
and F. Farshadifar in [3]. A graded R-module M is said to be graded co-
multiplication if for every graded R-submodule N of M, N = (0 :p; I) =
{m € M : Im = 0} for some graded ideal I of R. The concept of graded co-

multiplication modules has been studied by several authors, for example, see
[2] and [1].
Proposition 1.4. Let M be a G-graded R-module and N a graded R-submodule

of M. If I is a graded ideal of R, then (N :py I) ={m e M :Im C N} is a
graded R-submodule of M.

Proof. Clearly, (N :ps I) is an R-submodule of M. Let m € (N :py I). Then
Im C N. Now, m = degmg where my, € M, for all g € G. Let z € 1.
Then z, € I for all g € G since I is graded. Assume that h € G. Then
zpmg € Mpy C h(M) for all g € G such that 3, xpmg = zp (deG mg> =
xpm € N. Since N is graded, z,mg, € N for all g € G which implies that
> hec Thmg € N for all g € G, and then xm, € N for all g € G. So, Imy; € N
for all g € G, and hence my € (N :p I) for all g € G. Therefore, (N :ps I) is a
graded R-submodule of M. O

Corollary 1.5. Let M be a G-graded R-module and I a graded ideal of R.
Then (0:pr I) ={m € M : Im = 0} is a graded R-submodule of M.

Let I and J be graded ideals of R. Then it is accessible that
V(0 1)) UVS((O i J)=V((0:p I)+ (0:pr J))
=V(0a I[)) = V(01 1)),

Let I be a graded ideal of R. Then I'*(M) = {V*((0:p; I))} satisfies the
axioms for closed sets of a topological space on GSpec®(M). If M is a graded
comultiplication R-module, then there exists a topology, the collection of whose
all closed sets is {V*(K) : K is a graded R-submodule of M}, on GSpec®(M).
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In this article, we deal with Zariski topology on graded comultiplication
modules, with purpose of obtaining some connections between algebraic prop-
erties of graded comultiplication modules and topological properties of dual
Zariski topology on graded comultiplication modules.

2. On dual Zariski topology over graded comultiplication modules

In this section, we follow [11] to deal with Zariski topology on graded co-
multiplication modules in order to obtain some connections between algebraic
properties of graded comultiplication modules and topological properties of
dual Zariski topology on graded comultiplication modules.

Let M be a graded comultiplication R-module and K be a graded R-
submodule of M. Then K = (0 :p; I) for some graded ideal I of R. As-
sume that X3, = GSpec® (M) — V*((0 :apr I)) and V(0 0 ) = VE((0 i
J)) —V?3((0 :pr I)) where J is a graded ideal of R.

Proposition 2.1. Under the above assumptions,
s = {‘75((0 v J)) 2 J is a graded ideal ofR}
satisfies the axioms for closed sets of a topological space on X3 .

Proof. (1) Let .J be a graded ideal of R. If J = {0}, then V*((0 :ps J)) =
GSpec® (M), and then V*((0 :pr J)) = V(0 :pr J)) = V(0 :pr 1)) =
GSpec*(M) —V*((0:p I)) = X3-. Hence, X3, € I's,.
(2) Let {XA/S((O v Ji)) i € A} be a family of I'},. Then
YV s J:) = () (V0 :ar i) = VE((0 2s 1))

i€EA i€EA

= <ﬂ VE((0 s Ji))) = V(0 1))

i€EA

=V* <ﬂ(o ‘M Ji)> —V3((0:pr 1))

iEA
S\ % <ﬂ(o ‘M Ji)> eI
1EA
(3) Let V((0 :as J1)), V((0 17 J2)) € T%. Then
V(0 12 J1)) U‘A/S((O SYRLY))
= (V200 s DU V(0 201 12))) = V(0 2 1)
= (V*((0:ar J1) + (020 J2))) = V(0 101 1))
= V(00 J1) + (0 23 J2)) € T 0
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This topology will be called the complement dual Zariski topology of K in
M. For the rest of our article, we fix the graded R-submodule K of M as
K = (0:pr 1), where I is a graded ideal of R, and the graded R-module M as
a graded comultiplication R-module.

Lemma 2.2. Let R be a graded ring and J be an ideal of R. Then J is a
graded ideal of R if and only if J has a homogeneous generating set.

Proof. Suppose that J is a graded ideal of R. Let
S ={x € J: z is homogeneous} .

Then S = {z € J(h(R)}, and then since J is graded, S generates J. Con-
versely, let S be a homogeneous generating set for J. Assume that € J. Then
T = deg xg where z4 € R, for all g € G. Now, z = Z?Zl r;s; where s; € S
is homogeneous and r; € R for all 1 < i < n. Let s; € R, for some g; € G
and r; = deG ri,. Then x = Zi,g ri,s;. For he G, xp, =), Tin_o,Si € J as
s; € J. Hence, J is a graded ideal of R. (]

Let J be a graded ideal of R. Then by Lemma 2.2, J = ineJ Rx; where
z; € h(R) for all i, and then V*((0 :pr J)) = V*((0:pr X, e, Rui)) =
Ve (ﬂz,;eJ(O M Rxl)) =Ma,es V(0 :ar Ray)).
Proposition 2.3. Let K be a graded R-submodule of a graded comultiplication
R-module M. Then for any graded ideal J of R, the set

(X50) 7 = X = V(0 )

forms a base for the complement dual Zariski topology of K in M on X},.

Proof. 1t X3 = 0, then (X5) 7} = 0. Let A C X3 be an open set. Then

=~

A=Xj5 —V*((0:p J)), and then

A=X5 —V* ((o DY in>>
x;€J

= X35 — ﬂ V(0 :ar Rz;))

x,€J

= U (Xi = V*((0 :mr Ray)))
x,€J

= U i@
z;€J |:|
Proposition 2.4. Let K = (0 :ps I) be a graded R-submodule of a graded
comultiplication R-module M. Then the following hold:
(1) (X;‘()(O:MJ) = GSpec* (M) —V*((0:pr I.J)) for every graded ideal J of

R.
(2) (Xf{)(OZMJl) N (X%)(O:MJQ) = (XIS{)(O:MJ“]"‘) for every graded ideals Jy
and Jo of R.
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Proof. (1) Let J be a graded ideal of R. Then
(X)) = X = V(001 )

= GSpec* (M) = (V*((0 20 D) JV* (0201 )))
= GSpec® (M) = V(0 :pr 1J)).
(2) Assume that J; and J, are graded ideals of R. Let
Ae (X)) Y (x5) )

Then A € (X5) "7 and A € (X5) ") which implies that A & V*((0 :3s
1Jy)) and A ¢ VE((0 :py 1J2)), and then A & V=((0 :pr IJ1))UJVE((0 s
1J5))=V*((0 :ps IJ1.J5)). Hence, A€ (X5,) %772 Now, let Ae (X5,) 0172,
Then A ¢ V*((O M IJ1J2)) = Vg((O M IJl))UVG((O M IJQ)), which
implies that A ¢ V*((0 :ps I1J1)) and A ¢ V*((0 :ps IJ2)), and then A €
GSpec® (M) — V(0 :pr IJ1)) and A € GSpec®(M) — V*((0 :pr I.J2)). Hence,
A€ (XG) ™ N (X)), 0

The next proposition declares some connections between some properties of
the complement dual Zariski topology and the graded second module.

Proposition 2.5. Let K = (0 :ps I) be a graded R-submodule of a graded
comultiplication R-module M. Then the following hold:
(1) (Xf()(O:M']) =0 if and only if GSec(M) C (0 :pr 1J) for every graded
ideal J of R.
(2) (X3) 0T = (x3) 42 it and only if

GSec((0:pr IJ1)) = GSec((0 :pr 1J2))
for every graded ideals J, and Jy of R.

Proof. (1) Let J be a graded ideal of R. Suppose that (X%)(OZMJ) = (). Then
GSpec® (M) = V*((0 :pr 1J)), and since every graded second R-submodule of
M is contained in (0 :ps IJ), we have that GSec(M) C (0 :pr IJ). Suppose
that GSec(M) C (0 :ps IJ). Then (0 :pr IJ) contains every graded second
R-submodule of M, and then GSpec® (M) = V*((0 :ps 1.J)), which implies that
(X5) " = 0.

(2) Let J; and J2 be graded ideals of R. Suppose that (XIS()(OIMJ” =
(XIS()(O:MJQ). Then V(0 :pr IJ1)) = V(0 :pr IJ2)), which implies that
GSec((0 :pr IJ1)) = GSec((0 :pr IJ3)). Suppose that GSec((0 :pr IJ1)) =
GSec((0:pr IJ3)). Then VE((0:57 IJ1)) = V5((0 :ps IJ2)), which implies that
(X;()(O:MJI) _ (X;()(O:MJ2). 0

Corollary 2.6. Let K = (0:p I) be a graded R-submodule of a graded comul-
tiplication R-module M. Then (X%)(O:MJ) = X3, if and only if GSec((0 :p
1.J)) = GSec((0 :pr 1)) for every graded ideal J of R.
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Proof. Let J be a graded ideal of R. Suppose that (X%)(O:M‘]) = X§. Then
VE((0 :pr IJ)) = VE((0 :pp 1)), and then GSec((0 :pr 1)) = GSec((0 :p1 I)).
Suppose that GSec((0 :ps IJ)) = GSec((0 :pr I)). Then V(0 :pp IJ)) =
VE((0 137 1)), and then (X3) 7 = X3 O

Definition. Let K be a proper graded R-submodule of a graded comulti-
plication R-module M. Then for graded R-submodule N of M, we define
GSk(N) =Y {P e GSpec*(M): PC N and P ¢ K}.

By Lemma 1.3, we have that GSk () is a graded R-submodule of M for
every graded R-submodule N of M. Moreover, the new class GSk(N) has the
following properties:

Proposition 2.7. Let K be a proper graded R-submodule of a graded comul-
tiplication R-module M. Then the following hold:
(1) GSk(M) = GSgsec(x)(M).
(2) GSk/a(NJ/A) = GSK(N)/A for every graded R-submodules N and A
of M such that A C N.

Proof. (1) Since every graded second R-submodule of M which is not con-
tained in K is also not contained in GSec(K), we have that GSkg(M) =

GSGSec(K) (M)
(2) Let N and A be graded R-submodules of M such that A C N. Then

GSi/a(N/A) = > (P/A)=| > P|/A
P;/JACN/A,P; JAZK/A P,CN,P;,¢K
= GSK(N)/A. 0

Definition. A graded comultiplication R-module M is said to satisfy the
graded S-condition for a proper graded R-submodule K, if for any chain
GSK(Ny) € GSK(N3) C - -+, where N; is a graded R-submodule of M, there is
a positive integer n such that GSk(N,) = GSk(Np4;) for all positive integer
j.

Proposition 2.8. Let K be a proper graded R-submodule of a graded comulti-
plication R-module M. Then M satisfies the graded S-condition for K if and
only if X3 is a graded Artinian topological space.

Proof. Suppose that M satisfies the graded S-condition for K. Consider the
chain V#(N;) C V#(N,) C - -, where N; is a graded R-submodule of M. Then
GSK(Ny) € GSk(N2) C --- and then there is a positive integer n such that
GSk(N,) = GSk(Ny,4j) for all positive integer j. So, Ve(N,) = ‘73(Nn+j)
for all positive integer j. Hence, X} is a graded Artinian topological space.
Conversely, consider the chain GSk(N1) C GSkg(N2) C -+, where Nj; is a
graded R-submodule of M. Then V<(N;) C V*(N,) C --- and then there is
a positive integer n such that ‘A/S(Nn) =Vs (Np4j) for all positive integer j.
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So
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, GSK(N,) = GSk(Ny4;) for all positive integer j. Hence, M satisfies the

graded S-condition for K. O
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