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ON DUAL ZARISKI TOPOLOGY OVER GRADED

COMULTIPLICATION MODULES

Rashid Abu-Dawwas and Azzh Saad Alshehry

Abstract. In this article, we deal with Zariski topology on graded co-

multiplication modules. The purpose of this article is obtaining some con-
nections between algebraic properties of graded comultiplication modules

and topological properties of dual Zariski topology on graded comultipli-
cation modules.

1. Introduction

Throughout this article, G will be a group with identity e and R a commu-
tative ring with a nonzero unity 1. R is said to be G-graded if R =

⊕
g∈G Rg

with RgRh ⊆ Rgh for all g, h ∈ G where Rg is an additive subgroup of R for
all g ∈ G. The elements of Rg are called homogeneous of degree g. Consider
supp(R,G) = {g ∈ G : Rg 6= 0}. If x ∈ R, then x can be written as

∑
g∈G xg,

where xg is the component of x in Rg. Also, h(R) =
⋃

g∈G Rg. Moreover, it

has been proved in [10] that Re is a subring of R and 1 ∈ Re. Let I be an ideal
of a graded ring R. Then I is said to be graded ideal if I =

⊕
g∈G(I ∩ Rg),

i.e., for x ∈ I, x =
∑

g∈G xg where xg ∈ I for all g ∈ G. The following example
shows that an ideal of a graded ring need not be graded.

Example 1.1. Consider R = Z[i] = {a + ib : a, b ∈ Z, i2 = −1} (where Z is
the ring of integers) and G = Z2 (the group of integers modulo 2). Then R
is G-graded by R0 = Z and R1 = iZ. Now, I = 〈1 + i〉 is an ideal of R with
1 + i ∈ I. If I is graded, then 1 ∈ I, so 1 = a(1 + i) for some a ∈ R, i.e.,
1 = (x+ iy)(1+ i) for some x, y ∈ Z. Thus 1 = x−y and 0 = x+y, i.e., 2x = 1
and hence x = 1

2 a contradiction. So, I is not graded ideal of R.

Let R be a G-graded ring and I is a graded ideal of R. Then R/I is G-graded
by (R/I)g = (Rg + I)/I for all g ∈ G.

Assume that M is a left R-module. Then M is said to be G-graded if
M =

⊕
g∈G Mg with RgMh ⊆ Mgh for all g, h ∈ G where Mg is an additive
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subgroup of M for all g ∈ G. The elements of Mg are called homogeneous of
degree g. Also, we consider supp(M,G) = {g ∈ G : Mg 6= 0}. It is clear that
Mg is an Re-submodule of M for all g ∈ G. Moreover, h(M) =

⋃
g∈G Mg. Let

N be an R-submodule of a graded R-module M . Then N is said to be graded
R-submodule if N =

⊕
g∈G(N ∩Mg), i.e., for x ∈ N , x =

∑
g∈G xg where

xg ∈ N for all g ∈ G. The following example shows that an R-submodule of a
graded R-module need not be graded.

Example 1.2. Consider R = Z, M = Z[i] and G = Z2. Then R is G-graded
by R0 = Z and R1 = {0}. Also, M is G-graded by M0 = Z and M1 = iZ.
Similarly as in Example 1.1, N = 〈1 + i〉 is an R-submodule of M which is not
graded.

Let M be a G-graded R-module and N be a graded R-submodule of M .
Then M/N is a graded R-module by (M/N)g = (Mg + N)/N for all g ∈ G.

Lemma 1.3 ([8], Lemma 2.1). Let R be a G-graded ring and M be a G-graded
R-module.

(1) If I and J are graded ideals of R, then I + J and I
⋂
J are graded

ideals of R.
(2) If N and K are graded R-submodules of M , then N + K and N

⋂
K

are graded R-submodules of M .
(3) If N is a graded R-submodule of M , r ∈ h(R), x ∈ h(M) and I is a

graded ideal of R, then Rx, IN and rN are graded R-submodules of
M . Moreover, (N :R M) = {r ∈ R : rM ⊆ N} is a graded ideal of R.

Also, it has been proved in [9] that if N is a graded R-submodule of M , then
AnnR(N) = {r ∈ R : rN = {0}} is a graded ideal of R.

A proper graded ideal P of R is said to be graded prime if whenever x, y ∈
h(R) such that xy ∈ P , then either x ∈ P or y ∈ P . Graded prime ideals have
been admirably introduced and studied in [12]. The set of all graded prime
ideals of R is denoted by GSpec(R). Graded prime submodules have been
introduced by Atani in [5]. A proper graded R-submodule N of M is said to
be graded prime if whenever r ∈ h(R) and m ∈ h(M) such that rm ∈ N , then
either m ∈ N or r ∈ (N :R M). Let M and S be two G-graded R-modules.
An R-homomorphism f : M → S is said to be graded R-homomorphism if
f(Mg) ⊆ Sg for all g ∈ G (see [10]). Graded second submodules have been
introduced by Ansari-Toroghy and Farshadifar in [4]. A nonzero graded R-
submodule N of M is said to be graded second if for each a ∈ h(R), the graded
R-homomorphism f : N → N defined by f(x) = ax is either surjective or zero.
In this case, AnnR(N) is a graded prime ideal of R. Graded second submodules
have been wonderfully studied by Çeken and Alkan in [7]. On the other hand,
graded secondary modules have been introduced by Atani and Farzalipour in
[6]. A nonzero graded R-module M is said to be graded secondary if for each
a ∈ h(R), the graded R-homomorphism f : M → M defined by f(x) = ax is
either surjective or nilpotent. Let K be a graded R-submodule of M . Then
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the graded second radical of K is denoted by GSec(K) and is defined as the
sum of all graded second R-submodules of M , which are contained in K.

In the graded module theory, the concept of graded second submodule is
known as the dual concept of graded prime submodule. Similarly, Zariski topol-
ogy on the set of all graded second submodules of M , denoted by GSpecs(M),
is known as dual Zariski topology. Let K be a graded R-submodule of a graded
R-module M and V s(K) = {P ∈ GSpecs(M) : P ⊆ K}. Then the following
hold:

(1) V s({0}) = ∅ and V s(M) = GSpecs(M).
(2)

⋂
i∈Λ V s(Ki) = V s

(⋂
i∈Λ Ki

)
for every family of graded R-submodules

Ki’s of M .
(3) V s(K)

⋃
V s(L) ⊆ V s(K+L) where K and L are graded R-submodules

of M .

Graded comultiplication modules have been introduced by H. A. Toroghy
and F. Farshadifar in [3]. A graded R-module M is said to be graded co-
multiplication if for every graded R-submodule N of M , N = (0 :M I) =
{m ∈M : Im = 0} for some graded ideal I of R. The concept of graded co-
multiplication modules has been studied by several authors, for example, see
[2] and [1].

Proposition 1.4. Let M be a G-graded R-module and N a graded R-submodule
of M . If I is a graded ideal of R, then (N :M I) = {m ∈M : Im ⊆ N} is a
graded R-submodule of M .

Proof. Clearly, (N :M I) is an R-submodule of M . Let m ∈ (N :M I). Then
Im ⊆ N . Now, m =

∑
g∈G mg where mg ∈ Mg for all g ∈ G. Let x ∈ I.

Then xg ∈ I for all g ∈ G since I is graded. Assume that h ∈ G. Then

xhmg ∈Mhg ⊆ h(M) for all g ∈ G such that
∑

g∈G xhmg = xh

(∑
g∈G mg

)
=

xhm ∈ N . Since N is graded, xhmg ∈ N for all g ∈ G which implies that∑
h∈G xhmg ∈ N for all g ∈ G, and then xmg ∈ N for all g ∈ G. So, Img ⊆ N

for all g ∈ G, and hence mg ∈ (N :M I) for all g ∈ G. Therefore, (N :M I) is a
graded R-submodule of M . �

Corollary 1.5. Let M be a G-graded R-module and I a graded ideal of R.
Then (0 :M I) = {m ∈M : Im = 0} is a graded R-submodule of M .

Let I and J be graded ideals of R. Then it is accessible that

V s((0 :M I))
⋃

V s((0 :M J)) = V s((0 :M I) + (0 :M J))

= V s((0 :M I
⋂

J)) = V s((0 :M IJ)).

Let I be a graded ideal of R. Then Γs(M) = {V s((0 :M I))} satisfies the
axioms for closed sets of a topological space on GSpecs(M). If M is a graded
comultiplication R-module, then there exists a topology, the collection of whose
all closed sets is {V s(K) : K is a graded R-submodule of M}, on GSpecs(M).
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In this article, we deal with Zariski topology on graded comultiplication
modules, with purpose of obtaining some connections between algebraic prop-
erties of graded comultiplication modules and topological properties of dual
Zariski topology on graded comultiplication modules.

2. On dual Zariski topology over graded comultiplication modules

In this section, we follow [11] to deal with Zariski topology on graded co-
multiplication modules in order to obtain some connections between algebraic
properties of graded comultiplication modules and topological properties of
dual Zariski topology on graded comultiplication modules.

Let M be a graded comultiplication R-module and K be a graded R-
submodule of M . Then K = (0 :M I) for some graded ideal I of R. As-

sume that Xs
K = GSpecs(M) − V s((0 :M I)) and V̂ s((0 :M J)) = V s((0 :M

J))− V s((0 :M I)) where J is a graded ideal of R.

Proposition 2.1. Under the above assumptions,

Γs
K =

{
V̂ s((0 :M J)) : J is a graded ideal of R

}
satisfies the axioms for closed sets of a topological space on Xs

K .

Proof. (1) Let J be a graded ideal of R. If J = {0}, then V s((0 :M J)) =

GSpecs(M), and then V̂ s((0 :M J)) = V s((0 :M J)) − V s((0 :M I)) =
GSpecs(M)− V s((0 :M I)) = Xs

K . Hence, Xs
K ∈ Γs

K .

(2) Let
{
V̂ s((0 :M Ji)) : i ∈ Λ

}
be a family of Γs

K . Then⋂
i∈Λ

V̂ s((0 :M Ji)) =
⋂
i∈Λ

(V s((0 :M Ji))− V s((0 :M I)))

=

(⋂
i∈Λ

V s((0 :M Ji))

)
− V s((0 :M I))

= V s

(⋂
i∈Λ

(0 :M Ji)

)
− V s((0 :M I))

= V̂ s

(⋂
i∈Λ

(0 :M Ji)

)
∈ Γs

K .

(3) Let V̂ s((0 :M J1)), V̂ s((0 :M J2)) ∈ Γs
K . Then

V̂ s((0 :M J1))
⋃

V̂ s((0 :M J2))

=
(
V s((0 :M J1))

⋃
V s((0 :M J2))

)
− V s((0 :M I))

= (V s((0 :M J1) + (0 :M J2)))− V s((0 :M I))

= V̂ s((0 :M J1) + (0 :M J2)) ∈ Γs
K . �
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This topology will be called the complement dual Zariski topology of K in
M . For the rest of our article, we fix the graded R-submodule K of M as
K = (0 :M I), where I is a graded ideal of R, and the graded R-module M as
a graded comultiplication R-module.

Lemma 2.2. Let R be a graded ring and J be an ideal of R. Then J is a
graded ideal of R if and only if J has a homogeneous generating set.

Proof. Suppose that J is a graded ideal of R. Let

S = {x ∈ J : x is homogeneous} .
Then S = {x ∈ J

⋂
h(R)}, and then since J is graded, S generates J . Con-

versely, let S be a homogeneous generating set for J . Assume that x ∈ J . Then
x =

∑
g∈G xg where xg ∈ Rg for all g ∈ G. Now, x =

∑n
i=1 risi where si ∈ S

is homogeneous and ri ∈ R for all 1 ≤ i ≤ n. Let si ∈ Rgi for some gi ∈ G
and ri =

∑
g∈G rig . Then x =

∑
i,g rigsi. For h ∈ G, xh =

∑
i rih−gi

si ∈ J as
si ∈ J . Hence, J is a graded ideal of R. �

Let J be a graded ideal of R. Then by Lemma 2.2, J =
∑

xi∈J Rxi where

xi ∈ h(R) for all i, and then V s((0 :M J)) = V s
((

0 :M
∑

xi∈J Rxi

))
=

V s
(⋂

xi∈J(0 :M Rxi)
)

=
⋂

xi∈J V s((0 :M Rxi)).

Proposition 2.3. Let K be a graded R-submodule of a graded comultiplication
R-module M . Then for any graded ideal J of R, the set

(Xs
K)

(0:MJ)
= Xs

K − V̂ s((0 :M J))

forms a base for the complement dual Zariski topology of K in M on Xs
K .

Proof. If Xs
K = ∅, then (Xs

K)
(0:MJ)

= ∅. Let A ⊂ Xs
K be an open set. Then

A = Xs
K − V̂ s((0 :M J)), and then

A = Xs
K − V̂ s

((
0 :M

∑
xi∈J

Rxi

))
= Xs

K −
⋂

xi∈J
V̂ s((0 :M Rxi))

=
⋃

xi∈J
(Xs

K − V̂ s((0 :M Rxi)))

=
⋃

xi∈J
(Xs

K)
(0:MJ)

.
�

Proposition 2.4. Let K = (0 :M I) be a graded R-submodule of a graded
comultiplication R-module M . Then the following hold:

(1) (Xs
K)

(0:MJ)
= GSpecs(M)− V s((0 :M IJ)) for every graded ideal J of

R.
(2) (Xs

K)
(0:MJ1)⋂

(Xs
K)

(0:MJ2)
= (Xs

K)
(0:MJ1J2)

for every graded ideals J1

and J2 of R.
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Proof. (1) Let J be a graded ideal of R. Then

(Xs
K)

(0:MJ)
= Xs

K − V̂ s((0 :M J))

= GSpecs(M)−
(
V s((0 :M I))

⋃
V s((0 :M J))

)
= GSpecs(M)− V s((0 :M IJ)).

(2) Assume that J1 and J2 are graded ideals of R. Let

A ∈ (Xs
K)

(0:MJ1)
⋂

(Xs
K)

(0:MJ2)
.

Then A ∈ (Xs
K)

(0:MJ1)
and A ∈ (Xs

K)
(0:MJ2)

, which implies that A /∈ V s((0 :M
IJ1)) and A /∈ V s((0 :M IJ2)), and then A /∈ V s((0 :M IJ1))

⋃
V s((0 :M

IJ2))=V s((0 :M IJ1J2)). Hence, A∈(Xs
K)

(0:MJ1J2). Now, let A∈(Xs
K)

(0:MJ1J2).
Then A /∈ V s((0 :M IJ1J2)) = V s((0 :M IJ1))

⋃
V s((0 :M IJ2)), which

implies that A /∈ V s((0 :M IJ1)) and A /∈ V s((0 :M IJ2)), and then A ∈
GSpecs(M) − V s((0 :M IJ1)) and A ∈ GSpecs(M) − V s((0 :M IJ2)). Hence,

A ∈ (Xs
K)

(0:MJ1)⋂
(Xs

K)
(0:MJ2)

. �

The next proposition declares some connections between some properties of
the complement dual Zariski topology and the graded second module.

Proposition 2.5. Let K = (0 :M I) be a graded R-submodule of a graded
comultiplication R-module M . Then the following hold:

(1) (Xs
K)

(0:MJ)
= ∅ if and only if GSec(M) ⊆ (0 :M IJ) for every graded

ideal J of R.

(2) (Xs
K)

(0:MJ1)
= (Xs

K)
(0:MJ2)

if and only if

GSec((0 :M IJ1)) = GSec((0 :M IJ2))

for every graded ideals J1 and J2 of R.

Proof. (1) Let J be a graded ideal of R. Suppose that (Xs
K)

(0:MJ)
= ∅. Then

GSpecs(M) = V s((0 :M IJ)), and since every graded second R-submodule of
M is contained in (0 :M IJ), we have that GSec(M) ⊆ (0 :M IJ). Suppose
that GSec(M) ⊆ (0 :M IJ). Then (0 :M IJ) contains every graded second
R-submodule of M , and then GSpecs(M) = V s((0 :M IJ)), which implies that

(Xs
K)

(0:MJ)
= ∅.

(2) Let J1 and J2 be graded ideals of R. Suppose that (Xs
K)

(0:MJ1)
=

(Xs
K)

(0:MJ2)
. Then V s((0 :M IJ1)) = V s((0 :M IJ2)), which implies that

GSec((0 :M IJ1)) = GSec((0 :M IJ2)). Suppose that GSec((0 :M IJ1)) =
GSec((0 :M IJ2)). Then V s((0 :M IJ1)) = V s((0 :M IJ2)), which implies that

(Xs
K)

(0:MJ1)
= (Xs

K)
(0:MJ2)

. �

Corollary 2.6. Let K = (0 :M I) be a graded R-submodule of a graded comul-

tiplication R-module M . Then (Xs
K)

(0:MJ)
= Xs

K if and only if GSec((0 :M
IJ)) = GSec((0 :M I)) for every graded ideal J of R.
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Proof. Let J be a graded ideal of R. Suppose that (Xs
K)

(0:MJ)
= Xs

K . Then
V s((0 :M IJ)) = V s((0 :M I)), and then GSec((0 :M IJ)) = GSec((0 :M I)).
Suppose that GSec((0 :M IJ)) = GSec((0 :M I)). Then V s((0 :M IJ)) =

V s((0 :M I)), and then (Xs
K)

(0:MJ)
= Xs

K . �

Definition. Let K be a proper graded R-submodule of a graded comulti-
plication R-module M . Then for graded R-submodule N of M , we define
GSK(N) =

∑
{P ∈ GSpecs(M) : P ⊆ N and P * K}.

By Lemma 1.3, we have that GSK(N) is a graded R-submodule of M for
every graded R-submodule N of M . Moreover, the new class GSK(N) has the
following properties:

Proposition 2.7. Let K be a proper graded R-submodule of a graded comul-
tiplication R-module M . Then the following hold:

(1) GSK(M) = GSGSec(K)(M).
(2) GSK/A(N/A) = GSK(N)/A for every graded R-submodules N and A

of M such that A ⊆ N .

Proof. (1) Since every graded second R-submodule of M which is not con-
tained in K is also not contained in GSec(K), we have that GSK(M) =
GSGSec(K)(M).

(2) Let N and A be graded R-submodules of M such that A ⊆ N . Then

GSK/A(N/A) =
∑

Pi/A⊆N/A,Pi/A*K/A

(Pi/A) =

 ∑
Pi⊆N,Pi*K

Pi

 /A

= GSK(N)/A. �

Definition. A graded comultiplication R-module M is said to satisfy the
graded S-condition for a proper graded R-submodule K, if for any chain
GSK(N1) ⊆ GSK(N2) ⊆ · · · , where Ni is a graded R-submodule of M , there is
a positive integer n such that GSK(Nn) = GSK(Nn+j) for all positive integer
j.

Proposition 2.8. Let K be a proper graded R-submodule of a graded comulti-
plication R-module M . Then M satisfies the graded S-condition for K if and
only if Xs

K is a graded Artinian topological space.

Proof. Suppose that M satisfies the graded S-condition for K. Consider the

chain V̂ s(N1) ⊆ V̂ s(N2) ⊆ · · · , where Ni is a graded R-submodule of M . Then
GSK(N1) ⊆ GSK(N2) ⊆ · · · and then there is a positive integer n such that

GSK(Nn) = GSK(Nn+j) for all positive integer j. So, V̂ s(Nn) = V̂ s(Nn+j)
for all positive integer j. Hence, Xs

K is a graded Artinian topological space.
Conversely, consider the chain GSK(N1) ⊆ GSK(N2) ⊆ · · · , where Ni is a

graded R-submodule of M . Then V̂ s(N1) ⊆ V̂ s(N2) ⊆ · · · and then there is

a positive integer n such that V̂ s(Nn) = V̂ s(Nn+j) for all positive integer j.
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So, GSK(Nn) = GSK(Nn+j) for all positive integer j. Hence, M satisfies the
graded S-condition for K. �
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