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GENERALIZATION OF LAGUERRE MATRIX
POLYNOMIALS FOR TWO VARIABLES

AsAaD AL1T* AND MUHAMMAD ZAFAR IQBAL

Abstract. The main object of the present paper is to introduce the gen-
eralized Laguerre matrix polynomials for two variables. We prove that
these matrix polynomials are characterized by the generalized hypergeo-
metric matrix function. An explicit representation, generating functions
and some recurrence relations are obtained here. Moreover, these matrix
polynomials appear as solution of a differential equation.

1. Introduction and preliminaries

Orthogonal matrix polynomials comprise an emerging fields of study, with
important results in both Lie group theory and number theory its applications
being still is contained to appear in the literature. Theory of classical orthogo-
nal polynomials are extended to the orthogonal matrix polynomials ([9]). The
study of functions of matrices is a very popular topic in the Matrix Analysis
literature. Matrix generalization of special functions has become important
in the last two decades. The reason of importance have many motivations.
For instance, using special matrix functions provides solutions for some phys-
ical problems. Also, special matrix functions are in connection with different
matrix functions ([4], [8], [14]). Jodar et al introduced Laguerre matrix poly-
nomials in ([11]). Some important properties of Laguerre matrix polynomials
such as asymptotic expressions relations between different matrix functions and
generating matrix functions are studied ( [8], [9], [11]). Indeed, in recent pa-
pers, matrix polynomials have significant emergent. Some results in the theory
of classical orthogonal polynomials have been extended to orthogonal matrix
polynomials ( [1], [2], [4], [5], [7], [11], [13]) Throughout this paper, for a ma-
trix A in C™*" its spectrum o(A) denotes the set of all eigenvalues of A. The
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two-norm will be denoted by ||A||, and it is defined by ([10])

A
4]l = sup A1z
S Tl

where for a vector z in C"™*", ||z||, = (zTx)? is the Euclidean norm of z. Let
us denote the real numbers M(A) and m(A) as in the following

(1)  M(A) =mazx{Re(z): z€ c(A)};m(A) =min{Re(z):z€ o(A)}.

If f(z) and g(z) are holomorphic functions of the complex variable z, which are
defined in an open set of the complex plane, and A, B are matrices in C"*",
with 0(A) C 2 and o(B) C {2, such that AB = BA, then from the properties
of the matrix functional calculus in ([6]) , it follows that

(2) f(A)g(B) = g(B)f(A).

Throughout this study, a matrix polynomial of degree n in x means an expres-
sion of the form n

(3) P, (x) = Apz™ + Ap 1z V4 + Azt + Ay

where «x is a real variable or complex variable, A;, for 0 < j < n and A, # 0,
where 0 is the null matrix or zero matrix in C™*". We recall reciprocal gamma
function denoted by I'"1(z) = ﬁ is an entire function of the complex variable

z. Then, for any matrix A in C™*", the image of I'"1(A) acting on A, denoted
by I'"}(A) is a well defined matrix. Furthermore, if A is a matrix such that

(4) A+ nl is invertible for every integer n >0,

where I is the identity matrix in C™*", then from ([11]) it follows that

(5) (A)p=AA+ID)..(A+(n—-1)I)=T(A+n)I "1 (A);n>1;(A)y = 1.
If A is a positive stable matrix in C"*" then the gamma matrix function, I'(A),
is defined ([12]) by

(6) [(A) = /0 h e ttA1dt, Re(A) > 0.

And if A, B is a positive stable matrices in C"*", then the beta matrix function,
B(A, B), are defined ([12]) by

(7) B(A,B) = /1tA_1(1 —t)B71dt, Re(A) >, Re(B) > 0.

The generalized hypergeometric matrix function ,F, (p, ¢ € N) given in ([13])

A Ay 1 (A (A s

=, Fy(A1, ..., Ap; B1, ..., Bg; o).



Generalization of Laguerre Matrix polynomials for two variables 143

Where A4; and B; are matrices in C™*" such that B;; 1 < j < ¢ satisfy
condition. With p = 1 and q = 0, one gets the following relation by ([13])

9) Fyp(A;—2) = (1—2) 4 =) 7(14317:36”,
n=0 !

In ([12], [14], [15]) if X is a complex number with Re(A) > 0 and A is a positive
stable matrix in C"*", with A + nl invertible for every integer n > 1, then the
nth Laguerre matrix polynomials L£f 4) (z,y) for two variables are defined by

the following generating matrix relation:

oo
(10) S IO (@, )t = (1 - ) AT,

n=0

From the above equation we have

, O (T + A)p(—a N ()"
(h L) = ,; (n— I+ Ayt =0

The second-order matrix differential equations of the form

d? T d nl (A A)
12 I— 1+A)— A= | [—+ — | LY =0.
(12 (xd$2+<(+ ) y) dx+y) i (%)

where n € N, and A € C™*". And C"*" denotes the vector space containing all
square matrices with r rows and r columns with entries in the complex number

C.

2. Generalized Laguerre Matrix polynomials for two variables
We begin by defining generalized Laguerre matrix polynomials L;;}{LA)(JJ, Y)
for two variables by the following generating function:

1 —A\xPtP
_ E [()\,A) n
(13) (1 —yt)I+a P ((1 - yt)”) np (@)1

n=0

(peN; z,yeC, AcC™).

Here and elsewhere, let N, R and C be the sets of positive integers, real num-
ber and complex numbers, respectively, and let Ny := N U {0}. Obviously

A A AA
Ly (@,y) = LY (2,y).

Hereafter we explore certain formulas and properties involving the general-
ized Laguerre Matrix polynomials in (13). Throughout, let F'(p; A\, z,y,t) be

the left-handed generating function in (13).
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Explicit representation.

We give an explicit expression of the generalized Laguerre matrix polyno-
mials L%),}")A)(:v, y) for two variables in the following theorem.

Theorem 2.1. Let z,€ C, p € N, n € Ny and A is positive stable matrix
in C"™*". Then

S G0 s

MA) (4 ) —
(14) L @) =4 Dn X 7, o g

xPF

(15)

n! o k! (I + A)pk

Here and throughout, [m] denotes the greatest integer less than or equal to
m € R. Or, equivalently,

(16) . .
-n_ -n -n —
(x,4) U+ Ay | p+ L™ s iy ()
Lmlg (x’y) = nl pEp A+T A+2I A+pl (_1)p A (y)
Ta p 9 ey P ’

Proof. Expanding the exponential in the left-hand side of (13), we find

1 > k k ,.pk +pk
F(p; A\, x,y,t) = CESTET Z A Ve aPRt .
k=0
Employing the binomial theorem
e "
(17) (-2 =1Fy(4 Z . (AeC™; jz] < 1),

we obtain the following double series

D*XF (I + A + pk),, 2PFy"
a8)  Foaenn=3 3 O mchai ik M
n=0 k=0 o

Recall ([11]) if A(n,k) and B(n,k) are matrices in C™" and satisfying the
spectral condition (4) for n > 0, k > 0, then it follows that

(19) SN A k) =>"> An.n—k

n=0 k=0 n=0 k=0

oo [2]

(20) DSOS A k) =Y A(n,n—pk), (peN),

n=0 k=0 n=0 k=0
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oo [%] oo 0o
(21) E:ZA(n,k):ZZA(mn—Fpk)7 (p eN),

n=0 k=0 n=0 k=0
where A, , denotes a function of two variables x and y and the involved
double series is assumed to be absolutely convergent.
Applying (20) in (18), we get

0o [n/p] YEAE ( kyn—pk

NE (I + A+ phk)y_pr, aPFyn P
(22)  Fdayt)=) Z W= ph)l "
n=0 k=0 ) .

Equating the coefficients of ¢ in the right members of (13) and (22) yields

[n/p]
< ( )k)‘k (I+A+pk)n —pk ka:yn pk:

(23) LA (2,y) =
prs kl(n — pk)!
Using ([12]) a known identity
| (—1)*(—nl)
24 I = 0<Ek<
( ) (nfk)‘ n! (kaneNOaO_k_n)a
we derive
(25)
(I+A4), 1 (—1)PF(— nl)pk
I+A ke = ——— I = < <

Hence, using (25) in (23) leads to the desired identity (15).

Finally, applying the multiplication formula

26) (—l)ka(L!—nI)pk _ (—1):“!(19)7”’“ f[ (j — Z - 11) 0<phk<n.

j=1

to (15) gives the equivalent expression (16).

Generating function.
We establish two generating functions for the generalized Laguerre matrix

polynomials Lg‘,’)A) (z,y) for two variables in the following theorem.

Theorem 2.2. Let \,t, x, yc € C, p € N and A is positive stable matrix
in C™*" and satistying the spectral condition (4). Then

A+I A+21 A+ pl zzt\?
eY OF , S ey L
p p P p

27
(27) _ZL@A o
(I+A),
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1 c el o octpl xt \P
1_ Fy A+1p A£21 Ag-pf . A (1 _ )
( yt) P K P y P ) yt

x A) n
Z f () D g < 1),

Proof. Using (14), (21), and (26), we have

Z L()‘ A)( y)t" i (yt)™ Z —A\xP PPk
(I-I-A RV (I 4+ A)pg

- ;M(ﬁ

In view of (8), the rightmost term of (29) can be expressed as the left-hand
side of (27).

and

(28)

(29)

Employing (14), (17), and (21), we find

i (o Livy " (. y) ¢ Z Z (c+ pk ()i {=AMat)}*

I+ A), KT + A)p

n=0 k=0 n=0

xt ak
1—yt Zk' I+Apk {_)\<1—yt> } ’

which, upon using (26) and (8), leads to the left-hand member of (28).

O

It is noted that the case ¢ = I + A of (28) yields the generating function
(13).

Recurrence relation.

We give some recurrence relations involving the generalized Laguerre matrix
polynomials Lﬁf ]’,A) (x,y) for two variables and their derivative in the following

theorem.

Theorem 2.3. Let \,t, z, c € C, p € N and A is positive stable matrix in
C™*" and satisfying the spectral condition (4). Also let D = i. Then

(30) @ADL (2,y) — n LX) (2, ) + y(A + (n+ 1)) LMD (2,y) = 05

nlp

0 0<n<p-1)
31 DL(A’A) =
(31) np (1Y) —p AP LM (1) (0> p);
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(32)
y(A+ (n+ DI LM (e.y) —n LYY (0,y) = pXa? LT (0y) - (n 2 p).
Proof. From (29), we can set
> L()‘;,A)(x) " —AzPtP
N = 771, = yt(b —_—
3 Gl =Y ST e (20,

n=0
where the function

q’(ijt)ikn((”) ()"

Differentiating G(p; A\, z, y,t) with respect to z and ¢, respectively, gives

—AxPtP -\
Gz(p,)\,x7y,t) :eyt q)/ ( :1; ) . p—lxp_l tp
p p
and
_)\mp tp —A xp tp _A B
Gi(p A w,y,t) = ye'' @ (p”) e ( PP ) e g

Combining G, (p; \, z,y,t) and G¢(p; A, z,y,t) yields
(34) Ar G (p; N 2,9, t) —tGe(ps A, 2,9, ) +yt G(p; A, 2, y,t) = 0.
Applying the series in (33) to (34), we obtain

(35)
[eS) /\A
— (I+A — I+A Ty I+An1 -

We find from (35) that each coefficient of ¢™ should be zero, which gives (30).

Differentiating both sides of (13) provides

1 —\zPtP
DI A) (= p—14p
Z Ly (@, y)t" T gnyirae & <(1 _ yt)p) (=Apa™ 1)

n=1

—pAaP~t Z L ’\A“’ (z,y)t"tP

p)\xp 1 Z L()\ A+ZD)

n—p.,p

which, upon equating the coefficients of t” (n > p) in the leftmost and rightmost
members, produces (31).

Setting (31) in (30) provides (32).
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Differential equation.

We provide a differential equation which is satisfied by the generalized La-
guerre polynomials L%’;A) (z,y) for two variables in the following theorem (for
differential equation whose solution is ,Fy, see, e.g., [15, Section 47]).

Theorem 2.4. Let A\, t, x, c € C, p € N and A is positive 5table matrix in
C™" and satisfying the spectral condition (4). Also let § = x . Then

HH( (01 — I+A+]I)>

P

p

1

FA(-1)P (Z) [] 5(0 +j—n—1I| LY (z,y) =0.
Jj=0

Proof. We find from (15) that

n n - _ _ P
(I+A)(y) F, (nL nJrllm n+p II;I+A 21+ A pI+A;)\(,1)P*1 (z) >
p

o=

n! P P p  p T p

) 1T (42221, (~DeDbakark ok

- b

n! — P (irA
= I (T>k k!

J=1

Since %prk = kzPF, it follows that

p
n jn=1j AR ) (1) (= 1)k \k ok (o n—pk
L1t 1 a+a),Z 71211( )k( L) (—1) DR ARk ()
S]] 0-1+A+4)| = |
D n! (j1+A) (h—1)!
P Jk

b
Il
o
s

i=1

But the last factor in (ﬂ;A) is (jHA;k_l) so that

k

) T (555720) oAt

(452), e

‘d\"

(I +A),
n! : I’_’Il

j=

)

~
Il
o

Now we replace k by (k+1) and have

ﬁ (j n— 1I)k: (= 1) (=D (+1) \E+1p(k41) (4 —p(k+1)
j=1 +1

Fi (),

9

1 &1 , I+A 5]
O[[-(-1+A+))1| = Z
PP Pt
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fi (222,

j=1

s

)

Some other properties.

We provide some other identities involving the generalized Laguerre poly-
nomials Lg{},’,A)(a:, y) for two variables in the following theorem.

Theorem 2.5. Let \,t, z,yc € C, pn € N and A, B is positive stable
matrix in C™*" and satisfying the spectral condition (4). Then

" (A—B) LY (2,y)

(X\A) _ n—k,p
(37) Ln,p (1'7:'/) - Z k' 5
k=0
u ,\ A A,
(38) L()\ A+B+1) Z L ) ( f))p(z’ y),
k=0

where P + 2P € C\ {0} and w := (2P + zp)% whose principal branch can be
chosen;

(I +A)n (1= 2% 2F L (2, y)
— k)1 + Ay

(39) LA (22,y) = Z

k=0 (

Proof. From (13), we have

_\gPtP
Z LM () 1" = (1= yt) ™ exp (( g )

1—yt)p
_\gpPtP
—(1—p)-A-B) . (] _ ) -I-B AT
(1-1) (1—wyt) P\ G
N\~ (A-B) 0.5) ntk
T om e
=30 > A e

S
I
o
=~
Il
=)

which, upon equating the coefficients of ", yields (37).
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We find from (13) that

ZZL)‘A) x,y L( B)(zy)t

n=0 k=0
—A\zPtP _I-B —AzPtP
1—uyt - 1—¢ et
= e (G ) 407 e (2
—\wPP
— (1 — yt)~ [~ (A+B+I)
(1—yt) P\ Ty
_ Z L A+B+I )tn
which, upon equating the coefficients of t", gives (38).
We consider
A I A+21 A 7 t
oY 0F< A+1 A+l + L +p _)\<xz>>
p p p p
P
= (1=t gt o <; A—l—I’ A—i—?]7 L A—i—pl; Y (x(zt)) ) ’
p p p p

which, in view of (27), produces

o] (%) jo%s) AA
> Loy (@)t 5 (1— zt)m gy 5 L0y (, y) 2k _
= (4 A oy n! = (I+ Ay
Then, from the last equality, we obtain (39).

3. Conclusion remarks

The generalized Laguerre matrix polynomials for two variables are intro-
duced here and their properties and formulas presented are hoped to be poten-
tially useful. Since L(A A)( y) = L (x,y), the results in Section 2 reduce
to yield certain propertles and formulas for the classical Laguerre matrix poly-
nomials L%A’A)(a:, y) for two variables.
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