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PSEUDO JORDAN HOMOMORPHISMS AND DERIVATIONS
ON MODULE EXTENSIONS AND TRIANGULAR BANACH
ALGEBRAS

ALl EBADIAN*, FARIBA FARAJPOUR, AND SHAHRAM NAJAFZADEH

Abstract. This paper considers pseudo Jordan homomorphisms on mod-
ule extensions of Banach algebras and triangular Banach algebras. We
characterize pseudo Jordan homomorphisms on module extensions of Ba-
nach algebras and triangular Banach algebras. Moreover, we define pseudo
derivations on the above stated Banach algebras and characterize this new
notion on those algebras.

1. Introduction and Preliminaries

Let A and B be rings (algebras) over C, and let B be a right (left) A-module.
An additive mapping ¢ : A — B is called an n-Jordan homomorphism if
o(a™) = (p(a))™, for all a € A, it is an n-ring homomorphism if o([]}_; a;) =
[T, ¢(a;), for all a; € A, where i = 1,2,...,n. If ¢ : A — B is an n-
ring homomorphism; we say that ¢ is an n-homomorphism. The concept of
n-homomorphism was introduced for (complex) Banach algebras by Hejazian,
Mirzavaziri, and Moslehian [8] and studied by many authors in [3, 7, 9, 10, 6].
A 2-Jordan homomorphism is a Jordan homomorphism, in the usual sense.
Every Jordan homomorphism is an n-Jordan homomorphism, for all n > 2.

Let A be a Banach algebra and X be a Banach A-bimodule. Throughout
of this paper, all maps are continuous. As a generalization of Jordan and
n-Jordan homomorphisms, pseudo n-Jordan homomorphisms were introduced
by Ebadian, Jabbari and Kanzi [5]. A linear mapping ¢ : A — B is called
a pseudo n-Jordan homomorphism if there exists an element w € A such that
p(a"w) = p(a)” w (p(a"w) = w-p(a)™), for all a € A and n > 2. We say that
w is a Jordan coefficient of p. A pseudo 2-Jordan homomorphism is called a
pseudo Jordan homomorphism. A linear map d : A — X is called a derivation
if d(ad’) = a-d(a') +d(a) - d, for all a,a’ € A. The derivation d : A — X is
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said to be inner, if there exists € X such that d(a) = a-x — - a, for every
a € A.

Let A be a Banach algebra and X be a Banach A-bimodule. By a module
extension Banach algebra corresponding to A and X, we will mean the ¢'-direct
sum of A and X i.e., A ®; X with the following algebra product and norm:

(a1, z1)(az, 2) = (ara2, a1 - T2 + 21 - az),

1@, 2) [l = llalla + [lz]lx,
for all ay,as € A and 1,29 € X. These algebras have been studied by Zhang
[22]. Some homological, cohomological results, results related to derivations
on the second dual and module extension of dual Banach algebras are given in
[1, 11, 17, 18]. Triangular Banach algebras are as examples of module extension
Banach algebras that these algebras are considered extensively by Forrest and
Marcoux in [12, 13, 14]. For more results related to homological and cohomo-
logical results of triangular Banach algebras, we refer to [2, 4, 15, 16, 19, 20, 21].
Let A and B be Banach algebras and M be a Banach A, B-module. We define
triangular Banach algebra
A M

=[]
with the sum and product being giving by the usual 2 x 2 matrix operations
and internal module actions. The norm on 7 is

a m
17 1=l il + ol

The triangular Banach algebra 7 as a Banach space is isomorphic to the
' —direct sum of A, B and M.

Let A be a Banach algebra, X and Y be two Banach A-bimodules. A linear
operator T : X — Y is called an A-bimodule morphism if T(« -z - 3) =
a-T(x) B, forall ¢, € Aand x € X.

In the next section, we define pseudo Jordan ®-derivations and pseudo Jor-
dan module ®-homomorphisms on Banach algebras, where @ is a linear map.
By these definitions we characterize pseudo Jordan homomorphisms on mod-
ule extensions and triangular Banach algebras. In section 3, we characterize
pseudo Jordan derivations on the above mentioned Banach algebras.

2. Pseudo Jordan homomorphisms on A $; X

In this section, we characterize pseudo Jordan homomorphisms on A Gy X
and next we characterize this notion on triangular Banach algebras.

Definition 2.1. Let A be a Banach algebra, X be a Banach A-bimodule,
b: A— Aand D: A — X be a linear maps. We say that D is a pseudo
Jordan ®-derivation with Jordan coefficient o € A, if it satisfies the following:

(1) D(aa) = (®(a) - D(a) + D(a) - ®(a)) - o,
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for all @ € A. Note that if ® is the identity map, then we call D a pseudo
Jordan derivation with Jordan coefficient o € A.
Example 2.2. Let

TQ(R):{[ ﬁ} :a,ﬁ,yeR}
0

o
Uz(R)z{[g‘ } :a,BER}

be two algebras of 2x 2 matrixes, ® : To(R) — T»(R) and D : T»(R) — Uz(R)
be linear maps defined by

a B\ _ |a O a Bl _|a B
(I R A () B ()
It is easy to see that D is not a Jordan ®-derivation. Let A = [8 2} . Then
by easy calculations D is a pseudo Jordan ®-derivation with Jordan coefficient

A.

Definition 2.3. Let A be a Banach algebra, X be a Banach A-bimodule and
®, : A — A be a pseudo Jordan homomorphism with Jordan coefficient o €
A. A linear map ®x : X — X is called pseudo module ® 4-homomorphism
with Jordan coeflicient «, if it satisfies the following

(2) Dx(a-xz-a)=Ps(a) Px () « and Ox(z-aa) =Dx(z) Pa(a)a,
foralla € A and x € X.

Example 2.4. Let T5(R) and Uz(R) be as in Example 2.2. Define ® :
T2(R) — T»(R) and D : U3(R) — Ua(R) by

a B\ _|a B a b\ |a a+b
(DR i B (R F
Clearly, D is not a Jordan derivation and ® is a pseudo Jordan homomor-
0 0
00

see that D satisfies (2). Hence, D is a pseudo module ®-homomorphism with
Jordan coefficient A.

S Q

and

phism with Jordan coefficient A = [ ] . By a routine calculations one can

Now by the following result, we characterize pseudo Jordan homomorphism
on A @, X, where A is a without order Banach algebra.

Theorem 2.5. Let A @&y X be a module extension Banach algebra, where
A is a without order Banach algebra. Then ® : A®; X — A®1 X is a pseudo
Jordan homomorphism with Jordan coefficient («,0) # (0,0) if and only if
(3) ®((a,z)) = (Pala), ®x(z) + Pa x(a)),
such that
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(i) ®4 is a pseudo Jordan homomorphism with Jordan coefficient «.
(ii) ®x is a pseudo module ® 4-homomorphism with Jordan coefficient o.
(i) ®4 x is a pseudo Jordan ® 4-derivation with Jordan coefficient a.

Proof. Let ® be a pseudo Jordan homomorphism with the Jordan coefficient
(,0). Define the canonical injective maps 14 : A — (A @1 X), 1x : X —
(A®1 X) by 24(a) = (a,0), 1x(z) = (0,2), for all a € A, x € X and projective
maps 4 : (A®1X) — Aand wx : (A®1X) — X. Define @4 :=m40Douy4 :
A— A &x :=nmxoDoix : X — X, Px 4 :=mmg0Dorx : X — Aand
by x :=mxoDory : A— X. Since, ® is a linear map, the defined above
maps are linear maps. Then

(4) ®((a,2)) = (Pala) + @x a(x), Px(2) + P4 x(a)),
for alla € A and z € X. For any a € A and « € X, (4) implies that
®((a,2)*(a,0)) = ®((a*a,a -z - o+ - ac))
= (Pa(d’a) + Pxala-z-a+z-aa),
bx(a -7 -a+z-aa)+ P4 x(a’a))
= (®a(a’a) + Pxa(a-z-a)+ Px a(x - aa),
(5) bx(a -z )+ Px(z-aa) + P4 x(a’a)),
for every (a,x) € A®; X. On the other hand,
®((a,2))*(,0) = (Pa(a) + Px,a(2), Px (2) + Pax(a))*(,0)
= (Pa(a)®a+ Pa(a)Px a(z)a+ Px a(x)Pa(a)x
+®x a(2) 0, Pala) - Px(2) a+Pa(a) P4 x(a)
+Ox a(z) Px(z) o+ Px a(z) Pax(a) a
+Px(z) - Pala)a+ Px(z)  Px a(x)a
(6) +®4x(a) Pa(a)a+ Pax(a) Px a(r)a),
for every (a,x) € A1 X. Lettinga = 0in (5) and (6) implies that ®x_4(z)%a =

0. Since o # 0 and A is without of order, ®x 4(x) = 0, for all x € X. This
means that ®x 4 = 0. We now set z = 0. Again by (5) and (6) we have

(7) P A(a’a) = Pyla)
and
(8) Dy x(a’a) = (Pala) Pax(a) +Pax(a) Pala))-a,

for all @ € A. Thus (7) implies that ® 4 is a pseudo Jordan homomorphism
with the Jordan coefficient a. Moreover, (8) implies that ®4 x is a pseudo
Jordan ® 4-derivation with the Jordan coefficient o and ® x is a pseudo module
homomorphism with Jordan coefficient «. O
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As mentioned in the first section, triangular Banach algebras are special case

of module extension Banach algebras. We denote a triangular Banach algebra

T = A J\B4 by T = Tri(A, M, B). We now generalize Definition 2.3 for

triangular Banach algebras as follows:

Definition 2.6. Let T = Tri(A, M, B) be a triangular Banach algebra, ¢ :
A — A be a linear map and v : B — B be a pseudo Jordan homomorphism
with Jordan coefficient 3. We say a linear map A : M — M is a pseudo module
(¢, ¥)-homomorphism with Jordan coefficient 3, if it satisfies the following

9 Ala-m-B)=d¢(a)-A(m)-  and  A(m-bp3) = A(m) - (D)8,
foralla € A,be B andm € M.

Proposition 2.7. Let T = Tri(A, M, B) be a triangular Banach algebra,
¢: A— A ¢ : B — B be pseudo Jordan homomorphisms with Jordan
coefficients « and f3, respectively and A : M — M be a pseudo module (¢, ))-
homomorphism with Jordan coefficient 3. Then ® : T — T defined by

@ ([ ][ )

is a pseudo Jordan homomorphism with Jordan coefficient { @ g } .

Proof. For any [ @ m } € Tri(4, M, B),

b

(7 2 [ 3] -e( e e

_ { ¢(a*a) Aa- mﬁbjg? b f) ]

¢(a)’a  ¢(a)- A(m) -3
(11) = +A(m) - P(b)B
P(b)*8
and

Il

_|_
=
E
<
@\_/
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Thus, ® is a pseudo Jordan homomorphism with Jordan coefficient [ @

;]
0]
O

Theorem 2.8. Let T = Tri(A4, M, B) be a triangular Banach algebra and
® : T — T be a linear map. If ® is a pseudo Jordan homomorphism with

B

Jordan coefficient ], then there are pseudo Jordan homomorphisms

o4+ A — A, ¢p : B — B with Jordan coefficients «, =y, respectively,
and a pseudo module (¢4, ¢p)-homomorphism ¢p; : M — M with Jordan
coefficient v such that ¢pr(a® - 8) = ¢pa(a)? - B, for all a € A.

Proof. Similar to the proof of Theorem 2.5 consider the linear mappings
ma:T — A g A— T, 7g:T — B,ig:B—T, 7y :T — M,
iy 0 M — T. Define the coordinate mappings ¢4 := g0 ®Pory : A — A,
¢p:=mpo®oip: B — Band ¢py :=mpp0Pory : M — M. For any

a m
[ b]eT,

o[ 511" 7))

a’a a?-B4+a-m-y+m-by T a B
b2y Y
¢

(0]
[ ala*a) ¢M<a2-ﬁ+a-m-w+m-m>]
N ¢5(b*7)

_ [ dala)® dala)- gn(m)+ oa(m) - 4(b) } { a f }
¢p(b)? ¥
_ { dala)®a ¢a(a)®- B+ da(a)- dar(m) -y + dn(m) - d(b)y }
o5 (b)Y '

The above equalities imply that ¢4 and ¢p are pseudo Jordan homomor-
phism with Jordan coefficients a and [, respectively. If we set b = 0 and
m = 0, then we have ¢pr(a?- ) = ¢pa(a)? - B, for all a € A. Letting a = 0
implies that ¢pr(m - by) = op(m) - ¢(b)y, for all b € B. Moreover, by set-
ting b = 0 and the fact ¢ar(a® - 8) = da(a)? - B, for all a € A, we obtain
that ¢pr(a-m-v) = oar(m) - ¢(b)y. Hence, ¢ps is a pseudo module (¢4, pp)-
homomorphism. O
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3. Pseudo Jordan derivations on A ®; X

In this section, we characterize pseudo Jordan derivations that we have de-
fined in the previous section on A®1 X and we also extend this characterization
to triangular Banach algebra Tri(A, M, B).

Theorem 3.1. Let A®, X be a module extension Banach algebra where A
is a without of order and let D : A®1 X — A®1 X be a linear map. Then D
is a pseudo Jordan derivation with Jordan coefficient (0,0) # («,0) € A®1 X
if and only if, for any (a,x) € A®1 X,
(13) D((a,)) = (da(a) + dx,a(z),dx () + da x(a))

(i) da and da,x are pseudo Jordan derivations with Jordan coefficient c.
(i) z-dx a(x)a+dxa(z) - z-a=0, foral z € X.
(ii) dx,a and dx are A-bimodule morphisms.

Proof. Let w4, 14, mx and 1x be as in the proof of Theorem 2.5. Define
da:=mg0Dorg,dx :=7mxoDoix,ds x :=mxoDoryand dx 4 :=ma0D1x.
These maps are linear. For any (a,z) € A @ X,

D((a,z)*(a,0)) = D((a*a,a -z - a + - ac))
= (da(a*a) +dx ala -z -a+x-aa),
(14) dx(a-x-a+z-aa)+da x(a’a))
and
((a,2)D((a, 2)) + D((a,2))(a,2))(,0)
= ((a,2)(da(a) + dx a(z),dx (x) + da,x(a))
(15) + (da(a) + dx,a(x), dx (x) + da,x (a))(a, z))(a, 0)

Letting a = 0 in (14) and (15) implies that z-dx a(z)a+dx, a(z)-z-a = 0.
Setting = 0 in (14) and (15) implies that d4 and da, x are pseudo Jordan
derivations with Jordan coefficient o. These implies that

dx ala-z-a+z-a0)=a-dx a(x) a+dx alz)- ax
and
dx(a-z-a+z-aa)=a-dx(z) a+dx(z)-aa,
for all a € A,z € X. Thus, dx 4 and dx are A-bimodule morphisms. The

converse is clear. O

We now investigate pseudo Jordan derivations on triangular Banach algebras.
Let T = Tri(A, M, B) be a triangular Banach algebra, d4 : A — A, dp :
B — B and )y : M — M Dbe linear mappings. Moreover, suppose that dg
is a pseudo Jordan derivation with coefficient v. We say that d,; is a pseudo
generalized (4, 0p)-derivation if, for any a € A, m € M and b € B, we have

Srla-m ) = a-ar(m) - +5a(a) - m -7
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and
dn(m - by) =m-d5(b)y + dn(m) - by.

Theorem 3.2. Let T = Tri(A, M, B) be a triangular Banach algebra and
D : T — T be a linear map. The D is a pseudo Jordan derivation with

B

Jordan coefficient if and only if there are pseudo Jordan derivations

0a:A— A, dp : B— B with Jordan coefficients «, -y, respectively, and a
pseudo generalized (6 4,0p)-derivation 0y : M — M with Jordan coefficient
~ such that dy(a?- ) =a-64(a)- B+ da(a)a- B, for all a € A.

Proof. Consider the coordinate linear mappings 4 : A — A, 95 : B — B
m

b )

D({ o m D _ { Sate) Sy }
Then

D({a ?Ha /jD:D(V& az.ﬁm.%wm.mb

(16) _ |: 5A(a204) 5M(a2~[3+a~m"y+m'b’y) :|

and dps : M — M such that for any [ @

B (SB(bz’y)
and
R (R (RN R
ada(a)a+ da(a)ac a-da(a)-B+da(a)a-B
+a-dp(m)-y+dala) -m 7
(1 = +m - dp(b) ’y—l—éM(m)

bdp(b)y + d5(b)by

Clearly, by (16) and (17), d4 and 0p are pseudo Jordan derivations d4 :
A — A, 6 : B— B with Jordan coefficients «, -y, respectively. By setting
a = 0in (16) and (17), we get that dpr(m - by) = m - dp(b)y + dar(m) - by,
for all b € B and m € M. Moreover, by setting m = 0 and b = 0, we have
Sp(a?-B)=a-6a(a) - B+da(a)a- B, for all a € A. The above obtained results
together with taking b = 0 imply that dpr(a-m-vy) = a-dp(m)-y+da(a)-m-~,
for all a € A and m € M. Thus, d,/ is a pseudo generalized (d4, d5)-derivation
with Jordan coefficient . The converse is clear. O
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