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FINITE RANK LITTLE HANKEL OPERATORS ON THE

DIRICHLET SPACE OF THE POLYDISK

Young Joo Lee

Abstract. We characterize pluriharmonic symbols of the finite rank lit-

tle Hankel operators on the Dirichlet space of the unit polydisk.

1. Introduction

Let D be the unit disk in the complex plane C. For a fixed integer n ≥ 1,
the unit polydisk Dn is the cartesian product of n copies of D and V is the
Lebesgue volume measure on Dn normalized so that V (Dn) = 1. The Sobolev
space S is the completion of the space of all smooth functions f on Dn for
which

‖f‖ =

{∣∣∣∣∫
Dn

f dV

∣∣∣∣2 +

∫
Dn

(
|Rf |2 + |R̃f |2

)
dV

}1/2

<∞

where

Rf(z) =

n∑
i=1

zi
∂f

∂zi
(z), R̃f(z) =

n∑
i=1

zi
∂f

∂zi
(z)

for z = (z1, . . . , zn) ∈ Dn. Then the Sobolev space S is a Hilbert space with
respect to the inner product

〈f, g〉 =

∫
Dn

f dV

∫
Dn

g dV +

∫
Dn

{RfRg + R̃fR̃g} dV.

The Dirichlet space D is then a closed subspace of S consisting of all holo-
morphic functions on Dn. Put

L 1,∞ =

{
ϕ ∈ S : ϕ,

∂ϕ

∂zj
,
∂ϕ

∂z̄j
∈ L∞, j = 1, . . . , n

}
where the derivatives are taken in the sense of distribution and Lp = Lp(Dn, V )
denotes the usual Lebesgue space on Dn. For ϕ,ψ ∈ L 1,∞, we note that

Rϕ, R̃ϕ ∈ L∞ and ϕψ ∈ L 1,∞.
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Let Q be the Hilbert space orthogonal projection from S onto D . Given a
function u ∈ L 1,∞, the little Hankel operator hu : D → D with symbol u is a
bounded linear operator on D defined by

huf = Q(uf̂)

for functions f ∈ D . Here, for a function g on Dn, we let ĝ be the function on
Dn defined by ĝ(z) = g(z̄) for z ∈ Dn.

In this paper, we study the problem of when the little Hankel operators
have finite ranks on the Dirichlet space of the polydisk. The corresponding
problem has been well studied on various function spaces. On the Hardy space
of the unit disk, a well known Kronecker’s theorem says that the little Hankel
operator with symbol u has finite rank if and only if pû is analytic for some
polynomial p; see [4] for example. Also, on the Bergman space of bounded
symmetric domains, holomorphic symbols of finite rank little Hankel operators
have been characterized in [2]. Recently, the corresponding problem on the
Dirichlet space of the unit ball has been also studied in [3].

We in this paper consider pluriharmonic symbols and characterize finite
rank little Hankel operators with pluriharmonic symbol on the Dirichlet space
of the unit polydisk. Recall that a twice continuously differentiable function u
on Dn is said to be pluriharmonic if the one-variable function λ 7→ u(a + λb),
defined for λ ∈ C such that a + λb ∈ Dn, is harmonic for each a ∈ Dn and
b ∈ Cn. Recall that u is pluriharmonic on Dn if and only if u = f + g for some
holomorphic functions f and g on Dn.

In order to introduce the our main result, we need some notations. Given
a point a = (a1, · · · , an) ∈ Dn, we let

ϕa(z) = (ϕa1(z1), · · · , ϕan(zn))

for z = (z1, . . . , zn) ∈ Dn where each ϕai is the usual Möbius automorphism of
D defined by

ϕai(zi) =
ai − zi
1− aizi

, zi ∈ D.

Then, it is well known that ϕa is an automorphism on Dn and ϕa(0) = a. Also,
we let ka be the normalized Bergman kernel defined by

ka(z) =

n∏
j=1

1− |aj |2

(1− ajzj)2

for z = (z1, . . . , zn) ∈ Dn.
The following is the our main theorem.

Main Theorem. Let u ∈ L 1,∞ be a pluriharmonic symbol. Then hu has
finite rank on D if and only if there exist finite points a1, · · · , aN ∈ Dn and
polynomials p1, · · · , pN for which

Ru =

N∑
j=1

pj ◦ ϕajkaj .
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In Section 2, we collect some basic facts on the projection Q which will be
useful in our proofs. We will prove our main theorem in Section 3.

2. Preliminaries

For any multi-index α = (α1, · · · , αn) where each αk is a nonnegative inte-
ger, we will write |α| = α1 + · · · + αn and α! = α1! · · ·αn!. We will also write
zα = zα1

1 · · · zαn
n for z = (z1, · · · , zn) ∈ Dn.

Let A2 be the well known Bergman space consisting of all holomorphic
functions in L2. Note that D ⊂ A2 and moreover ||f ||2 ≤ ‖f‖ holds for all
f ∈ D . Here and in what follows, we write

〈ϕ,ψ〉2 =

∫
Dn

ϕψ̄ dV

and ||ϕ||2 =
√
〈ϕ,ϕ〉2 for functions ϕ,ψ ∈ L2. Let P denote the well known

Bergman projection which is the orthogonal projection from L2 onto A2. Note
that P can be written as

Pϕ(z) = 〈ϕ,Kz〉2, z ∈ Dn

for ϕ ∈ L2 where Kz is the well known Bergman kernel on A2 given by

Kz(w) =
∑
|α|≥0

(1 + α1)(1 + α2) · · · (1 + αn)zαwα

for all z, w ∈ Dn. Thus P has the following explicit formula

Pϕ(z) =
∑
|α|≥0

(1 + α1) · · · (1 + αn)zα
∫
Dn

wαϕdV(1)

for all z ∈ Dn and ϕ ∈ L2.

Also, each point evaluation is a bounded linear functional on D and hence,
for each z ∈ Dn, there exists Rz ∈ D which has the reproducing property on
D :

f(z) = 〈f,Rz〉

for every f ∈ D . Since the set {zα : |α| ≥ 0} spans a dense subset of D and

||zα||2 =
|α|2

(α1 + 1) · · · (αn + 1)

for each multi-index α with |α| > 0, we can check that Rz can be given by

Rz(w) = 1 +
∑
|α|>0

(1 + α1) · · · (1 + αn)

|α|2
zαwα(2)
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for z, w ∈ Dn. Since Rz(0) = 1 for all z ∈ Dn, it follows from (2) that

Qψ(z) = 〈ψ,Rz〉

=

∫
Dn

ψ dV + 〈Rψ,RRz〉2

=

∫
Dn

ψ dV +
∑
|α|>0

(1 + α1) · · · (1 + αn)

|α|
zα
∫
Dn

wαRψ dV

(3)

for all z ∈ Dn. Note Rzα = |α|zα for all multi-index α. Thus, by (1), we have

R(Qψ)(z) =
∑
|α|>0

(1 + α1) · · · (1 + αn)zα
∫
Dn

wαRψ dV

= P (Rψ)(z)− P (Rψ)(0), z ∈ Dn

(4)

for functions ψ ∈ S . For each a ∈ Dn, we put

Ea(z) :=
∑
|α|>0

(1 + α1) · · · (1 + αn)

|α|
aαzα, z ∈ Dn

for notational simplicity. Then, we can easily see that REa = Ka − 1 and

sup
z∈B
|Ea(z)| ≤

n∏
j=1

(
1

1− |aj |

)2

(5)

for each a ∈ Dn. Also, we note from (3) that

Qψ(a) =

∫
Dn

ψ dV +

∫
Dn

(Rψ)Ea dV, a ∈ Dn

for functions ψ ∈ S .

3. Proof of the main theorem

Given a Hilbert space K with an inner product ( , ) and a, b ∈ K, we let
a⊗ b be the rank one operator on K defined by

[a⊗ b]x = (x, b)a

for x ∈ K. Note that each finite rank operator S on K can be written as the
form

S =

N∑
j=1

aj ⊗ bj

for some sets {a1, · · · , aN} and {b1, · · · , bN} of linearly independent in K.

We first need the following lemma which is taken from Lemma 2.4 of [1].
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Lemma 3.1. Let {xj}Nj=1 be a linearly independent set in D . Then there
exist points z1, . . . , zN ∈ Dn such that the matrixx1(z1) . . . x1(zN )

...
...

xN (z1) . . . xN (zN )


is invertible.

In the following, we let R2ψ = R(Rψ) as usual.

Proposition 3.2. Let u ∈ L 1,∞ and xj , yj ∈ D for j = 1, · · · , N . Suppose
{xj}Nj=1 is a linearly independent set and

hu =

N∑
j=1

xj ⊗ yj

holds on D . Then R2yj ∈ A2 for all j = 1, · · · , N .

Proof. Since Ea(0) = 0, REa = Ka − 1 and Ryj(0) = 0, we first note

〈Ea, yj〉 = 〈Ka − 1,Ryj〉2 = Ryj(a)−Ryj(0) = Ryj(a)

for each j and a ∈ Dn. Hence

Q[uÊa](z) = huEa(z) =

N∑
j=1

〈Ea, yj〉xj(z) =

N∑
j=1

Ryj(a)xj(z)

for every z, a ∈ Dn. Thus, letting Gz(a) = Q[uÊa](z), we haveGz1(a)
...

GzN (a)

 =

x1(z1) . . . xN (z1)
...

...

x1(zN ) . . . xN (zN )


Ry1(a)

...
RyN (a)


for all a ∈ Dn and z1, . . . , zN ∈ Dn. Now, since functions x1, . . . , xN are
linearly independent by the assumption, Lemma 3.1 tells that the N×N matrix
in the above displayed equation is invertible for some points z1, . . . , zN ∈ Dn.
Thus, each Ryj is a linear combination of functions Gz1 , · · · , GzN . So, in order
to show R2yj ∈ A2 for each j, it suffices to prove RGz ∈ A2 for every z ∈ Dn.
To prove this, fix a point z ∈ Dn. Note from (3) that

Gz(a) = Q[uÊa](z)

=

∫
Dn

u(w)Ea(w̄) dV (w) +

∫
Dn

Ru(w)Ea(w̄)Ez(w) dV (w)
(6)
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and

RaEa(w̄) = Ra
∑
|α|>0

(1 + α1) · · · (1 + αn)

|α|
aαwα

=
∑
|α|>0

(1 + α1) · · · (1 + αn)aαwα

= Ka(w̄)− 1

for every a,w ∈ Dn. Here, the notation Ra means the radial derivative R with
respect to the variable a. Since

∫
Dn ψ dV = Pψ(0) for every ψ ∈ L2, we also

note ∫
Dn

u(w)
[
Ka(w̄)− 1

]
dV (w)

=

∫
Dn

u(w̄)
[
Ka(w)− 1

]
dV (w)

= P (û)(a)− P (û)(0)

and ∫
Dn

Ru(w)
[
Ka(w̄)− 1

]
Ez(w) dV (w)

=

∫
Dn

Ru(w̄)
[
Ka(w)− 1

]
Ez(w̄) dV (w)

= P (R̂uÊz)(a)− P (R̂uÊz)(0).

It follows from (6) that

RGz = P (û)− P (û)(0) + P (R̂uÊz)− P (R̂uÊz)(0).

Note û and R̂uÊz are bounded on Dn by (5). Thus RGz is the Bergman
projection of a bounded function and hence RGz ∈ A2 as desired. The proof
is compete.

Given a holomorphic function g on Dn with g(0) = 0 and the power series
expansion g(z) =

∑
|α|>0 bαz

α, we let R−1g be the holomorphic function on

Dn defined by

R−1g(z) =
∑
|α|>0

bα
|α|

zα, z ∈ Dn.

Then, we note R−1g(0) = 0 and R(R−1g) = g. Also, we let (R−1)2g =
R−1(R−1g) as usual.

Using the exactly same argument as in the proof of Proposition 13 of [3],
we have the following property which will be useful in our proofs.

Proposition 3.3. The following statements hold.

(a) 〈Rf,Rg〉2 = 〈f,R2g〉2 for every f, g ∈ D with R2g ∈ A2.
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(b) 〈R−1f,R−1g〉 = 〈f, (R−1)2g〉 for every f ∈ D and g ∈ A2 with f(0) =
g(0) = 0.

(c) 〈f, g〉2 = 〈f, (R−1)2[g − g(0)] + g(0)〉 for every f ∈ D and g ∈ A2.

In our characterization of finite rank little Hankel operators on the Dirichlet
space, we will use a known result for little Hankel operators on the Bergman
space. So we need to introduce little Hankel operators acting on the Bergman
space of the polydisk. Given u ∈ L∞, the little Hankel operator bu is a bounded
operator defined on A2 by

buf = P (uf̂)

for functions f ∈ A2.
The following connection between finite rank little Hankel operators on the

Bergman space and Dirichlet space will be very useful.

Proposition 3.4. Let u ∈ L 1,∞ be holomorphic. Then hu has finite rank
on D if and only if bRu has finite rank on A2.

Proof. First suppose hu has finite rank on D . Then there exist sets {xj}Nj=1

and {yj}Nj=1 linearly independent in D for which

hu =

N∑
j=1

xj ⊗ yj

on D . Let p be any polynomial. Then we have

Q[up̂] = hup =

N∑
j=1

[xj ⊗ yj ]p =

N∑
j=1

〈p, yj〉xj .(7)

Noting ∫
Dn

(Ru)p̂ dV =

∫
Dn

(R̂u)p dV = 〈p, R̂u〉2 = 〈p, P (R̂u)〉2

and taking R to both sides of (7), we obtain by (4) and Proposition 3.3(a)

bRup = P [(Ru)p̂] = P [(Ru)p̂](0) +

N∑
j=1

〈p, yj〉Rxj

=

∫
Dn

(Ru)p̂ dV +

N∑
j=1

[
p(0)yj(0) + 〈Rp,Ryj〉2

]
Rxj

= 〈p, ρ〉2 +

N∑
j=1

[
〈p, yj(0)〉2 + 〈p,R2yj〉2

]
Rxj

= [1⊗ ρ]p+

N∑
j=1

[Rxj ⊗ yj(0)] p+

N∑
j=1

[Rxj ⊗R2yj ]p
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where ρ = P (R̂u). It follows that

bRu = 1⊗ ρ+

N∑
j=1

Rxj ⊗ yj(0) +

N∑
j=1

Rxj ⊗R2yj .

Note ρ,Rxj ∈ A2 for each j. Also, R2yj ∈ A2 for each j by Proposition 3.2.
Hence bRu has finite rank on A2.

Now suppose bRu has finite rank on A2. Then there exist linearly indepen-
dent sets {xj}Nj=1 and {yj}Nj=1 in A2 for which

bRu =

N∑
j=1

xj ⊗ yj

on A2 and then

P [(Ru)f̂ ] =
N∑
j=1

〈f, yj〉2xj

for every f ∈ A2. Note D ⊂ A2. Thus, we have by (4)

RQ(uf̂) = P [(Ru)f̂ ]− P [(Ru)f̂ ](0)

=

N∑
j=1

〈f, yj〉2xj − P [(Ru)f̂ ](0)
(8)

for every f ∈ D . Taking z = 0 in (8), we have

N∑
j=1

〈f, yj〉2xj(0) = P [(Ru)f̂ ](0)

and then by (8) again

RQ(uf̂) =

N∑
j=1

〈f, yj〉2[xj − xj(0)]

for every f ∈ D . Taking R−1 to both sides, we obtain from Proposition 3.3(c)

huf = Q[uf̂ ] =

N∑
j=1

〈f, yj〉2R−1[xj − xj(0)]

=

N∑
j=1

〈f, (R−1)2[yj − yj(0)] + yj(0)〉Xj

=

N∑
j=1

[Xj ⊗ Yj ]f, f ∈ D

(9)

where

Xj = R−1[xj − xj(0)] and Yj = (R−1)2[yj − yj(0)] + yj(0).
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Note each Xj belongs to D . Also, since RYj = R−1[yj − yj(0)] ∈ D ⊂ A2, we
see that each Yj belongs to D . Hence, (9) shows that hu has finite rank on D ,
as desired. The proof is complete.

The following characterization for finite rank little Hankel operators on the
Bergman space is taken from Theorem 4.2 of [2].

Lemma 3.5. Let u ∈ L∞ be a holomorphic function on Dn. Then bu
has finite rank on A2 if and only if there exist points a1, · · · , aN ∈ Dn and
polynomials p1, · · · , pN for which

u =

N∑
j=1

pj ◦ ϕajkaj .

We are now ready to prove the our main theorem.

Proof of the main theorem. Let u = ϕ + ψ̄ where ϕ,ψ are holomorphic on
Dn. By a simple application of the mean value property, we note from (3)

Q(ψ̄f̂) =

∫
Dn

ψ̄(w)f(w̄) dV (w) = ψ(0)f(0) = [1⊗ ψ(0)]f

for every f ∈ D . Thus hψ̄ = 1 ⊗ ψ(0) and hψ̄ has always finite rank on D .
Hence hu has finite rank if and only if hϕ has finite rank on D , which is in
turn equivalent to that bRϕ has finite rank on A2 by Proposition 3.4. Since
Ru = Rϕ, the result follows from Lemma 3.5. The proof is complete.
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