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WEIGHTED PROJECTIVE LINES WITH WEIGHT
PERMUTATION

LiINA HAN AND XINTIAN WANG

ABSTRACT. Let X be a weighted projective line defined over the algebraic
closure k = Fy of the finite field Fy and o be a weight permutation of X.
By folding the category coh-X of coherent sheaves on X in terms of the
Frobenius twist functor induced by o, we obtain an Fy4-category, denoted
by coh-(X, 0;q). We then prove that coh-(X, o;q) is derived equivalent to
the valued canonical algebra associated with (X, o).

1. Introduction

The notions of weighted projective lines X and categories coh-X of their
coherent sheaves were first introduced by Geigle and Lenzing in [9]. It turns
out that weighted projective lines are important from various points of view and
are closely related to many branches of mathematics, such as representation
theory of finite dimensional algebras, singularity theory, invariant theory, and
function theory, etc.

The key observation of Geigle and Lenzing was that each weighted projective
line X admits a tilting sheaf T" such that the endomorphism ring A is a canonical
algebra in the sense of Ringel [14]. Thus, by applying a result of Happel [11], the
category of finite dimensional A-modules is derived equivalent to the category
coh-X. Because coh-X is a hereditary abelian category, the structure of this
derived category is closely related to that of coh-X.

In [5], the authors introduced a Frobenius morphism F on an algebra A
over the algebraic closure k = F, of the finite field F, and constructed natu-
rally Frobenius twist functors on both the category mod-A of finite dimensional
A-modules and its bounded derived category D®(mod-A). They further proved
that the module category mod-A¥" for the F-fixed point algebra A is equiva-
lent to the subcategory (mod-A)f" of F-stable A-modules. This equivalence is
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further lifted to the derived category level in [6]. In particular, by applying the
construction above to canonical algebras with Frobenius morphisms, we obtain
valued canonical Fy-algebras; see the general case studied by Ringel [14] and a
special case in [3].

In the present paper we deal with a weighted projective line X over k = Fq
together with weight permutation . On the one hand, ¢ induces a Frobenius
twist functor on the category coh-X which gives an F,-category coh-(X, o;q)
consisting of F-stable objects in coh-X. On the other hand, o defines a Frobe-
nius morphism on the canonical algebra A associated with X which induces a
Frobenius twist functor on mod-A. We then prove that the liftings of these
two functors on their derived categories D’(coh-X) and D’(mod-A) are com-
patible. As an application, we obtain that the bounded derived categories of
coh-(X, 05 q) and mod-Af" are equivalent.

We organize the paper as follows. Section 2 recalls the notion of Frobenius
morphism on an algebra A over k = ?q and gives a brief introduction on the
category of coherent sheaves over a weighted projective line X. In Section 3, we
consider a weighted projective line X together with weight permutation ¢ and
define the corresponding Fy-category coh-(X, o; ¢). In Section 4, we prove that
the Frobenius twist functors on D?(coh-X) and D®(mod-A) are compatible. As
a result, the category coh-(X, o; ¢) is derived equivalent to the category of finite
dimensional modules over the fixed point algebra AF.

Throughout this paper we always assume that F, is a finite field with ¢
elements, k = F, is the algebraic closure of F,. For an algebra A over a field,
by mod-A we denote the category of all finite dimensional left A-modules.

2. Preliminaries

In this section we recall some basic facts on Frobenius twist functors induced
by Frobenius morphisms on k-algebras from [5,7], and those on the categories
of coherent sheaves over weighted projective lines from [9].

We first recall the notion of a Frobenius morphism on a k-algebra. Let V be
a k-vector space. An F,-linear isomorphism F' : V' — V is called a Frobenius
map on V if

(1) F(\) = MF(v) for allv € V and A € k,

(2) For any v € V, F'(v) = v for some t > 1.

Let A be a k-algebra with identity 1. A map F' : A — A is called a Frobenius
morphism on A if it is a Frobenius map on the underlying k-vector space A
which additionally satisfies

F(ab) = F(a)F(b) for all a,b € A.

Then the F-fixed point algebra AF = {a € A|F(a) = a} is clearly a finite
dimensional Fg-algebra.

Suppose that f : £ — k is the field automorphism given by f(A\) = A?. For
each A-module M, let M be the new A-module obtained from M by base
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change via f:

M= M ®; k,
and the action of A on MY is given as
(1) a-(me1l)=(F;(a)ym)®1, Va€ A, m € M.

Thus, for m € M and A € k, we have Am ® 1 = m ® A?. In other words, let
mM =me1,

(m + n)(l) — m(l) + n(1)7
(Am)®M = Xt
a- (mV) = (Fi'(aym)®.

We call MU the Frobenius twist of M. If f : M — N is an A-module ho-
momorphism, then the map fl := f®1: MM — NI is again an A-module
homomorphism.

Proposition 2.1 ([7, Prop. 2.9]). The correspondence M > MM induces
a category equivalence ( )Y : mod-A — mod-A, called the Frobenius (twist)
functor on mod-A.

Inductively, define the s-fold Frobenius twist M) := (M=) of M and
fB = (fB= 0 for s > 1, where M) = M and fI% = f by convention.

Let M be an A-module and Fj; be a Frobenius map on M. Define MM
to be the A-module with MM = M as a vector space and the A-module
structure given by

(2) axm = Fy(Fy'(a)Fy (m)).

We call MFm] the Fy-twist of M. If f : M — N is an A-module homo-
morphism, then the map fI¥] = Fyy o fo Fy,' : Ml — NIFN] ig again an
A-module homomorphism.

Inductively, define the s-fold Fy-twist MUFml" .= (M[FM]SA)[FM} of M and
FUEY = (fIFVTYIF = FgofoFy® for s > 1, where M) = M and fIF)° = f
by convention.

Lemma 2.2 ([7, Lem. 2.11]). Let M be an A-module and Fi; a Frobenius mor-
phism on M. The Fyr-twist MM and the Frobenius twist MY are isomorphic
as A-modules.

Proof. Let war : M — MM be the F,-linear isomorphism given by was(m) =
m®1, op =wnm o Fﬂ}l - MFul 5 M g a k-linear isomorphism and

ear(axm) =wyFy (FyFy(a)Fy'(m) = (Fi ' (a)Fyt (m))®
=a-((Fp'(m))™) = a- (oar(m)).

So ¢ is an A-module isomorphism. O
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An A-module M is called Frobenius periodic (or F-periodic) if M =2 M [r]
for some 7 > 1. The minimal positive integer r with this property is called
the F-period of M, denoted by pp(M). If pp(M) =1, we call M is Frobenius
stable (or F-stable).

Let (mod-A)f be the category as follows:

Objects: M such that ¢y : MM =5 M in mod-A,
Morphisms: Hom y,oq.4)7 (M, N)={f € Hompeq.4(M, N) [ ¢n © U= fogunl.

Theorem 2.3 ([6, Thm. 2.10]). The category (mod-A)Y" defined above is equiv-
alent to the category mod-AF of finite dimensional left A¥ -modules.

From now on, we assume that A is a finite dimensional k-algebra. By [6],
the Frobenius twist functor on mod-A can be lifted to the derived category
level. Let C'(mod-A) denote the category of (chain) complexes of mod-A. For
each complex M € C(mod-A),

. . i1 difl . d‘L i1 di+l
M=M'd) = —— M —— M —— M =,
where d? = 0. Applying the Frobenius functor to each M, we obtain a new
chain complex

MU = (), i)

= — (M H (ﬂ;](Mi)[l] ﬂ: (Mi+1) ] (ﬂ;]. .

This will be called the Frobenius twist of M. Further, each complex morphism
f=(f"): M — N induces a morphism fI = ((fHM) : MM — N, Thus,
the Frobenius functor on mod-A induces a functor

O = ()&lmod.) : C(mod-A) — C(mod-A),

which we still call the Frobenius (twist) functor (on complexes).
A morphism f : M — N is homotopic to zero if and only if so is fI. Thus,
the Frobenius functor ( ) on C(mod-A) induces a functor

OW = () imodn) : H(mod-A) — H(mod-A),
which is an equivalence of triangulated categories.

A morphism f : M — N is a quasi-isomorphism if and only if so is f.
Thus, the Frobenius functor ( ) on H(mod-A) induces a functor

1
(O = ¢( )Ej]b(mod_A) : D’(mod-A) — D®(mod-A),
which is again an equivalence of triangulated categories. If
é- € Home(mod—A) (M7N)

denotes the equivalence class (L, s, f) of the triple (L, s, f), where £ is an
object in D°(mod-A), s € Homp (mod-4)(£, M) is quasi-isomorphism, and f €
Hom g7 (mod-a) (£, N), then €1 is the equivalence class of (£I!], sl f1),
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Let (D®(mod-A))¥ denote the category with
Objects: M such that ¢y : MM =5 M in D’ (mod-A),
Morphisms: Hom(pb(mod-a))7 (M, N)
= {¢€ € Hompi (oa-a) (M, N) | é 0 €1 = €0 g}

Theorem 2.4 ([6, Thm. 5.4]). The category (D®(mod-A))¥" defined above is
equivalent to the category D®(mod-AF").

We now briefly introduce the category coh-X of coherent sheaves on a weight-
ed projective line X, and its basic properties. Let ]P’,lC be the projective line

over k and A = (A, A2,...,At) be a collection of distinct closed points of
P}. Without loss of generality, we may assume \; = 0o, Ay = 0. Further,
let p = (p1,p2,-..,p:) be a weight sequence, that is, a sequence of positive

integers, and let L = L(p) denote the rank 1 abelian group

L:L(p) = <f17...,:ft ‘ p1f1 = :ptft>-
The element ¢ := p; & is called the canonical element of L, and, moreover, each
element ¥ € IL can be uniquely written in the normal form & = Zle Lz, +1¢c

with 0<[; <p;,—1andl € Z.
Set

S = S(p, )\) = k[Xl,X27. .. 7X¢}/(leb —(ng _)\in1))§:3 = k[$1,l‘2, e 7.%',5].

Then S becomes an L-graded commutative algebra by setting degx; = Z;,
it =1,...,t, called the L-graded k-algebra associated with (p, A). The weighted
projective line X = (P}, p, A) associated with the pair (p, A) is defined to be

SpectS, the spectrum of L-graded homogeneous ideals of S.

By an L-graded version of the Serre construction [15], the category of co-
herent sheaves on X is defined to be the quotient category
coh-X = mod"-S/modj-S,

where mod™-S is the category of finitely generated L-graded S-modules and
modg-S is the Serre subcategory of finite length L-graded S-modules.
Note that L. acts on mod™S by grading shift: each Z € L defines a functor

Z: mod“-S — mod™-S, M — M(Z),

where M (Z) is the S-module M with the new grading M (Z)y = Mz,y. The
free module S gives the structure sheaf O, and each line bundle L on X has
the form L = O(Z) for some uniquely determined Z € L.

Theorem 2.5 ([9]). The category coh-X is k-linear and abelian with the fol-
lowing properties:
(1) coh-X is connected and Noetherian, that is, ascending chains of subob-

jects are stationary.
(2) coh-X is Ext-finite and hereditary.
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(3) coh-X has a Serre duality in the form
DExt !, «(X,Y) = Hom conx(Y, X (3)),

where D = Homy,(—, k) and & := (t—2)é—S"1_, 7 (called the dualizing
element of L). In particular, Auslander—Reiten translation T : coh-X —
coh-X is the grading shift M — M ().

(4) coh-X has a splitting torsion pair (cohg-X, vect-X), where cohg-X and
vect-X are full subcategories of torsion sheaves and vector bundles, re-
spectively.

(5) For any &,y € L, Hom ¢on-x(O(Z), O(Y)) = Sy—_z.

The category cohp-X decomposes into a coproduct cohy-X, where cohy-X
denotes the uniserial category of finite length sheaves concentrated at the point
A. If X is an ordinary point, i.e., A € Hy := Pi\{\1,...,\:}, then there is
exactly one simple object in cohy-X, while for an exceptional point \;, cohy,-X
has exactly p; simple objects (up to isomorphism). The simple finite length
sheaf at an ordinary point A is given as the cokernel of the exact sequence

P2 _ 3 ,P1
0 030 Sy 0,
while the p; exceptional simple sheaves concentrated at A; arise as the cokernels
of exact sequences

0 —— O(ji) —— O((j + 1)&;) —— S; ; —— 0, Vj e Z/piZ.

3. Weighted projective lines with weight permutation

In this section, we consider a weighted projective line X together with a
permutation o on the weights. We will show that ¢ induces a Frobenius twist
functor on the category coh-X of coherent sheaves and define a subcategory of
coh-X whose objects are invariant under the Frobenius twist functor. We keep
all the notations in the previous section.

Definition. Let X be the weighted projective line associated to (p, A), where
p = (p1,...,p¢) and A = (Aq,..., ) with A\; = oo and Ay = 0. A weight
permutation o for X is a permutation of {1,...,¢} such that p,) = p; and
(1) Aoy = Af fori € {3,...,t} whent > 3;
(2) either A\3 € F, and 0 =id, or A3 = —1 and 0 = (12) when ¢t = 3;
(3) either o =id or o = (12) when ¢t = 2.
The triple (X, 0; q) is called a weighted projective line with weight permutation
o over k= Fq.

Example 3.1. (1) Let k = F3, p = (2,2,2,2), and XA = (00,0, A\, A?), where
A =7 € Fs[z]/(z% + 1) 2 F32. Then o = (34) is a weight permutation of X.

(2) Let p=(2,2,3) and XA = (00,0, —1). Then o = (12) is a weight permu-
tation of X.
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Let (X,0) be a weighted projective line X with weight permutation o and
S(p,A) be the associated L-graded k-algebra. Then o induces a Frobenius
morphism

F:FS :FX,a;q : S(p7A) — S(pa)‘)
chfn — cha(fn)a

where n = (n1,...,n:) € N, ¢, € k, fn = 20'25? -2y, and o(fn) =

n1 n2 PR nt
TomyTo(2) " Po(t):

The weight permutation ¢ induces a group homomorphism
oL:L—L, & — Ty, V1 <i <t
By (1), each L-graded S-module M gives rise to a new L-graded S-module
MM = M ®; k with L-graded structure given by
(MU =M, 1 @ik, VT € L.

Indeed, if a € Sz and m() € (MI); = M -1 @5 k, then

oL
a-mM = (F1(a)m)® ¢ (MW)z 4.
We call MU the Frobenius twist of L-graded S-module M. If f : M — N is
an L-graded S-module homomorphism, then
f[l]((M[l])i) = (f®1)(MgL—1(f)®fk) = fMaL—l(f)®fk < Nggl(;f)@fk = (N[l])f~
Hence, fIU: MM — NI is again an L-graded S-module homomorphism.

Proposition 3.2. (1) The functor ( )[1] : mod"-S — mod“-S is an equiv-

mod“-S *
alence. Moreover, its restriction to modﬂ(}—S gives an equivalence mod](l)‘—S —
modyg-S.
(2) The functor ( )[1] g compatible with the grading shift, that is, for each

modk-

M e mod“-S and T € L,
M@ = (MW)(or, (@)
Proof. (1) Take M € mod™-S and consider the k-vector space M~ = M @51
k, where f~1 : k — k, A — YA Define an S-module structure on M= via
a-(m®1)=(Fs(a)m)®1, Vae S, me M,
as well as an L-grading on M[=1 given by
M)z = M,z ®1k, VE € L.
Then MY lies in mod®-S. Moreover, if f : M — N is an L-graded S-

module homomorphism, then fI=% = f ® 1 is again an L-graded S-module
homomorphism. Thus, we obtain a functor

( )E;ﬂl-s : mod“-S — mod"-S.
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It is easy to check that

1 1 . -1 1
( )En]odH“—S o )Enoc]iL—S = idpoars = ( >£noc}1L—S o )En]od]L—S'

Hence, ( )Lll]o PE mod™-S — mod"“-S is an equivalence.

If M is a finite length L-graded S-module, so is M. Thus, the restriction
of the above functor to modg-S

(Dot * modG-S — mod;-S

is also a category equivalence.
(2) By the definition, for each ¢ € L,

(M(f)m)z? = M(f)g]gl(g) ®5 k= Ma?+a[[1(§) ® k
= (M[l])gn‘(f)Jrg = ((M[l])(gm(f)))y“'

By the definition, the actions of S on the homogeneous spaces (M (#)); and

(M) (o1,(%))7 coincide. Hence, M (7)1 = (MM) (o, (%)). O
The functor ( )1[;]0 qu.g is called the Frobenius (twist) functor on mod*“-S.

Now let M be an L-graded S-module together with a Frobenius map F)y :
M — M. As in Section 2, we obtain an S-module M1, Moreover, MFm] ig
also LL-graded with

(MU g = Fag (M, 1.5, V& € L,
Indeed, if a € Sz and m € (M), then by (2),
axm = Fy(Fg'(a)Fy (m)) € Faur(M,-1(2,0-1(5) = Z+

We call MFm] the Fiy-twist of L-graded S-module M. Moreover, if f : M — N
is an LL-graded S-module homomorphism and Fj;, Fy are Frobenius mor-
phisms, respectively, then

FE (M) z) = (Fy o f o FICF)(FM(MU;@))
— (FN [¢] f)(Mo-ﬂfl(f)) Q FN(NO_“—l(f)) = (N[FN})f
Hence, fIF1: MFm] — NIFN] is again an L-graded S-module homomorphism.

Proposition 3.3. Let M be an L-graded S-module. Then @y = wyy o Fj;fl :
MM 5 MO s an isomorphism of L-graded S-modules.

Proof. By Lemma 2.2, the homomorphism ¢p; is an S-module isomorphism.
It suffices to check that oy keeps L-gradings. Indeed, for each m € (M),

prr(m) = @ 0 Fof(m) € war (M, 15) = (M) O
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By [2, Lem. 1.2.4], the category coh-X can be viewed as the localization of
mod™-S at the class .# of all morphisms in mod®-S with kernel and cokernel
in mod§-S. We claim that f € .7 if and only if fl € . If f: M — N € .7,
then there is an exact sequence

0 Ker f M-t N Coker f — 0.

Applying ( )M : mod™-S — mod“-S to the exact sequence above gives the
exact sequence

f[ll

0 —— (Ker f)I! Mt NM (Coker f)l —— 0.

Since the functor ( )[1] is an equivalence, we have
Ker(f1) 2 (Ker )l € mod§-S, Coker(fM!) 2 (Coker f) € modg-S.

Hence, flIl € .7, Similarly, fl! € . implies f € .. Therefore, the Frobenius
functor on mod™-S induces a functor

O = Ol coh-X — coh-X,
which is again an equivalence.
Proposition 3.4. Let (X,0;q) be a weighted projective line with weight per-
mutation o. Then
(1) O(@HM = O(o(8)), VZ € L;
(3) if o fizes 1 and 2, then (S\) = Sya, where X\ € Hy; if o swaps 1 and
2, then (S)\)[l] = Sl/Aq;
(4) if M € coh-X is indecomposable, then (M) = (M), where 7 is
the Auslander—Reiten translation in coh-X.
Proof. (1) The map vz : O(@)M — O(op(Z)) taking m @ 1 — Fg(m) is an
isomorphism of S-modules. Moreover, 1z((O(z)1);) = 1/)@(55+0“71(g) ®j k) C

Sov(@)+7 = O(oL(Z))y. Hence, 1z is an L-graded S-module isomorphism.
(2) For given 1 < <t, j € Z/p;Z, there are two short exact sequences

0—— O(j#) —— O((j + 1)) — S;; — 0 and
. To (i) . S
0 O(]‘xa(z)) E— O((] + l)xg(,)) — Sg(i)J — 0.
Applying the functor ( )[! to the first one gives the exact sequence

0 —— 0(jE)N 225 o((j + 1) —— s ——o.
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Hence, from the commutative diagram

5 S(G + D@

Yjz; J% %ld’(ﬂl)ia

o (i) , "
S((J + Dyi))

we obtain that Sz[lj] = So(i),j-
(3) Take A € Hy. If o fixes 1 and 2, then we have the commutative diagram

0—— 0l 25 0@M — sl — 0

¢0Jm ulwz
$P2 7}\(111171 ~

0 0= 0(©) Sha 0,

where 2y = (252 — A\z?') ® 1. Thus, (Sy\)1 = Sy,. If o swaps 1 and 2, then
p :=p; = po and the commutative diagram

0—— Ol 22, o)1 st 0
Yo | & %l—qua
-Gt v
O O (6’) Sl/)\q O

gives the isomorphism (Sy)! = S1/xa-
(4) Since o.(&) = &, we have by Proposition 3.2(2),

(M) = MU(@) = MU (@) = (@) = (0. g

By (coh-X)¥" we denote the category with
Objects: M together with an isomorphism ¢y : MW = M oin coh-X,
Morphisms: Hom oy x)r (M, N) ={¢ € Homeonx(M, N) | ¢ o (M = (o ppr}
Since (M) = AU for each f: M — N and A € F,, it follows that (coh-X)

is an F-category. In the following, we denote (coh-X)* by coh-(X,o;¢), and
its objects will be called “coherent sheaves” on (X, o;q).

Remark 3.5. By an argument similar to that in [5, Thm. 7.4], we infer that
coh-(X, 0;¢) has Auslander—Reiten sequences, which are obtained by folding
those in coh-X.

As in [6], the Frobenius functor ( ) : coh-X — coh-X can be lifted to a
Frobenius functor () l;b(coh—X) : D?(coh-X) — D%(coh-X). This is an equivalence

of triangulated categories and gives an F,-category (D(coh-X))¥. Moreover,
each object in D?(coh-(X, o;q)) can be viewed as an object in (D°(coh-X))¥".
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Remark 3.6. In [8], the author studies the quotient category 7¢ of a triangu-
lated category 7 with an action of a group G. It is shown that under certain
condition, 7¢ is again a triangulated category; see [8, Cor. 6.10]. This implies
that (D®(coh-X))¥ is a triangulated category.

Theorem 3.7. The Fy-category coh-(X, o;q) is an abelian category.
Proof. We first show that coh-(X, o;¢) is an abelian category. Let
M = (M, ¢n) and N = (N, én)

be two objects in coh-(X,0;q) and ¢ € Hom coh-(x,0:q) (M, N). It suffices to
show that ¢ admits a kernel and a cokernel, and the canonical factorization

Ker( —* s M— W N—° 4 Coker(

L

Coker ¢’ —° S Ker ¢

of ¢ induces an isomorphism (. Then we have the following commutative
diagram:

0 Kl i < v ol 0
o ¢M\Lu ¢NJM o
0 K M— N C 0,

where K = Ker(, C = Coker (. The upper sequence is exact, since ( )[1] is
an equivalence. It implies that Ker ¢ and Coker ¢ are both in coh-(X,o;q).
Consider the following diagram:

0 Pl 1 ¢

N[l] chl 0

—m
\ ‘
3%} /K[l] 4¢N—) Nl[l]
C

0 K M%ﬁl < N LN
\

M/K —> N

We claim that ¢n/gl) = gonrx. Let ¢/ = dnigom i, we get [Mg/rlll =
Movrgon kmlth = o' grdn = oy Con = ¢ = Lglxll Note that ¢
and gl are isomorphisms, ¢! is a monomorphism, and 7! is an epimorphism.
Thus ¢! = ¢/, i.e., pnglt! = 9bn/k - So coh-(X, 0;q) is abelian. O

It will be seen in the next section that coh-(X, o; ¢) is indeed hereditary and
Ext-finite.
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4. Valued canonical algebras associated with weight permutations

In this section we point out that a weight permutation o of a weighted
projective line X induces a Frobenius morphism F' on the canonical algebra
A = A(p, A) associated with X. We then prove that the Frobenius twist func-
tors on D’(coh-X) and D®(mod-A) are compatible. As a result, the category
coh-(X, 0; q) is derived equivalent to the fixed point algebra AF.

Let X = (P}, p,A) be a weighted projective line with p = (p1,...,pt), A =
(A, .-, At), A1 = 00, A2 = 0. The canonical algebra A = A(p, A) associated
with X is by definition the finite dimensional algebra given by the quiver Q =
Q(p, A)

- X12 - X3 Xi(p1-1) -
X1 2{E1 s ](p1 — 1)$1
X X1
H = Xo2 97 Xo23 XQ(P2*]() 1) .
Koy L2 T2 T P2 — 1) ‘gﬁp\
0 c

X1 y
N X2 = X3 Xi(py—1 S
Tt 2(Et cee Cpt — 1)(Et

with the defining relations
(3) XPi= X — NXT =3, .t
where X]I-)j = X1+ Xjp, for j =1,...,t. In other words,
A=kQ/(XP — (X5 — X)) |3<i<t).
Lemma 4.1 ([9, Prop. 4.1]). The object T' = Pz O(Z) is the canoni-
cal tilting sheaf in coh-X such that its endomorphism algebra (End conx(T))°P

is isomorphic to A = A(p,N). In particular, there is a derived equivalence
D?(coh-X) =2 Db(mod-A).

Let 0 be a permutation of weights of X. On the one hand, by Proposition
3.4, we can identify 711 with 7. Then the correspondence f — fI! induces a
Frobenius morphism Fr on (End conx(7))°P.

On the other hand, ¢ induces an automorphism of @), still denoted by o,
given by

0(0) =0, 0(6) = & o(kii) = ki), 0(Xij,) = Xo@ij,»
where 1 < <t, 1<k, <p;,—1,1 <j; <p; Itisclear that o permutes the
relations in (3), and thus, induces a Frobenius morphism

(4) F=Fproq: A— A, Zangs — Zaga(ps)7

where the ps are paths in Q, o(ps) = o(pn)...0(p1) if ps = pn...p1 with
pi € Q1, and Dg, 0(ps) denote their residue classes in A, respectively. By the
construction, we have the following result.
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Lemma 4.2. The Frobenius morphisms Fr and F 4., are compatible with the
canonical isomorphism (End conx(T))°P = A.

Furthermore, the F-fixed point algebra
A ={a€A|F(a)=a}

is an [F,-algebra, called the valued canonical algebra associated with weight
permutation o.

Since A is a finite dimensional k-algebra, we have by Section 2 the Frobenius
(twist) functor

( )[1] = ( )Lll]od_A : mod-A — mod-A.

Furthermore, the Frobenius twist functor can be lifted step by step to the chain
complex level, homotopy level and finally to the derived category level:

O = O o) : D (mod-A) — DP(mod-A).

Moreover, ( )5:1)},, (mod-A) is an equivalence of triangulated categories.

In view of the lemmas above, we identify (End con-x(7))°P with A = A(p, A).
Then the functor

Hom conx(7', —) : coh-X — mod-A
induces an equivalence add T = proj A and admits a left adjoint
— ®a T : mod-A — coh-X.
Given a A-module M with a projective resolution
P, =Hom (T, Ty) — Py = Hom (T, T1) — M — 0,

M ®, T is by definition the cokernel of the corresponding morphism 77 — Ty
in addT.

Lemma 4.3 ([10]). Let X = (P},p,\) be a weighted projective line, T =
Do<i<z0(@), and A = A(p,A) = (End con-x(T))°P. Then the derived functor

— @k T : D’(mod-A) == K*(projA) — DP(coh-X)

is an equivalence of triangulated categories which takes a complex P of projec-
tive A-modules to P @ T, and its right adjoint RHom con.x (T, —) is a quasi-
inverse.

Theorem 4.4. There are canonical natural isomorphisms

(1]

()5 (moa-) © RHOm conx(T, =) = RHom conx (T, =) o ()

Db (coh-X)’

1 ~ 1
() pheonsny © (= ®F 1) 2 (= @K T) 0 ()5 (oan)-
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Proof. By Proposition 3.4, T > T with isomorphism ¢ = ¢7. Thus, for each
X € coh-X, there is a canonical k-vector space isomorphism

Hom conx (T, X)!! 2 Hom con (T, X1) 2 Hom conx(T, XM),
f@p1—s fl— fOlp=t,
This is also a A-module isomorphism. Indeed, the action of A is explicitly given
by
0-(fe;1) = (FF1(0)) @51,
0 f = ooy,
0-(flo~1) = Moo,

where § € A, and F is the Frobenius morphism on A given by F(#) = ¢81¢—1.
Moreover, there are natural isomorphisms

Hom coh-X(Tv _)[1] = Hom coh-X(T[l]a _[1]) = Hom coh—X(Ta _[1]),

since, for any X,Y € coh-X and every homomorphism & : X — Y, there is a
commutative diagram

Hom con-x (T, X )M —= Hom ¢opx (T, X 1) —=— Hom ¢opx (T, XM)
JHom coh-x (T,€)1 lHom con-x (T €0y JHom conx(T,€M)
Hom con-x (T, ) —= Hom copx (T, YTU) —=— Hom opx (T, YI)
where
Hom conx (T, €)M (f @5 1) = £f @5 1,
Hom coh-X(T[l]af[l])(f[l]) _ 5[1]f[1},
Hom conx (T, €M) (fMgp~1) = ¢l flllp1.

In other words, we have the commutative diagram (up to a natural isomor-
phism):

Hom con-x(T",—
coh-X %X() mod-A

J]( )[1] l( )[1]
Hom ¢on-x(T,—)

coh-X ———— ¥ mod-A

Taking their derived functors give the first required natural isomorphism.
By the uniqueness of left adjoint functor, we obtain a natural isomorphism

(— ®a T)[l] ~ _[1] @p T.

That is, we have the commutative diagram (up to a natural isomorphism):

mod-A M coh-X

l( )[1] l( )[1]

mod-A iAT) coh-X
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This gives the second required natural isomorphism. Il

This theorem together with Theorem 2.4 implies that
(5) (D’(coh-X))¥ = (D*(mod-A))F = D®(mod-A").
Recall from the previous section the Fy-category coh-(X, o;¢) associated with
(X, o). Then the embedding coh-X — D%(coh-X) induces an embedding
coh-(X, 03 q) — (D®(coh-X))F = (D?(mod-A))F.
Hence, we can apply the method in [6, Thm. 5.6] to construct indecomposable
objects in (D®(coh-X))¥.
Proposition 4.5. There exists a triangle equivalence
G : D*(coh-(X, 03 q)) — (D(coh-X))F'.

Proof. Since coh-X is a hereditary abelian category, it follows that for each
M € D’(coh-X), there is an isomorphism

M H Z_an(M),
neZ
where ¥ denotes the shift functor, see, e.g., [2, Lem. 2.2.1]. In particular, each
indecomposable object in D’(coh-X) has the form M n] for some indecompos-
able object M € coh-X and n € Z. Therefore, each indecomposable object
in (D°(coh-X))¥ has the form Y[n], where Y is an indecomposable object in
coh-(X, 0;q).

Consider the standard bounded t-structure (D<?, D>%) on D(coh-X), where
DS (resp., D?0) is the full subcategory of D’(coh-X) consisting of M such
that HY(M) = 0 for all i > 0 (resp., i < 0). Then the corresponding heart
is DSY N D>° = coh-X. Clearly, both DS and D?° are closed under tak-
ing the Frobenius twist. This gives two subcategories (DS%)F and (DZ%)F of
(DP(coh-X))¥. Tt is routine to check that ((DS?)F, (D)) defines a bounded
t-structure of (DP(coh-X))¥. Moreover, its corresponding heart is

coh-(X, o3 q) = (DSO)F N (DZ)F.
By [12, 3.2] and [4, Sect. 3], there exists a triangle functor
G : Db(coh-(X, 0;q)) — (D°(coh-X))F

satisfying G|con-(x,0:q) = ideon-(x,059)» Called the realization functor. Since each
indecomposable object in (D?(coh-X))¥" has the form Y [n] with Y an indecom-
posable object in coh-(X, 0;¢) and n € Z, G is full. Applying [1, Thm. B] gives
that G is an equivalence. (I

By the above proposition and (5), we obtain our main theorem.

Theorem 4.6. There is a derived equivalence

D’(coh-(X, 03 ¢)) = D’(mod-AT).
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Corollary 4.7. The category coh-(X,0;q) is a hereditary and Ext-finite F-
category. Moreover, it has Serre duality.

Proof. By Proposition 4.5, for any two objects M, N € coh-(X, o; q),
Ext ioh—(X,o;q) (Mv N) = Hom D?(coh-(X,0;q)) (Ma EZN)

= Hom (D?(coh-X))F (M7 ZlN)
C Hom Db (coh-X) (M7 ZZN)
= Ext ioh—X(Mv N)

Therefore, the heredity and Ext-finiteness of coh-(X, o;¢q) follow from those of

coh-X.

In view of Remark 3.5, coh-(X, 0; ¢) has Auslander—Reiten sequences. Since

coh-(X, 0; ¢) has neither non-zero projective nor non-zero injective objects, we
have by [13, Thm. 1.3.3] that coh-(X, 0; ¢) has Serre duality. O

Remark 4.8. Indeed, the derived equivalence in the main theorem is induced
by a tilting object in coh-(X, o;¢). More precisely, let T be the tilting object
in coh-X given in Lemma 4.1. Then ¢ : TH=T and thus, T = (T,¢) €
coh-(X,0;¢q). Applying Proposition 4.5 shows that T is a tilting object in
coh-(X, 0;q) and (End con-(x,0:q) (1)) = AF. By [10, Thm. 4.6], T gives rise
to a derived equivalence

D’(coh-(X, 03 ¢)) = D’(mod-AT).
Example 4.9. Let X be the weighted projective line of type (2,2,3), and A =
(00,0, —1), with weight permutation o = (12). Then S = k[X1, X2, X3]/(X3 —
X2 — X?), the Frobenius morphism on S is defined by
F:5— S’ chl,n27n3x?lxgzxg3 — chbhnz,naxglxilzxg?’?
and the group homomorphism o1, on L. is given by
oL: L — L, L& +12%s + 373 + 1 125 + lo71 + 1373 + [C.

This induces the Frobenius functor ( )/ : coh-X — coh-X. By Proposition
3.4, we have

O(1Zy + 2@ + 1373 + l5)[1] = O(L1 @2 + loTy + 1375 + 10),
(S1.0)M 22 S50, (S11)M 22 851, (Sa0)M 2810, (S2)M =8,
(53,0)[1] = S30, (53,1)[1] = Ss1, (53,2)[1] = Sz,

(SOM =81 /xa, YA € Hy,.
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Moreover, the associated canonical algebra A is given by the path algebra of
the quiver @

X1 X12
= X1 - Xa2

o o

T3 +—— 203
X32

modulo the ideal I = (X§ — X7 — X?). The weight permutation o = (12)
induces an automorphism o of @) given by

0(0) =0, 0(@) = ¢ o(i)) = T, o(fa) = 71,
o(Z3) = &3, o(273) = 27,
U(Xu) = Xou, 0(X12) = Xo2, 0(X21) = X1, U(Xzz) = Xi2,
0(X31) = X31, 0(X32) = X32, 0(X33) = X33.
Then the valued quiver I' = T'(Q, o) associated with (@, o) has the form

d+rt—c¢
The valuation is given by (dq,dp, de, dq,de) = (2,1,1,1,1), and (mq, mg, m-,
my,my) = (2,2,1,1,1). Moreover, AT = T(2)/I¥, where T(2) is the tensor
algebra of the associated modulated quiver 2 = 2 .4 (see [7, Sect. 3.5] for
notations).

Finally, applying the theorem above gives the derived equivalence

D®(coh-(X, 03 ¢)) = D’(mod-AT).
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