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EVERY ABELIAN GROUP IS THE CLASS GROUP OF
A RING OF KRULL TYPE

GYU WHAN CHANG

ABSTRACT. Let CI(A) denote the class group of an arbitrary integral
domain A introduced by Bouvier in 1982. Then CI(A) is the ideal class
(resp., divisor class) group of A if A is a Dedekind or a Priifer (resp.,
Krull) domain. Let G be an abelian group. In this paper, we show that
there is a ring of Krull type D such that Ci(D) = G but D is not a
Krull domain. We then use this ring to construct a Priifer ring of Krull
type E such that CI(E) = G but E is not a Dedekind domain. This is
a generalization of Claborn’s result that every abelian group is the ideal
class group of a Dedekind domain.

Introduction

Let CI(A) denote the class group of a general integral domain A intro-
duced by Bouvier in [7]. Hence, if A is a Dedekind or a Priifer domain (resp.,
Krull domain), then CI(A) is the ideal class (resp., divisor class) group of A.
Claborn’s celebrated theorem says that given an abelian group G, there is a
Dedekind domain D with ideal class group G [10, Theorem 7]. Then a subring
D + X K[X] of the power series ring K[X] over the quotient field K of D is
a two-dimensional non-Noetherian Priifer domain with Ci(D + XK[X]) = G
[17, Example 45.10].

For another example, let G be an abelian group, D be an integral domain
with quotient field K, X*(D) be the set of height-one prime ideals of D, X
be an indeterminate over D, K[X] be the polynomial ring over K, and Ry =
D + XKI[X], ie., Ry = {f € K[X] | f(0) € D}. Then CI(R,) = CI(D)
[5, Theorem 3.12] and D is a Priifer domain if and only if R; is [11, Corollary
4.15]. Hence, if D is a Dedekind domain with Cl(D) = G, then R; is a Priifer
domain with CI(R;) = G. However, note that R; is a Dedekind domain if
and only if D = K. Also, Ry is a Priifer ring of Krull type if and only if
|X1(D)| < oo [2, Corollary 2.6], and in this case, CI1(R;) = Cl(D) = {0}. Note
that
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Dedekind domain = Priifer ring of Krull type = Priifer domain;

hence it is natural to ask if there is a Priifer ring of Krull type that is not a
Dedekind domain and has a preassigned ideal class group. More generally, is
there a ring of Krull type that is not a Krull domain and has a preassigned
class group? In this paper, we prove that if G is an abelian group, there is a
ring of Krull type D such that CI(D) = G but D is not a Krull domain. We
then use this ring to construct a non-Noetherian Priifer ring of Krull type with
the same ideal class group.

Let A be a nonempty index set, {x;, y;, u; | ¢ € A} (simply, {z;, y;,u;}) be an
algebraically independent set over D, v; = y;- % for all i € A, Z™) be the direct
sum of A-copies of the additive group of integers, and R = D[{x;, y;, ui,v; | 1 €
A}] (simply, R = D[{x;, yi, ui, v;}]). It is known that if D is a Krull domain,
then R is a Krull domain with CI(R) = CI(D) @ Z™ [16, Proposition 14.9].
In Section 1, we first review definitions and known results related to rings of
Krull type (including the t-operation and the class group of integral domains).
In Section 2, we study some ring-theoretic properties of the ring R. Among
other things, we show that (i) D is a PuMD (resp., a ring of Krull type, an
independent ring of Krull type, a generalized Krull domain, a TV-PvMD) if
and only if R is; (ii) if D is a PuMD, then CI(R) = C1(D)®Z™). We also give
such type of integral domains D with Cl1(D) = {0} so that CI(R) = ZM.

Let H be a subgroup of Cl(D) and X be an indeterminate over D. In
Section 3, we show that (iii) if D is a ring of Krull type, there is a set Q of
maximal t-ideals of D[X] such that ﬂQeQ D[X]q is a ring of Krull type and
Cl(Ngea PIX]q) = CUD)/H. Hence, by the result of Section 2, we have
that (iv) if G is an abelian group, there is a ring of Krull type (resp., an
independent ring of Krull type, a generalized Krull domain, a TV-PvMD) D
such that Cl(D) = G but D is not an independent ring of Krull type (resp.,
a generalized Krull domain, a Krull domain, a Krull domain). We show that
(v) if D is a PuMD, there is a Prifer domain 7" such that CI(T) = CI(D)
and TN K = D. Finally, we use these results to show that given an abelian
group G, there is a Priifer domain of finite character (resp., an h-local Priifer
domain, a generalized Krull domain of dimension one, a Priifer domain in which
each nonzero ideal is a v-ideal) D such that Ci(D) = G but D is not an h-local
Priifer domain (resp., a generalized Krull domain of dimension one, a Dedekind
domain, a Dedekind domain).

1. Rings of Krull type and the t-operation

Let D be an integral domain with quotient field K. An overring of D means
a subring of K containing D. A valuation overring V of D is said to be essential
for D if V is a quotient ring of D. Clearly, if M is the maximal ideal of V/,
then V is essential for D if and only if V = Dynp.

Definition 1.1. Let U = {V,} be a family of valuation overrings of D.
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) D = na Va'

) Each V, is a rank-one discrete valuation ring (DVR).

) Each V, is a rank-one valuation ring.

) The family U has finite character, i.e., each nonzero x € K is a nonunit

in only finitely many valuation rings in .
(5) Each V, is essential for D.

We say that D is a Krull domain (resp., generalized Krull domain, ring of Krull
type) if there is a family 9 satisfying (1), (2) and (4) (resp., (1), (3), (4) and
(5); (1), (4) and (5)). A ring of Krull type D is an independent ring of Krull
type if the valuation rings in U are independent, i.e., there is no nontrivial
valuation overring of D containing two distinct valuation rings in *J.

(1
(2
(3
(4

An integral domain D is said to be of finite character if each nonzero nonunit
of D is contained in only finitely many maximal ideals of D. We say that
D is h-local if D is of finite character and each nonzero prime ideal of D is
contained in a unique maximal ideal of D. Note that D is a Priifer domain
(i.e., each nonzero finitely generated ideal of D is invertible) if and only if
Dy is a valuation domain for all maximal ideals M of D [17, Theorem 22.1].
Thus, a Priifer domain of finite character (resp., an h-local Priifer domain)
is a ring of Krull type (resp., an independent ring of Krull type). It is well
known that D is a Krull domain (resp., generalized Krull domain) if and only
if D= mPexl(D) Dp, Dp is a rank-one DVR (resp., rank-one valuation ring)
for all P € X!(D), and the family {Dp | P € X!(D)} has finite character. For
this kind of characterization of rings of Krull type, we first need the notion of
the t-operation on an integral domain.

A nonzero D-submodule I of K is called a fractional ideal if dI C D for some
0 #d € D. Let F(D) be the set of nonzero fractional ideals of D. It is clear
that if I € F(D) and 7! = {z € K | zI C D}, then I~! € F(D), and hence
() L, =Y tand I, = J{J, | J C I and J € F(D) is finitely generated}
are well-defined, (ii) I C I; C I, (iil) (I;): = Iy and (1)), = (It)y = (1) = I,
and (iv) Iy = I, if T is finitely generated. Let x = v or t. An I € F(D) is
called a x-ideal if I, = I, and a *-ideal is called a mazimal x-ideal (resp., prime
x-ideal) if it is maximal among proper integral *-ideals of D (resp., a prime
ideal). Let #-Max(D) (resp., *-Spec(D)) denote the set of maximal (resp.,
prime) x-ideals of D. While v-Max (D) can be empty as in the case of rank-one
nondiscrete valuation domains, it is well known that ¢-Max(D) # 0 when D
is not a field; a maximal t-ideal is a prime ideal; each t-ideal is contained in
a maximal ¢-ideal; and each prime ideal minimal over a t-ideal is a t-ideal; so
t-Max (D) C t-Spec(D) and X*'(D) C t-Spec(D).

An I € F(D) is said to be t-invertible if (II7'), = D. A t-ideal I of D
is said to be of finite type if I = J, for some finitely generated ideal J of D.
It is known that I is t-invertible if and only if I; is of finite type and IDp is
principal for all P € t-Max(D) [24, Proposition 2.6]. We say that D is a Priifer
v-multiplication domain (PvMD) if every nonzero finitely generated ideal of
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D is t-invertible; equivalently, the set of all fractional ¢-ideals of finite type
forms a group under the multiplication I x J = (IJ);. It is easy to see that
an invertible ideal is a t-invertible t-ideal. Thus, a Priifer domain is a PvMD.
It is also known that D is a Krull domain if and only if each nonzero (prime)
ideal of D is t-invertible [25, Theorem 3.6]; hence Krull domains are PvMDs.
For more on the basic properties of the v- and t-operations, see [17, Sections
32 and 34].

We now give some very useful properties of the t-operation which will be
used without further comments.

Lemma 1.2. Let D be an integral domain, S be a multiplicative set of D, and
I be a nonzero fractional ideal of D.
(1) (IDS)t == (ItDS)t~
(2) If I, = J; for a finitely generated ideal J of D, then (IDg)~! = I"'Dg.
(3) If I is t-invertible, then (IDg), = I,Ds = (IDg); = I; Dg.
(4) If D is a PuMD, then (IDg); = It Dg; so if Iy = I, then (IDg); = IDg.
(5) If IDg is an integral t-ideal of Dg, then IDs N D is a t-ideal of D.

Proof. (1) and (2). [24, Lemma 3.4]. (3) Note that both I; and I~! are of finite
type. Thus, (IDg), = I,Ds = (IDg); = I;Dg by (1), (2) and [8, Lemmas 2.5
and 2.6]. (4) Note that (IDg): = U{(JDs), | J € I is nonzero finitely
generated} and (JDg), = JyDg. Thus, (IDg): = I;Ds. (5) [24, Lemma
3.17). O

Let {X,} be a nonempty set of indeterminates over K and K[{X,}] be the
polynomial ring over K. For f € K[{X,}], let ¢(f) denote the fractional ideal
of D generated by the coefficients of f. Dedekind-Mertens lemma states that if
f,g € K[{X.}] are nonzero, then ¢(f)™te(g) = c(f)™c(fg) for some integer
m > 1 [6, Theorem 2]. Hence, if ¢(f) is invertible (resp., t-invertible), then

c(f)elg) = c(fg) (resp., (c(f)e(g))e = c(fg)e)-

Lemma 1.3. (cf. [23, Theorem 1.4]) Let Q be a prime t-ideal of D[{X4s}] such
that @ N D = (0). Then the following statements are equivalent.

(1) @ is a mazimal t-ideal.
(2) c(Q)r = D, where ¢(Q) = ZfeQ c(f)-
(3) Q is t-invertible.

In this case, htQ = 1.

Proof. (1) = (2) If ¢(Q): € D, then there is a maximal ¢-ideal P of D such
that ¢(Q): C P. Hence, PD[{X,}] is a maximal t-ideal [15, Lemma 2.1] such
that @ C PD[{X,}], a contradiction.

(2) = (3) Since ¢(Q): = D, there is an f € @ such that ¢(f), = D. If
htQ > 2, then there is a g € @ such that gK[{X,}] is a prime ideal and f ¢
gK[{X.}]. Hence, D{X,}] = (9, f)o € Qr = Q € D[{X,}], a contradiction.
Thus, htQ=1, and hence there is an h € Q such that Qp\(oy = hK[{Xa}].



THE CLASS GROUP OF RINGS OF KRULL TYPE 153

Then Q = (f,h),, so it suffices to show that Qs is principal for all M € t-
Max(D[{X,}]). Let M be a maximal t-ideal of D[{X,}]. If M N D # (0), then
M = (M ND)D[{X,}] and M N D is a maximal ¢-ideal [15, Proposition 2.2].
Hence, Q@ € M, and thus Qur = D{Xa}m. If M N D = (0), then ¢(M), = D,
and hence htM = 1 by the previous sentence. Thus, Qp = hD[{X,} s or
Qum = D[{Xa}]n-

(3) = (1) [23, Proposition 1.3]. O

Let S = {f € D[{Xu}] | ¢(f) = D} and N, = {f € D{Xa}] | ¢(f)» = D}.
Then S and N, are saturated multiplicative sets of D[{X,}]. Clearly, S C N,,
and hence D[{X,}]s C D[{Xa}]n,. Also, S = N, if and only if D[{X,}|s =
D[{X.}]n,, if and only if each maximal ideal of D is a t-ideal. Let Max(A)
denote the set of maximal ideals of an integral domain A. It is known that

Max(D[{Xo}|n,) = {PD[{Xa}]N, | P € t-Max(D)}

and each maximal ideal of D[{X,}|n, is a t-ideal [24, Propositions 2.1 and 2.2].
The ring D[{X,}|s, denoted by D({X,}), is called the Nagata ring of D. We
know that Max(D({X,})) = {MD({X.}) | M € Max(D)} [17, Proposition
33.1] and D is a Priifer domain if and only if D({X,}) is a Priifer domain
[17, Theorem 33.4].

Theorem 1.4. Let D be an integral domain. Then the following statements

are equivalent.
(1) D is a PuMD.

(2) Dp is a valuation domain for all P € t-Max(D).

(3) DI{X4}] is a PvMD.

(4) D[{Xa,X;1}] is a PuMD.

(5) D[{Xa}]n, is a Prifer domain, where N, = {f € D{Xu}] | ¢(f)» =

D}.

(6) D is integrally closed and Q is t-invertible for all prime t-ideals Q of
D[{X,}] with Q"D = (0).

(7) D is integrally closed and if Q is a prime ideal of D[{X4}] such that
Q C PD[{X,}] for some P € t-Max(D), then Q = (Q N D)D[{X,}].

In this case,
t-Spec(DI{Xa}]) = {PD{Xa}] | P € t-Spec(D)}
U{Q € t-Max(D[{Xa}]) [ QN D = (0)}.

Proof. See [18, Theorem 5] for (1) < (2); [24, Theorem 3.7] for (1) & (3) &
(5); [26, Corollaries 2.4 and 2.6] for (1) < (4); and [24, Theorem 3.1] for (1) =
(7).

(7) = (6) Let Q be a prime t-ideal of D[{X,}] such that QN D = (0). Then
c(Q) ¢ P for all P € t-Max(D) by (6), and hence ¢(Q); = D. Thus, Q is
t-invertible by Lemma 1.3.

(6) = (1) It suffices to show that every nonzero ideal of D generated by two
elements is ¢-invertible. Let 0 # a,b € D, and let f = aX + b for X € {X,}

3
4
5
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and Qf = fK[{Xa}] N D[{X,}]. Then Qy is a prime t-ideal of D[{X,}] such
that Qf = fe(f) ' [{Xa}] [17, Corollary 34.9] and Q; N D = (0). Hence, Qy,
and so ¢(f)7!, is t-invertible. Thus, ¢(f) = (a,b) is t-invertible.

For “In this case”, let I be a nonzero ideal of D. Then (ID[{X,}]): =
I;D[{X,}] ([15, Lemma 2.1] or [24, Corollary 2.3]), and hence I is a t-ideal if
and only if ID[{X,}] is a ¢-ideal. Thus, the result follows from (7) and Lemma
1.3. U

Corollary 1.5. Let D be a PuMD and P be a nonzero prime ideal of D. Then
the following statements are equivalent.

(1) P is a t-ideal.

(2) Dp is a valuation domain.

(3) P CD.

Proof. (1) < (2) [27, Proposition 4.1].

(1) = (3) Clear.

(3)= (2)If P, € D, then P C @ for some @Q € t-Max(D). Hence, Dg C Dp,
and since Dg is a valuation domain by Theorem 1.4, Dp is also a valuation
domain. ]

An integral domain D is said to be of finite t-character if each nonzero
nonunit of D is contained in only finitely many maximal ¢t-ideals of D. The
ring of Krull type was introduced by Griffin [19] and characterized by a PuMD
of finite ¢t-character [18, Theorem 7]. The (1)-(3) of the next theorem appears
n [18], but we give the proof for easy reference of the reader.

Theorem 1.6. Let D be an integral domain. Then the following statements
are equivalent.
(1) D is a ring of Krull type.
(2) D is a PuMD of finite t-character.
(3) DI{X4}] is a ring of Krull type.
(4) DI{Xa}]|n, is a Prifer domain of finite character.

Proof. (1) = (2) If D is a ring of Krull type, then there is a set {P, | « € O} of
prime ideals of D such that {Dp,_ | o € ©} satisfies the (1) and (4) of Definition
1.1. Let P be a maximal ¢-ideal of D, and assume that P ¢ P, for all a € ©.
If 0 # a € P, then there are only finitely many prime ideals in {P, | « € ©}
that contain a, say, Pa,,...,P,,. Since P ¢ P,, for i = 1,...,n, there is an
element b € P\ |J!_; Pa,. Hence, by Lemma 1.2(2),

(a,0)" € () (a,0) "' Dp, = () ((a.b)Dp,) ™"

a€cO ac®
=) Dp, = D.
ac®

Thus, (a,b)~! = D, and hence D = (a,b), C P; = P, a contradiction. Hence,
P C P, for some a € ©. Note that P,Dp, is a t-ideal and P, = P,Dp, N D.
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Hence, P, is a t-ideal, and thus P = P,. Thus, {Dp | P € t-Max(D)} C
{Dp, | « € ©}, so D is a PoMD of finite t-character by Theorem 1.4.

(2) = (1) It suffices to take ¥ = {Dp | P € t-Max(D)} in Definition 1.1.

(2) & (3) By Theorem 1.4, it suffices to prove the finite ¢-characterness.
Let @ be a maximal t-ideal of D[{X,}]. If @ N D = (0), then ht@ = 1 by
Lemma 1.3, and since K[{X,}] is a UFD, each nonzero element of D[{X,}] is
contained in only finitely many such maximal ¢-ideals. Thus, by Theorem 1.4,
D is of finite ¢-character if and only if D[{X,}] is of finite ¢-character.

(2) & (4) Recall that Max(D[{X,}|n,) = {PD[{Xu}]n, | P € t-Max(D)}.
Hence, D is of finite t-character if and only if D[{X,}]n, is of finite character.

v

Thus, the result follows directly from Theorem 1.4. O

By Theorem 1.4 and [17, Theorem 22.1], a Priifer domain is exactly the
PvMD whose nonzero maximal ideals are t-ideals. Hence, by Theorem 1.6, D
is a Priifer domain of finite character if and only if D is a Priifer ring of Krull
type. We next use the PvMD to characterize generalized Krull domains and
independent rings of Krull type. This result also shows that an independent
Priifer ring of Krull type is just the h-local Priifer domain.

Corollary 1.7. (1) D is an independent ring of Krull type if and only if
D is a PuMD of finite t-character in which no two distinct maximal
t-ideals contain a nonzero prime ideal.

(2) D is a generalized Krull domain if and only if D is a PvMD of finite
t-character in which each prime t-ideal is a maximal t-ideal.

Proof. This is an immediate consequence of Theorem 1.6. (|

Following [22], we say that D is a TV-PvMD if D is a PuMD on which
t = v, i.e., I; = I, for all nonzero fractional ideals I of D. It is known that
D is a TV-PvMD if and only if D is an independent ring of Krull type whose
maximal ¢-ideals are ¢-invertible [22, Theorem 3.1]. Obviously, a Krull domain
is a TV-PuMD. Hence, by Definition 1.1 and Theorem 1.6, we have the following
implications:

generalized
Krull domain

N

- independent ring | _, =
Krull domain of Krull type ‘ ring of Krull type ‘

~.
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However, none of the implications is reversible. For example, the ring Z +
XQ[X] is a PvMD but not a ring of Krull type, and see Example 2.7 or Corol-
lary 3.4 for the other implications.

The next result is already known (see [2, Corollary 2.9], [22, Proposition
4.6], and [17, Theorem 43.11] for the case of a single indeterminate).

Corollary 1.8. D is an independent ring of Krull type (resp., a TV-PvMD, a
generalized Krull domain, a Krull domain) if and only if D[{X,}] is.

Proof. By Theorem 1.6, D and D[{X,}] are rings of Krull type. Let @Q be a
prime t-ideal of D[{X,}]. Then either @ N D = (0) or @ = PD[{X,}] for
some prime t-ideal P of D by Theorem 1.4. If @ N D = (0), then @ is a
maximal ¢-ideal, and hence @ is t-invertible and D[{X,}]¢ is a rank-one DVR
by Lemma 1.3. Furthermore, if P is a prime t-ideal of D, then PD[{X,}]
is a prime t-ideal, D[{Xs}|ppiix.} = Dr({Xa}) is a valuation domain such
that htP = dim(Dp) = dim(D{ X }|ppiix.y) = ht(PD[{X.}]), and P is t-
invertible if and only if PD[{X,}] is t-invertible. Thus, the results follow from
these observations and the definitions. O

Let A C B be an extension of integral domains. We say that B is t-linked
over Aif 7! = A for a nonzero finitely generated ideal I of A implies (IB)~! =
B; equivalently, if @ is a prime ¢-ideal of B, then either @ N A = (0) or
QNA#(0)and (QNA); C A [4, Proposition 2.1]. The notion of ¢-linkedness
was introduced in [13] in order to study the PuMD analogue of [12, Theorem
1] that D is a Priifer domain if and only if each overring of D is integrally
closed. It is clear that if S is a multiplicative set of A, then Ag is t-linked over
A. Also, if A and B are Krull domains, then B is t-linked over A if and only if
ht(Q N A) <1 for all maximal t-ideals @ of B, i.e., condition (PDE) is satisfied
(cf. [16, Theorem 6.2]).

Let A be a set of prime ¢-ideals of an integral domain D. Then ()p., Dp is
called a subintersection of D. It is known that if D is a PvMD, then an overring
of D is t-linked over D if and only if it is a subintersection of D [24, Theorem
3.8]. Hence, every t-linked overring of a ring of Krull type is a ring of Krull
type [27, Corollary 7.2]. The following lemma presents a complete picture from
our perspective.

Lemma 1.9. Let D be a ring of Krull type (resp., an independent ring of Krull
type, a generalized Krull domain, a Krull domain). If R is a t-linked overring
of D, then R is also a ring of Krull type (resp., an independent ring of Krull
type, a generalized Krull domain, a Krull domain).

Proof. Let @ be a maximal t-ideal of R, and let P = QN D. Then P is a prime
t-ideal of D, and hence Dp is a valuation domain by Theorem 1.4. Hence,
Dp = Rg and Rg is a valuation domain. Thus, R is a PuMD. Next, note that
two incomparable prime t-ideals of D are not contained in the same maximal
t-ideal. Thus, R is a ring (resp., an independent ring) of Krull type when D is
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a ring (resp., an independent ring) of Krull type. Finally, if htP =1 (resp., Dp
is a rank-one DVR), then ht@ = 1 (resp., R is a rank-one DVR). Thus, if D is
a generalized Krull domain (resp., Krull domain), then R is also a generalized
Krull domain (resp., Krull domain). O

Let T(D) be the set of t-invertible fractional t-ideals of an integral domain
D and Prin(D) be the set of nonzero principal fractional ideals of D. Then
T(D) is an abelian group under the t-multiplication I x J = (IJ); [7, Lemme
1] and Prin(D) is a subgroup of T(D). Let Cl(D) = T(D)/Prin(D) be the
factor group of T'(D) modulo Prin(D). For I € T(D), let cl(I) € Cl(D) denote
the equivalence class of T'(D) containing I. Hence, cl(I) = cl(J) if and only
if I =aJ for some 0 # z € K, and cl(I) + cl(J) = cl((IJ):) in CI(D) for all
I,J € T(D). We say that CI(D) is the class group of D. The notion of class
groups was introduced by Bouvier in [7]. Let Inv(D) be the set of invertible
fractional ideals of D. It is easy to see that Inv(D) is a subgroup of T'(D)
containing Prin(D), and thus Pic(D) = Inv(D)/Prin(D) is a subgroup of
Cl(D) and called the Picard group or the ideal class group of D.

Clearly, if D is a Krull domain, then CI(D) is the usual divisor class group of
D (see Remark 1.10), and if D is a Dedekind domain or a Priifer domain, then
Cl(D) is the ideal class group of D, i.e., CI(D) = Pic(D) [7, Lemme 3]. The
notion of the class group of D is very useful when we study the factorization
properties of D. For example, a UFD (resp., GCD-domain, Bezout domain)
is just a Krull domain (resp., PvMD, Priifer domain) with CI(D) = {0} [16,
Proposition 6.1] (resp., [8, Corollary 1.5]). In fact, Cl1(D) measures how far
from a UFD (resp., GCD-domain) a Krull domain (resp., PoMD) is.

Remark 1.10. (1) Let D be an integral domain and D(D) be the set of divisor
classes of D, i.e., D(D) = {A | A € F(D) and A, = A}. Clearly, D(D) is
a commutative semigroup under A @ B = (AB), for all A,B € D(D), and
Prin(D) is a subgroup of D(D). Moreover, D(D) is a group if and only if D
is completely integrally closed (c.i.c.) [17, Theorem 34.3]. The divisor class
group of a c.i.c. domain D is defined by the factor group D(D)/Prin(D) of
D(D) modulo Prin(D). It is well known that (i) a Krull domain is completely
integrally closed and (ii) D is a Krull domain if and only if every nonzero ideal
of D is t-invertible, and in this case, t = v, i.e., I, = I; for all I € F(D). Thus,
if D is a Krull domain, then Ci(D) = D(D)/Prin(D).

(2) Let V(D) be the set of v-invertible fractional v-ideals of D. Then V(D)
is an abelian group under the v-multiplication I * J = (I.J), and Prin(D) is
a subgroup of V(D). Hence, the factor group Ci,(D) = V(D)/Prin(D) of
V(D) modulo Prin(D) is an abelian group. In particular, if D is c.i.c. (e.g.,
a Krull domain), then Cl,(D) is the divisor class group of D. Furthermore,
note that a t-invertible ¢-ideal is a v-invertible v-ideal, so Cl(D) is a subgroup
of Cl,(D). However, Cl,(D) # CI(D) in general. For example, if D is a
rank-one nondiscrete valuation domain with value group G C R, then Ci(D) =
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{0} CR/G = Cl,(D) [3, Theorem 2.7]. Thus, the divisor class group of Krull
domains can be generalized to arbitrary integral domains in at least two ways.

(3) There is another symbol used for the class group of integral domains
in order to distinguish the divisor class group of c.i.c. domains and the class
group of general integral domains. It is Cl;(D) and called the t-class group of
D.

(4) Let A and B be integral domains. We mean by CI(A) = CI(B) that
there is a group isomorphism from CI(A) onto CI(B). It is well known that
Cl(D[{X4}]) = Cl(D) if and only if D is integrally closed [14, Corollary 2.13].

2. The ring D[{x;, yi, u;, v;}] with x;v; = y;u;

Throughout D denotes an integral domain with quotient field K, A is a
nonempty index set, and Z®) is the direct sum of A-copies of the additive
group of integers. Let {X;,Y;,U;,V; | i € A} (simply, {X;,Y;,U;,Vi}) be a set
of indeterminates over D, D[{X;,Y;,U;, V;}| be the polynomial ring over D,
({X;V; = Y;U;}) be the prime ideal of D[{X;,Y;, U, V;}] generated by {X;V; —
Y;U; | i € A}, and R = D{X,,Y;,U;, V;}]/({X;V; — Y;U;}). Hence, if we let
i, Yi, Ui, v; be the images of X;,Y;, U;,V; in R, respectively, then

R = D[{z;, yi, us, v; }] with z;v; = y;u; for alli € A

and Rp\roy = K[{zi,yi,us,vi}]. Let S (resp., T) be the multiplicative set
of R generated by {z; | ¢ € A} (resp., {v; | ¢ € A}). Clearly, {z;,v:,u;},
{zi, ys, %}, {vi,yi,ui }, and {v;, ys, %} are algebraically independent sets over
D, respectively,

® Rs = D[{,yi, 3+ }s = D[{zi, yir uills,

e Ry = D[{vi,yi, 3 Hr = D[{vi,yi, ui}]r, and
D[z, yi, ui}] U D[{vi, yi,ui}] € R © D{wi, yi, 32} 0 DHwi, yi, 55

Let {a,} be a subset of an integral domain A. We denote by ({a,}) the

multiplicative set of A generated by {a,}. In this section, we study some
ring-theoretic properties of the ring R.

Lemma 2.1. Let R = D[{x;,yi,u;,v;i}] and I a nonzero fractional ideal of D.

(1) (IR)"' =I"'R, and hence (IR), = I, R.

(2) (IR); = IR.

(3) T is t-invertible if and only if IR is t-invertible.

(4) I is a prime t-ideal of D if and only if IR is a prime t-ideal of R.
(5) If I is a prime ideal, then Rrgr = Dr({xs, yi, ui}).

(6) If I is a t-invertible height-one prime ideal, then ht(IR) = 1.

Proof. (1) Clearly, I"*R C (IR)~!. For the reverse containment, let h €
(IR)~'. Then hI C R C D[{x;, y;, 3* }]ﬁK[{xwyl,ul,vZ}]. Since {z;, i, 5*} are
algebraically independent over D, h € (ID[{z;,y;, 3+ L=t = I-1D[{x;, v, =1
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[20, Lemma 4.1]. Also, h € K[{xs,v:,us,vi}]. Note that u; = x; - % and
Vi = Yi - %, SO

Ui Uy - U
h({zi, yi, wi, vi}) = h({xmyi@i;ayif}) € I"'D[{s, i, ;}];

and since {z;,y;, o1} is a set of indeterminates over D, the coefficients of h
must be in =1, Thus, h € I"'R.

(2) If A is a nonzero finitely generated subideal of IR, there is a nonzero
finitely generated subideal J of I such that A C JR. Hence, by (1), A, C
(JR), = JyR C IR, and thus (IR); C I;R. For the reverse containment, let
0 # a € I;. Then a € H, for some nonzero finitely generated subideal H of I,
and hence a € H,R = (HR), C (IR);. Thus, I, C (IR);, and so It R C (IR);.

(3) By (1) and (2), (IR)(IR)™Y); = (IR)(I7'R)); = (II"');R. Also,
it is clear that (I17'),RN K = (II7');. Thus, (II7'); = D if and only if
(IR)IR)™Y), = R.

(4) Let S = ({x;}). It is clear that if I C D, then TRg N R = IR. Hence, I
is a prime ideal of D if and only if ID[{x;,y:,u;}]s = IRg is a prime ideal, if
and only if IR is a prime ideal. Thus, the result follows from (2).

(5) By the proof of (4), IR is a prime ideal of R. Hence, if S = ({z;}), then

Rrr = D, yi, Wis Vi 1D [{asys uiviy]) = (PUTi, Vi Wi }8) 1Dy ui Y] s
= D[{xivyiaui}]ID[{xi,yi,ui}] = Dr({xi, yi, ui})-

(6) By (5), Rrr = Dr({zi,vi,u;}), and since Dy is a rank-one DVR, R;g is
also a rank-one DVR [17, Proposition 18.7]. Thus, ht(/R) = 1. O

Let S be a multiplicative set of D and I be a nonzero fractional ideal of
D. It is known that if IDg is a t-ideal of Dg, then IDg N D is a t-ideal of D
(Lemma 1.2(5)). Thus, if I is a maximal t-ideal of D, then I Dg is a t-ideal of
Dg if and only if I Dg is a maximal ¢t-ideal.

Lemma 2.2. Let R = D[{z;, yi, ui,vi}], S = {x:}), and T = ({v;}).

(1) (z4,vj)0 =R for alli,j € A.

(2) If A is a nonzero fractional t-ideal of R, then A= ARg N ARrp.
(3) R = RsN Rr.
(4) If Q is a mazimal t-ideal of R, either Qs or Qr is a mazimal t-ideal.
(5) (zk,yr) is a t-invertible height-one prime ideal of R for all k € A.
P?"OOf, (1) Let k € A. Clearly, (EkD[(L'k,yk, Uk,’l}k] = (Xk, YkUk)/(Xka—YkUk);
D[k, Yr, uk, vi] = (Vie, YaUr) /(X Vi = Y3 Us); and (X, YaUr)N(Vi, Y Ur) =
(X Vi, Y ,Ug) in D[ X}, Yy, U, Vi] because Xy, Vj, are algebraically independent
over D[Yy, Ug]. Thus,

T D[k, Yr, Uk, vi] NV or DTk, yi, uk, vi] = 2rok DT, Yr, uk, Vi),

and hence ((zg,vg)D[zk, Yg, Uk, vk))t = D]k, Yk, uk, vi]. Hence, (xg,vk), =
R by Lemma 2.1(2) because R = Dlxg, Yk, Uk, V] [{Ti, vi, wi,vi | © # Ek}.
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Also, note that if ¢ # j, then v; is transcendental over D[z;,y;, u;, v;]. Thus,
(xi, Uj)v =R.

(2) Clearly, A C ARs N ARyp. For the reverse containment, let 0 # h €
ARgs N ARp. Then h = % = 2 for some s € S, z € T and f,g € A =
z2f = sg € sSRN zR = szR (because (s,2), = R by (1)) = f = sf1 for some
i€ R= fiz=g¢€ A Thus, h = fi € (f1s, f12)s = (f,9)0 C At = A.

(3) This follows directly from (2) above.

(4) Since @ is a maximal t-ideal of R, it suffices to show that (QRgs): € Rg or
(QRr): € Ry. Assume to the contrary that (QRs): = Rs and (QRr): = Rr.
Then there is a nonzero finitely generated ideal A of R such that A C @ and
Rg = (ARs)il = AilRS and Ry = A™'Ryp. Hence, AL C Rs N Ry = R,
and thus R = A, C Q¢ C R. Thus, Q; = R, a contradiction.

(5) Let Q = (xg, yx) be the ideal of R generated by x,yr. Then Z—: =% ¢

k

Q~1, and hence (zx,v;) € QQ~ L. Hence, by (1), R = (2, vx)» C (QQ™1); C
R, and thus (QQ 1) = R. Next, if P = (x4, yr) D[k, Yk, uk, vi], then

P = (X, Y3) /(X Vi = YiUr) € D[Xy, Y, Ug, Vio] / (XiVie — Y3 Uy),

and since ht(Xy, Yy) = 2 as a prime ideal of D[ Xy, Yy, Uk, V], P is a height-one
prime ideal. Note that

Q = PD|wk, yr, ur, vi)[{Z, i, i, vi | 1 # k};

so P is t-invertible by Lemma 2.1(3). Thus, @ is a height-one prime ideal of R
by Lemma 2.1(6). O

We next give the structure of prime t-ideals of D[{x;,y;, us, v;}] when D is

a PoMD. This result is very useful when we study the (independent) rings of
Krull type property of D[{x;, yi, u;, v; }].
Proposition 2.3. Let D be a PvMD and R = D[{x;,yi, u;, v; }].

(1) R is a PuMD.

(2) If A is a t-ideal of R such that A C R and AN D # (0), then AND is
a t-ideal of D and A = (AN D)R.
(3) If Q € t-Max(R) with QN D = (0), then ht@QQ =1 and Q s t-invertible.
(4) t-Spec(R) = {PR| P € t-Spec(D)} U{Q € t-Max(R) | QD = (0)}.
(5) t-Max(R) = {PR | P € t-Max(D)} U{Q € t-Max(R) | Q " D = (0)}.
(6) If D is a field, then R is a Krull domain.

Proof. Let S = ({x;}) and T = ({v;}). And recall that Rg = D[{x;,y:,u;}|s
and Rr = D[{vi, yi, u; }] 7.

(1) Since D is a PuMD and {z;,y;,u;} are algebraically independent over
D, by Theorem 1.4, both D[{z;, y;, u;}] and D[{v;,y:, u;}] are PoMDs. Hence,
both Rg and Ry are PuMDs. Let @ be a maximal ¢-ideal of R. By Lemma
2.2(4), we may assume that Qs is a maximal ¢-ideal of Rg. Thus, Rg = (Rg)gy
is a valuation domain. Therefore, by Theorem 1.4, R is a PuMD.

(2) Since R is a PuMD, both Ag and Ar are t-ideals. Note that Ag N
D{x;,yi,u;}] is a t-ideal and (Ag N D[{x;, s, ui}]) N D # (0). Note also that
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if0#a€Dand f € D{wi,yi,u;}], then (a, f)y = (aD +c(f))oD[{2i, yi, i }];
hence

As N D{zi, yi, ui}] = (AN D)D{wi, yi, ui}]
and AN D is a t-ideal. Thus, (AN D)R is a t-ideal by Lemma 2.1(2) and
As = (AND)Rg. Similarly, Ar = (AND)Rr. Thus, A = AsNAr = (AND)R
by Lemma 2.2(2).

(3) By Lemma 2.2(4), we may assume that Qg is a maximal ¢t-ideal of Rg,
and hence Qo := Qg N D[{xi, yi, u;}] is a prime ¢-ideal of D[{x;,y;,u;}| such
that QoND = (0). Hence, by Lemma 1.3 and Theorem 1.4, htQo = 1 and Qo is
t-invertible. Thus, htQ = htQg = ht(Qp)s = 1 and Qs = (Qo)s is t-invertible.
Similarly, @r = Rr or Q7 is t-invertible. Hence, there is a nonzero finitely
generated ideal A of R such that Qg = (ARg): and Qr = (AR7);. Since R
is a PuMD, A is t-invertible, whence by Lemma 1.2(3), (ARg): = A:Rs and
(ARr): = A¢Rp. Thus, @ = A; by Lemma 2.2(2), and hence @ is t-invertible.

(4) Let @ be a prime t-ideal of R, and let M be a maximal ¢-ideal of R
such that Q C M. If M N D = (0), then ht M = 1 by (3), and hence Q = M.
Next, assume that M N D # (0). Then Mg = (M N D)Rg by (2), and hence
Qs = (QN D)Rg (cf. Theorem 1.4(6)). By symmetry, Qr = (Q N D)Rr.
Thus, @ C(QND)RsN(QND)Rr = (QND)R by Lemma 2.2(2), and hence
Q = (Q N D)R. The reverse containment follows directly from Lemma 2.1(4).

(5) This follows directly from (4) above.

(6) Let @ be a prime t-ideal of R. If @’ is a maximal ¢-ideal of R containing
Q, then Q' N D = (0) by assumption, and hence @’ is a t-invertible height-one
prime ideal by (3). Thus, @ = @', whence Q is t-invertible. Therefore, R is a
Krull domain [25, Theorem 3.6]. O

Corollary 2.4. Let R = D[{z;,y;, u;, v }].

(1) D is a PvMD if and only if R is a PuMD.

(2) D is a ring (resp., an independent ring) of Krull type if and only if R
is a ring (resp., an independent ring) of Krull type.

(3) D is a generalized Krull domain if and only if R is a generalized Krull
domain.

(4) [16, Corollary 14.7] D is a Krull domain if and only if R is a Krull
domain.

(5) D is a TV-PvMD if and only if R is a TV-PuMD.

Proof. (1) If D is a PuMD, then R is a PuMD by Proposition 2.3(1). Con-
versely, assume that R is a PuMD. Then Rg is a PoMD, where S = ({z;}).
Note that {z;,y;,u;} are algebraically independent over D and

Rs = Dl{zi,ys, ui}]s = D[{yi, ui}][{wi, 271 }).
Thus, D[{y;,u;}], and hence D, is a PuMD by Theorem 1.4.
(2) This follows directly from (1) and Proposition 2.3.
(3) By Proposition 2.3(3)-(4), t-dim(D) = 1, i.e., each prime t-ideal of D is
a maximal ¢-ideal, if and only if t-dim(R) = 1. Thus, by (2), the result follows.
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(4) By Proposition 2.3, t-Spec(R) = {PR | P € t-Spec(D)} U {Q € t-
Max(R) | @ N D = (0)} and Q is t-invertible for all Q € t-Max(R) with
QN D = (0). Hence, by Lemma 2.1(3), every prime t-ideal of D is t-invertible
if and only if every prime t-ideal of R is ¢t-invertible. Thus, D is a Krull domain
if and only if R is a Krull domain [25, Theorem 3.6].

(5) This follows directly from (2), Lemma 2.1(3), and Proposition 2.3. O

Let A C B be an extension of integral domains such that B is t-linked over
A. Tt is known that if I and J are t-invertible t-ideals of A, then

((1)eB)e = ((I)B)e = (IB)(JB))r = ((IB)e(JB)1)s

by [4, Proposition 2.1]. Hence, the map ¢ : CI(A) — CI(B) given by ¢(cl(I)) =
cl((IB);) is a group homomorphism [4, Theorem 2.2].

Lemma 2.5. Let R = D[{z;, y;, ui, v; }].
(1) R is t-linked over D.
(2) The map ¢ : Cl(D) — CIU(R) given by (cl(I)) = cl((IR):) is a group
monomorphism.

Proof. (1) If I is a nonzero finitely generated ideal of D such that I=! = D,
then (IR)~! = I"'R = R by Lemma 2.1(1). Thus, R is t-linked over D.

(2) By (1), R is t-linked over D, and thus ¢ is a group homomorphism.
Next, let I be a nonzero t-invertible ¢-ideal of D such that (IR); = fR for
some f € R and S = ({z;}). Then (IR); = IR by Lemma 2.1(2), whence
DK, yi,ui}ls = fRs = IRs = ID[{zi,yi, u;}]s. Note that

fD[{l'“ Yis uz}]S = gD[{fL'“ Yi, uz}]S
for some g € D[{x;,yi,u;}] with z; 4 g in D[{x;,y;,u;}] for all i« € A; hence
the previous equality shows that ¢ € D. Thus, I = ID[{x;,yi,ui}]s N D =
9D[{x;, yi,ui}]s N D = gD. Hence, p is injective. O

We next give the PoMD analogue of [16, Proposition 14.9] that if D is a
Krull domain, then R = D[{z;,y;, u;,v;}] is a Krull domain with CI(R) =
CUD) & ZW).

Theorem 2.6. If D is a PuMD, Cl(D[{x;,y;,us,v;}]) = CI(D) & ZWM).

Proof. Let R = D[{x;, y;, u;,v; }]. Then, by Lemma 2.5, the map ¢ : Cl(D) —
CIl(R) given by ¢(cl(I)) = cl((IR);) is a group monomorphism.

Now, let D* = D\ {0}. Then Rp- = K[{zi, i, wi,v;}], and hence Rp- is
a Krull domain with CI(Rp-) = Z™) [16, Proposition 14.8]. Let ¢ : CI(R) —
CIl(Rp-+) be defined by ¥(cl(A)) = cl(Ap+), then ¢ is a group homomorphism,
and since R is a PoMD by Proposition 2.3(1), v is surjective. Note that if I is
a nonzero t-invertible ¢-ideal of D, then ((IR):)Rp~ = (IRp~): = Rp~; hence
o = 0. Let A be a t-invertible t-ideal of R such that Ap« = fRp-~ for
some 0 # f € R. Then %AD* = Rp~, and since A is of finite type, there is an

s € D* with S%A C R. Note that S%AﬂD # (0) and S%A is a t-ideal; hence by
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Proposition 2.3(2), S%A = JR for some t-ideal J of D. Since JR is t-invertible,
J is t-invertible by Lemma 2.1(3). Thus, cl(A) = c((JR):) = @(cl(J)), and
therefore we have an exact sequence

0— Cl(D) = Cl(R) = Cl(Rp~) — 0.

Note that (x;,y;) is a t-invertible prime t¢-ideal of R by Lemma 2.2(5) and
Cl(Rp-~) is generated by {cl((x;,y;)Rp+) | ¢ € A} [16, Proof of Proposition
14.8]; so if we define 6 : CI(Rp~) — CI(R) by

00> kicl(((wi,yi)Rp-))) = Y kicl((wi, yi)),

then 6 is a well-defined group homomorphism. Clearly, ¥ o 6 is the iden-
tity function of Cl(Rp~), and hence the exact sequence above is split. Thus,
CI(R) = CI(D) ® Cl(Rp-) = CI(D) & Z™M. O

Let D be a PuMD (resp., a ring of Krull type, an independent ring of
Krull type, a generalized Krull domain, a Krull domain, a TV-PvMD) with
Cl(D) = {0}, and let R = D[{x;,y:, u;,v;}]. Then R is a PoMD (resp., a ring
of Krull type, an independent ring of Krull type, a generalized Krull domain, a
Krull domain, a TV-PvMD) with CI(R) = Z®) by Corollary 2.4 and Theorem
2.6. We end this section with some examples of such rings.

Example 2.7. (1) Let D be a non-discrete valuation domain that is not a field.
Then D is an independent ring of Krull type such that CI(D) = {0} but D is
neither a TV-PvMD nor a Krull domain, and D is a generalized Krull domain
if and only if dim(D) = 1, i.e., each nonzero prime ideal of D is a maximal
ideal.

(2) Let V be a discrete valuation domain of (Krull) dimension > 2. Then V'
is a TV-PuMD with CI(V') = {0} but not a Krull domain.

(3) Let D be a Priifer domain with 1 < |Max(D)| < oo, K be the quotient
field of D, X be an indeterminate over D, and Ry = D + XK[X]|. Then R,
is a ring of Krull type, CI(R;) = CI(D) = {0}, but R; is not an independent
ring of Krull type (cf. [11, Section 4] for the proof).

(4) Let {X,} be a nonempty set of indeterminates over D, and let N, =
{f € D{Xu.}] | ¢(f)y = D}. Then Cl(D[{Xa}]n,) = {0} [24, Theorem 2.14],
and D is a PuMD (resp., a ring of Krull type, an independent ring of Krull
type, a generalized Krull domain, a Krull domain, a TV-PvMD) if and only if
D[{X.}|n, is a Priifer domain (resp., a Priifer domain of finite character, an
h-local Priifer domain, a generalized Krull domain of dimension one, a principal
ideal domain, a Priifer domain whose nonzero ideals are v-ideals) (cf. Theorem
1.6 and [24]).

3. The class group of rings of Krull type

Let D be an integral domain with quotient field K, X be an indeterminate
over D, and D[X] be the polynomial ring over D. For 0 # f € D[X] that is
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irreducible in K[X], let Q¢ = fK[X]ND[X]. Hence, Q5 is a height-one prime
ideal (so a t-ideal) of D[X] such that Q; N D = (0).

The next result is already well known for Krull domains ([10, Proposition 4]
or [16, Theorem 14.3]).

Lemma 3.1. Let D be a ring of Krull type and I be a t-invertible t-ideal of D.

(1) I7! = (a,b), for some 0 # a,b € K.

(2) For f =aX +b e K[X] with I = (a,b)7!, let Qy = fK[X] N D[X].
Then Qy is a t-invertible t-ideal of D[X] such that cl(ID[X]) = cl(Qy).

(3) Ewvery class of Cl(D[X]) contains a prime ideal of the form Qy for
some f=aX +be D[X].

Proof. (1) If 0 # d € I, then dI~* C D. Let 0 # ¢ € dI~*. Then, since D
is of finite t-character, there are only finitely many maximal ¢t-ideals of D, say,
Py,..., P, that contain c¢. Let S = D\ |J_, P;. Since dI~! is t-invertible,
dI~'Dg is invertible, and hence dI~'Dg = eDg for some 0 # e € dI~'. Thus,
dI7' = (c,e)p or I™1 = (£,%),.

(2) Note that Qf = fK[X] N D[X] = fe(f)"[X] = fID[X]. Since D is a
PuMD, I is t-invertible. Thus, @) is t-invertible and cl(Q) = cl(ID[X]).

(3) Let A be a t-invertible t-ideal of D[X]. Then we may assume that
AC DIX]. If AnD # (0), then A = (AN D)D[X] [22, Lemma 4.5] and AN D
is a t-invertible t-ideal. Next, if AN D = (0), then there are 0 # h € D[X] and
a fractional ¢-ideal J of D such that A = hJD[X] [22, Lemma 4.5]. Since A
is t-invertible, J is also t-invertible. Thus, the result follows directly from (1)
and (2). O

Nagata theorem states that if D is a Krull domain and if A is a set of
height-one prime ideals of D, then R = [|pcn Dp is a Krull domain with
CIl(R) = CI(D)/H, where H is the subgroup of Cl(D) generated by {cl(P) |
P e XY(D)\ A} [16, Theorem 7.1]. The next result is a partial analogue of
rings of Krull type (cf. [10, The proof of Proposition 5] for Krull domains).

Theorem 3.2. Let D be a ring of Krull type, H be a subgroup of Cl(D),
U be the set of all linear polynomials f € D[X] such that cl(Qy) € H, Q =
t-Max(D[X))\{Qs | f €U}, and R = erQ D[X]q.

(1) R is t-linked over D[X].

(2) R= D[X]n, NK[X]wy, where N, = {f € D[X] | ¢(f), = D} and (U)
is the multiplicative set of D[X] generated by U.

(3) t-Max(R) = {PD[X|ny, "R | P € t-Max(D)} U{fK[X]qny N R | [ is
irreducible in K[X] but f ¢ U}.

(4) R is a ring of Krull type and CI(R) = Cl(D)/H.

Proof. (1) Since D is a PuMD, D[X] is a PuMD. Thus, R is t-linked over D[X]
[24, Theorem 3.8].
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(2) Let A ={f € D[X] | fK[X] is a prime ideal and f ¢ U}, and note that
t-Max(D[X]) = {P[X] | P € t-Max(D)} U{Qy | f € AUU}. Then

R=( ﬂ D[X]P[X])ﬁ(n D[X]q,) = D[X]n, N K[X]w)-
Pet-Max(D) fea

(3) Note that R = D[X]Nv n K[X]<U> by (2), SO RPD[X}NvﬁR = D[X]P[X]
for all P € t-Max(D) and Ryk(x),,nr = D[X]q, for all f € A. Hence, the
intersection R = (g D[X]q is locally finite. Thus, the result follows (cf. the
proof of Theorem 1.6).

(4) R is t-linked over D[X] by (1), and D is a ring of Krull type if and only
if D[X] is a ring of Krull type by Theorem 1.6. Thus, if D is a ring of Krull
type, then R is a ring of Krull type by Lemma 1.9. Hence, it suffices to show
that CI(R) = CU(D)/H.

Since R is t-linked over D[X], the map ¢ : CI(D[X]) — CI(R) given by
o(cl(A)) = cl((AR):) is a group homomorphism. We first show that ¢ is
surjective. Let B be a t-invertible t-ideal of R. We may assume that B C R.
Then B = (uq,...,uk)y for some u; € R C D[X]y,, and hence there is an
h € N, such that hu; C D[X] fori=1,...,k. Let A= ((huy,...,hug)D[X]):.
Then A is a t-invertible ¢-ideal of D[X] and hB = (AR);. Thus, ¢(cl(4)) =
c(B).

Next, we show that ker(¢) = H. Note that H = {cl(Qy) | f € U} by
Lemma 3.1; hence H C ker(p) because (QfR): = (Ngeq @fD[X]q = R for
all f € U by (3) and [24, Theorem 3.5]. Conversely, assume that A is a t-
invertible t-ideal of D[X] such that (AR), is principal. Since D is a PvMD,
there are a u € K(X) and a t-invertible ¢-ideal I of D such that A = uID[X].
Since I~! = (a,b), for some 0 # a,b € K, if we let h = aX + b, then Q) =
hID[X], and so cl(A) = cl(Qr) and (QnR); is principal. Note that Rp\ o} =
K[X]wy; hence ((QnR)t)p\{oy = hK[X](vy, and thus (QnR); = %fR for some
f.g € (U). Note also that Max(D[X]n,) = {PD[X]|n, | P € t-Max(D)}
[24, Proposition 2.1]; so D[X]|n, = (QnR)t)Nn, = %fD[X]NU, and thus ¢(g); =
c(hf)e = (c(h)e(f)):. Hence, if welet f= f1--- foand g = g1 -+ gm for fi,g; €
U, then (c(g1) - c(gm))e = (c(h)e(f1) - c(fa))r or (c(gr) ™"+ clgm) ™) =
(c(h)~te(fr)~" - e(fn)~")e. Thus,

D2 ell@y) = 3 ellelg) X))

=cl((c(gr) ™" elgm) e[ X))
=cl((c(h)"e(f1) " e(fu) e[ X])

= cl(c(h) "' [X]) + Z c(e(fi)~'[D))
=cl(Qn) + ZCZ(Q)%)-
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Therefore, cl(A) = cl(Qn) = >, cl(Qqg,) — >, cl(Qy,) € H. O

We say that a nonzero ideal I of D is t-locally principal if I Dp is principal for
all P € t-Max(D). It is known that a t-invertible ideal is ¢-locally principal, and
if D is of finite t-character, then a nonzero t-locally principal ideal is t-invertible
[9, Corollary 2.2].

Corollary 3.3. Let the notation be as in Theorem 3.2. Then D is a ring
of Krull type (resp., an independent ring of Krull type, a generalized Krull
domain, a Krull domain, a TV-PvMD) if and only if R is.

Proof. It is known that D is a ring of Krull type (resp., an independent ring of
Krull type, a generalized Krull domain, a Krull domain, a TV-PvMD) if and
only if D[X] is (Theorem 1.6 and Corollary 1.8).

(=) Since R is t-linked over D[X] by Theorem 3.2(1), R is a ring of Krull
type (resp., an independent ring of Krull type, a generalized Krull domain, a
Krull domain) by Lemma 1.9. For the TV-PvMD property, assume that D is
a TV-PvMD. Then D, and hence R, is an independent ring of Krull type and
t-Max(R) = {PD[X]n,NR | P € t-Max(D)} U{fK[X]@yNR | f is irreducible
in K[X] but f ¢ U}; Rppix)y,nr = D[X]|pp(x) for all P € t-Max(D); and
Rik(x)ynr = K[X]jrx) for all f € D[X] that is irreducible in K[X] but
f & U. Hence, each maximal t-ideal @ of R is t-locally principal, and thus @
is t-invertible. Therefore, R is a TV-PvMD.

(<) Note that D[X]n, = Ry, ; so D[X]n, is t-linked over R. Thus, D[X]n,
is a ring of Krull type (resp., an independent ring of Krull type, a generalized
Krull domain, a Krull domain), and so is D. Now, assume that R is a TV-
PvMD. Then D is an independent ring of Krull type by the previous sentence.
Note that RPD[X]NUQR = D[X]PD[X] = D[X]NUPD[X]NU for all P € t—Max(D).
Hence, if P is a maximal t-ideal of D, then PD[X]y, is t-locally principal,
and since D[X]y, is of finite ¢-character, PD[X]y, is t-invertible. Since each
maximal ideal of D[X]y, is a t-ideal [24, Corollary 2.3], PD[X]y, is invertible.
Thus, P is t-invertible [24, Corollary 2.5]. Therefore, D is a TV-PvMD. O

Corollary 3.4. Let G an abelian group. Then the following statements hold.

(1) There is a ring of Krull type D such that Cl(D) = G but D is not an
independent ring of Krull type.

(2) There is an independent ring of Krull type D such that CI(D) = G but
D is neither a generalized Krull domain nor a TV-PvMD.

(3) There is a generalized Krull domain D such that Cl(D) = G but D is
not a Krull domain.

(4) There is a TV-PvMD D such that CI(D) = G but D is not a Krull
domain.

Proof. Since G is an abelian group, there is an index set A such that G =
ZM /H for some subgroup H of Z™. Let D be a ring of Krull type (resp., a
generalized Krull domain, a TV-PvMD) that is not an independent ring of Krull
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type (resp., a Krull domain, a Krull domain) and Ci(D) = {0} (cf. Example

2.7). Then, by Corollary 2.4, Theorems 2.6 and 3.2, and Corollary 3.3, we can
use D to construct a ring of Krull type (resp., a generalized Krull domain, a
TV-PuMD) R such that CI(R) = G but R is not an independent ring of Krull
type (resp., a Krull domain, a Krull domain). The same argument also shows
that there is an independent ring of Krull type R such that CI(R) = G but R
is neither a generalized Krull domain nor a TV-PvMD. U

Let {X,} be a nonempty set of indeterminates over D and N, = {f €
D{X,}] | e(f)» = D}. Tt is known that CI(D[{X,}]n,) = {0}, and D is a
PvMD if and only if D[{X,}]n, is a Priifer domain. We next show that if D is a
PvMD, then there is a Priifer domain R such that D[{X,}] C R C D[{X,}]n,
and CI(R) = CI(D). For this, let S be a saturated multiplicative set of D, and
let N(S)={de D | (d,s), =D for all s € S}. We say that S is splitting if
each nonzero d € D can be written as d = sz for some s € S and z € N(5). It
is known that if S is splitting, then Cl1(D) = Cl(Ds) & Cl(Dy(s)) [1, Corollary
3.8] and ADg is a t-ideal for all ¢t-ideals A of D [1, Corollary 3.5].

Theorem 3.5. Let S be the saturated multiplicative set of D[{X.}] generated
by all nonconstant prime polynomials, and R = D[{X}]s-

(1) S is a splitting set such that ¢(f), = D for all f € S.

(2) ClI(D) = CIU(R) if and only if D is integrally closed.

(3) +-Max(R)={PD[{X,}]s | PEt-Max(D)}U{Qs | Q € t-Max(D[{ X, }),
QND=(0) and QNS = 0}.

(4) If {Xa}| = o0, then t-Max(R) = Maz(R).

(5) If {Xa}| = o0, then D is a PuMD if and only if R is a Prifer domain.

(6) R = D{Xa}|n, NK[{Xa}]s, where Ny = {f € D{Xa}] | ¢(f)o = D}.

Proof. (1) If g is a nonconstant prime polynomial of D[{X,}], then ¢D[{X,}]
is a maximal ¢-ideal. Hence, g ¢ PD[{X,}] for all P € t-Max(D), and thus
c(g)y = D. Thus, if f € S, then f is a finite product of such prime polynomials,
and thus ¢(f), = D. Next, note that K[{X,}] is a UFD; so

ﬂ D[{Xa}] € ﬂ K[{Xa}] = (0)
n=1 n=1
for distinct prime elements {f1,..., fn,...} € S. Also, (o—, ["D{X.}] = (0)
for f € D[{X4}]\ D. Thus, S is a splitting set of D[{X,}] [1, Proposition 2.6].
(2) Let N(S) = {h € D[{Xu}] | (h,f)o = D[{Xa}] for all f € S}. Then
D\ {0} € N(S) because ¢(f), = D for all f € S by (1). Hence, D[{Xa}|n(s) =
K[{Xa}]n(s), and so D[{X4}]n(s) is a UFD. Hence,

D[{Xa}]) = CUD[{Xa}]s) © CUD[{Xa}ln(s)) = CU(R).

Thus, CI(D) = CI(R) if and only if Ci(D) = Cl(D[{X4}]), if and only if D is
integrally closed [14, Corollary 2.13].
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(3) Recall that t--Max(D[{X,}]) = {PD[{X4}] | P € t-Max(D)} U{Q € t-
Max(D[{X,}]) | QD = (0)}. Also, since S is a splitting set, (AR); = A:R
for all nonzero ideals A of D[{X,}] [1, Corollary 3.5]. Thus, the result follows.

(4) It suffices to show that if @ is a nonzero prime ideal of D[{X,}] such
that Q¢ = D[{X4,}], then @ NS # (. Note that ¢(Q); = D, and hence there is
an f € @ such that ¢(f), = D.

Case 1. @ N D # (0). Choose 0 # a € QN D. Since |{X,}| = oo, there is
an X € {X,} such that X does not appear in f. Clearly, (a, f), = D[{Xa}],
and so if we let g = aX + f, then g € @ and ¢ is a prime element of D[{X,}].

Case 2. QN D = (0). Then Qp\(o} is a prime ideal of K[{X,}] and
ht(Qp\{0}) > 2. Note that K[{X,}] is a UFD. Hence, there is an 0 # h € Q
such that hK[{X,}] is a prime ideal and f ¢ hK[{X,}]. Clearly, (f,h), =
D[{X,}]. Choose X € {X,} such that X does not appear in both f and h,
and let g=hX + f. Thenge @NS.

(5) (=) Let M be a maximal ideal of R. Then M N D[{X,}] is a maximal
t-ideal of D[{X,}] by (4) above, and hence D[{ X4 }|pnpiix.}) is a valuation
domain by Theorem 1.4. Note that D[{Xa}lamnpyx.1) © Ru; so Ry is a
valuation domain. Thus, R is a Priifer domain. (<) By (1), S C N,, and
hence R C D[{X,}|n,. Since R is a Prifer domain, D[{X,}|n, is a Priifer
domain [17, Theorem 26.1]. Thus, D is a PvMD by Theorem 1.4.

(6) Let 2 be the set of all maximal t-ideals @ of D[{X,}] such that QND =
(0) and QNS = 0. Then

D{Xa}lg = (D{Xa}s)epiixays = (K{Xa}t]s)ox((xa}ls
for all @ € €, and thus

R=( () DiXHroyx.y)N([) P{Xate)

Pet-Max(D) QeN
= D{Xa}]n, N K[{Xa}]s
(cf. [24, Proposition 2.1] for the last equality). O

An integral domain D is called a divisorial domain if every nonzero ideal
of D is a v-ideal. Since an invertible ideal is a t-invertible t-ideal, a Prifer
domain that is a TV-PuMD is a divisorial domain. In [21], Heinzer showed
that (i) if D is a divisorial domain, then D is an h-local domain and (ii) if D
is integrally closed, then D is a divisorial domain if and only if D is an h-local
Priifer domain whose nonzero maximal ideals are invertible. It is clear that a
Dedekind domain is an integrally closed divisorial domain.

Corollary 3.6. Let the notation be as in Theorem 3.5, and assume |{X,}| =
0. Then the following statements hold.
(1) D is a ring of Krull type if and only if R is a Prifer domain of finite
character.
(2) D is an independent ring of Krull type if and only if R is an h-local
Priifer domain.
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(3) D is a generalized Krull domain if and only if R is a generalized Krull
domain of (Krull) dimension one.

(4) D is a Krull domain if and only if R is a Dedekind domain.

(5) D is a TV-PoMD if and only if R is an integrally closed divisorial
domain.

(6) D is a UFD if and only if R is a principal ideal domain.

Proof. Let @ be a maximal ¢-ideal of D[{X,}] such that @ N'D = (0). Then
ht@ = 1 and Q is ¢-invertible by Lemma 1.3, and hence D[{X,}]¢ is a rank-one
DVR. Note that K[{X,}]is a UFD; so each nonzero nonunit of D[{X,}] is con-
tained in only finitely many such maximal ¢-ideals. Also, note that D[{X,}n,
is a Priifer domain, Max(D[{X,}]|n,) = {PD[{Xua}]n, | P € t-Max(D)}, and
each prime ideal of D[{X,}]n, is extended from D [24, Proposition 2.1, Theo-
rems 3.1 and 3.7]. Thus, the result follows directly from Theorem 3.5 (cf. the
proof of Corollary 3.3). O

Corollary 3.7. Let G an abelian group. Then the following statements hold.

(1) There is a Prifer domain of finite character D such that Cl(D) = G
but D is not an h-local Prifer domain.

(2) There is an h-local Prifer domain D such that Cl(D) = G but D is
neither a generalized Krull domain nor a divisorial domain.

(3) There is a generalized Krull domain of dimension one D such that
Cl(D) = G but D is not a Dedekind domain.

(4) There is a Prifer domain D in which each nonzero ideal is a v-ideal
(i.e., an integrally closed divisorial domain) such that Cl(D) = G but
D is not a Dedekind domain.

Proof. This follows directly from Theorem 3.5, Corollaries 3.4 and 3.6. O

Let {X,} be an infinite set of indeterminates over a PuMD D, S be the
multiplicative set of D[{X,}] generated by all nonconstant prime polynomials,
and R = D[{X,}]s. In Theorem 3.5, we show that R is a PoMD with CI(R) =
CI(D) by using the fact that {X,} is infinite. Hence, we have the following
question.

Question 3.8. Let D be a PvMD, X be an indeterminate over D, and D[X]
be the polynomial ring over D. Is there a multiplicative set T of D[X] such
that D[X|r is a Prifer domain with Cl(D[X]r) = Cl(D)?
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