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RESTRICTION OF SCALARS AND CUBIC TWISTS OF

ELLIPTIC CURVES

Dongho Byeon, Keunyoung Jeong, and Nayoung Kim

Abstract. Let K be a number field and L a finite abelian extension of

K. Let E be an elliptic curve defined over K. The restriction of scalars
ResLKE decomposes (up to isogeny) into abelian varieties over K

ResLKE ∼
⊕
F∈S

AF ,

where S is the set of cyclic extensions of K in L. It is known that if L is
a quadratic extension, then AL is the quadratic twist of E. In this paper,

we consider the case that K is a number field containing a primitive third

root of unity, L = K( 3
√
D) is the cyclic cubic extension of K for some

D ∈ K×/(K×)3, E = Ea : y2 = x3 + a is an elliptic curve with j-

invariant 0 defined over K, and ED
a : y2 = x3 + aD2 is the cubic twist of

Ea. In this case, we prove AL is isogenous over K to ED
a × ED2

a and a

property of the Selmer rank of AL, which is a cubic analogue of a theorem
of Mazur and Rubin on quadratic twists.

1. Introduction

Let K be a number field and L a finite abelian extension of K. Let E be
an elliptic curve defined over K. The restriction of scalars ResLKE (for the
definition, see §2) of E from L to K decomposes (up to isogeny) into abelian
varieties over K

ResLKE ∼
⊕
F∈S

AF ,

where S is the set of cyclic extensions of K in L (for details, see §2 or [1, §3]).
In [1], Mazur and Rubin studied the Selmer rank of E/L by using the Selmer

ranks of AF . In [2], as an application to the simplest case that L is a quadratic
extension, they obtained many remarkable results on the Selmer rank of E/L.
We note that if L is a quadratic extension, then AL is the quadratic twist of E
(for an example of the proof, see [4, §2.1.2 and §2.2.2]).

In this paper, we consider the next simple case that K is a number field
containing a primitive third root of unity, L = K( 3

√
D) is the cyclic cubic
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extension of K for some D ∈ K×/(K×)3 and E = Ea : y2 = x3 + a is an
elliptic curve with j-invariant 0 defined over K. In this case, we prove the
following theorem.

Theorem 1.1. Let K be a number field containing a primitive third root
of unity and L = K( 3

√
D) the cyclic cubic extension of K for some D ∈

K×/(K×)3. Let E = Ea : y2 = x3 + a be an elliptic curve with j-invariant 0
defined over K and EDa : y2 = x3 + aD2 the cubic twist of Ea. Then AL is

isogenous over K to EDa × ED
2

a .

Let G := Gal(L/K) be the Galois group L over K. If F ∈ S, let ρF be
the unique faithful irreducible rational representation of Gal(F/K). Since the
correspondence F ↔ ρF is a bijection between S and the set of irreducible
rational representations of G, the semisimple group ring Q[G] decomposes

Q[G] ∼=
⊕
F∈S

Q[G]F ,

where Q[G]F is the ρF -isotypic component of Q[G]. As a field, Q[G]F is iso-
morphic to the cyclotomic field of [F : K]-th roots of unity.

Suppose that L is a cyclic extension of K with a prime degree p. Since
Q[G]L is isomorphic to the p-th cyclotomic field, the maximal order of Q[G]L
has the unique prime ideal above p, which we denote by p. Let Selp(E/K) be
the p-Selmer group of E/K and Selp(AL/K) the p-Selmer group of AL/K (see
§2 for the definitions). Define the Selmer ranks

dp(E/K) := dimFpSelp(E/K),

dp(AL/K) := dimFpSelp(AL/K).

In our case, we prove the following theorem on the Selmer rank of AL, which
is a cubic analogue of [2, Theorem 1.4] on quadratic twists.

Theorem 1.2. Let K be a number field containing a primitive third root of
unity, L = K( 3

√
D) the cyclic cubic extension of K for some D ∈ K×/(K×)3

and f(L/K) the conductor of L/K. Let E = Ea : y2 = x3 + a be an elliptic
curve with j-invariant 0 defined over K. If d3(Ea/K) = r and Ea(K)[3] = 0,
then

|{L = K(
3
√
D) : dp(AL/K) = r and NK/Qf(L/K) < X}| � X

(logX)5/6
.

2. Preliminaries

Let L be a finite abelian extension of a number field K with Galois group
G := Gal(L/K). Let K̄ be an algebraic closure of K with Galois group GK :=
Gal(K̄/K). Let E be an elliptic curve defined over K. Then the definition of
the restriction of scalars ([5, §1.3] or [4, Definition 2.2]) of E from L to K is
following.
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Definition 2.1. The restriction of scalars of E from L to K, denoted by
ResLKE, is a commutative algebraic group over K along with a homomorphism

ηL/K : ResLKE → E

defined over L, with the universal property that for every variety X over K,
the map

HomK(X,ResLKE)→ HomL(X,E) defined by f 7→ ηL/K ◦ f

is an isomorphism.

Suppose I is a free Z-module of finite rank with a continuous right action
of GK and there is a ring homomorphism Z → EndK(E). A twist of a power
of E denoted by I ⊗Z E is defined in [3, Definition 1.1].

Definition 2.2. Let s := rankZ(I) and fix an Z-module isomorphism j : Zs ∼→
I. Let cI ∈ H1(K,AutK̄(Es)) be the image of the cocycle (γ 7→ j−1 ◦ jγ)
under the composition

H1(K,GLs(Z))→ H1(K,AutK(Es))→ H1(K,AutK̄(Es))

induced by the homomorphism Z→ EndK(E). Define I ⊗Z E to be the twist
of Es by the cocycle cI , i.e., I ⊗ZE is the unique commutative algebraic group
over K with an isomorphism φ : Es

∼→ I ⊗Z E defined over K̄ such that for
every γ ∈ GK ,

cI(γ) = φ−1 ◦ φγ .

Definition 2.3. For every cyclic extension F of K in L, define

IF := Q[G]F ∩ Z[G] and AF := IF ⊗Z E.

We note that AK = E and ResLK(E) is isogenous to
⊕

F∈S AF by [1, Theorem
3.5].

From the universal property of ResLKE, for each σ ∈ G, there is

σL/K,E ∈ HomK(ResLKE, ResLKE)

such that ηL/K ◦σL/K,E = ησL/K . So we have the following ring homomorphism

θE : Z[G]→ EndK(ResLKE) defined by α =
∑
σ∈G

aσ σ 7→ aσ σL/K,E .

We denote θE(α) by αE ∈ EndK(ResLKE).

Proposition 2.4 ([3, Proposition 4.2(i)]). If Z[G]/I is a projective Z-module,
then

I ⊗Z E =
⋂
α∈I⊥

ker (αE : ResLKE → ResLKE),

where I⊥ is the ideal of Z[G] defined by I⊥ := {α ∈ Z[G] : αI = 0}.
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Lemma 2.5 ([3, Lemma 5.4(i)]). Let F/K be cyclic of degree n with a generator
σ. Then

IF = Ψn(σ)Z[G] and I⊥F = Φn(σ)Z[G],

where Φn ∈ Z[x] is the n-th cyclotomic polynomial and Ψn(x) = (xn−1)/Φn(x)
∈ Z[x].

Suppose that L is a cyclic extension of K with a prime degree p and p is the
unique prime ideal of Q[G]L above p.

Definition 2.6. For every prime v of K, let H1
E(Kv, E[p]) denote the image

of the Kummer injection

E(Kv)/pE(Kv) ↪→ H1(Kv, E[p])

and let H1
A(Kv, AL[p]) denote the image of the Kummer injection

AL(Kv)/pAL(Kv) ↪→ H1(Kv, AL[p]).

Definition 2.7. Define the Selmer groups

Selp(E/K) := ker
(
H1(K,E[p]) −→

⊕
v

H1(Kv, E[p])/H1
E(Kv, E[p])

)
and

Selp(AL/K) := ker
(
H1(K,AL[p]) −→

⊕
v

H1(Kv, AL[p])/H1
A(Kv, AL[p])

)
.

We note that there is a natural identification of GK-modules E[p] = AL[p]

inside ResLKE (cf. [1, Proposition 4.1 and Remark 4.2]).

Definition 2.8. For every prime v of K, define

δv(E,L/K) := dimFp
(
H1
E(Kv, E[p])/H1

E∩A(Kv, E[p])
)
,

where H1
E∩A(Kv, E[p]) := H1

E(Kv, E[p]) ∩H1
A(Kv, E[p]).

Proposition 2.9 ([1, Corollary 4.6]). Suppose that S is a set of primes of
K containing all primes above p, all primes ramified in L/K, and all primes
where E has bad reduction. Then

dp(E/K) ≡ dp(AL/K) +
∑
v∈S

δv(E,L/K) (mod 2).

3. Proof of Theorem 1.1

For the rest of this paper, let K be a number field containing a primitive
third root of unity ω, L = K( 3

√
D) the cyclic cubic extension of K for some

D ∈ K×/(K×)3, Ea : y2 = x3 + a an elliptic curve with j-invariant 0 defined
over K, and EDa : y2 = x3 + aD2 the cubic twist of Ea.

Proposition 3.1. If we define isomorphisms over L

φ1 : Ea
∼−→ EDa by (x, y) 7→ (D

2
3x,Dy),

φ2 : Ea
∼−→ ED

2

a by (x, y) 7→ (D
4
3x,D2y),
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and GK-invariant subgroup of Ea × EDa × ED
2

a

TLa := 〈{ (P, φ1(P ), φ2(P ))γ ∈ Ea × EDa × ED
2

a | 3P = 0, γ ∈ GK}〉,

then

ResLKEa = (Ea × EDa × ED
2

a )/TLa

with the following homomorphisms

ηL/K : (Ea×EDa ×ED
2

a )/TLa → Ea defined by (P,Q,R) 7→ P+φ−1
1 (Q)+φ−1

2 (R).

Proof. We will show that (Ea×EDa ×ED
2

a )/TLa satisfies the universal property

of ResLKEa with ηL/K in Definition 2.1. Suppose X is a variety over K and

ϕ ∈ HomL(X,Ea). Let [3]−1 : Ea → Ea /Ea[3] be the inverse map of the
induced isomorphism from multiplication by 3, let

λ : Ea /Ea[3]→ (Ea × EDa × ED
2

a )/TLa

defined by P 7→
(
P, φ1(P ), φ2(P )

)
(mod TLa ), and let σ be the generator of

Gal(L/K) which maps 3
√
D to 3

√
Dω. Define

ϕ̃ := λ ◦ [3]−1 ◦ ϕ + (λ ◦ [3]−1 ◦ ϕ)σ + (λ ◦ [3]−1 ◦ ϕ)σ
2

∈ HomK

(
X, (Ea × EDa × ED

2

a )/ TLa
)
.

Then we have

ηL/K ◦ λ ◦ [3]−1 ◦ ϕ = ϕ,

ηL/K ◦ (λ ◦ [3]−1 ◦ ϕ)σ = 0 (because φσ1 = [ω]φ1, φσ2 = [ω]2φ2

and [1] + [ω] + [ω]2 = [0]),

ηL/K ◦ (λ ◦ [3]−1 ◦ ϕ)σ
2

= 0 (by the same reason),

where [ω] : (x, y) 7→ (ω2x, y) is an endomorphism of Ea, EDa , and ED
2

a . Thus
ηL/K ◦ ϕ̃ = ϕ.

For any (P,Q,R) ∈ (Ea × EDa × ED
2

a )/TLa , we have

(P,Q,R)
ηL/K7−→ P + φ−1

1 (Q) + φ−1
2 (R)

[3]−1

7−→ P ′ + φ−1
1 (Q′) + φ−1

2 (R′)

λ7−→
(
P ′ + φ−1

1 (Q′) + φ−1
2 (R′),

φ1(P ′) +Q′ + φ1(φ−1
2 (R′)),

φ2(P ′) + φ2(φ−1
1 (Q′)) +R′

)
(mod TLa ),

(P,Q,R)
(λ ◦ [3]−1 ◦ ηL/K)σ

7−→
(
P ′ + [ω]2φ−1

1 (Q′) + [ω]φ−1
2 (R′),

[ω]φ1(P ′) +Q′ + [ω]2φ1(φ−1
2 (R′)),

[ω]2φ2(P ′) + [ω]φ2(φ−1
1 (Q′)) +R′

)
(mod TLa ),
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(P,Q,R)
(λ ◦ [3]−1 ◦ ηL/K)σ

2

7−→
(
P ′ + [ω]φ−1

1 (Q′) + [ω]2φ−1
2 (R′),

[ω]2φ1(P ′) +Q′ + [ω]φ1(φ−1
2 (R′)),

[ω]φ2(P ′) + [ω]2φ2(φ−1
1 (Q′)) +R′

)
(mod TLa ),

where P ′ (resp. Q′, R′) is an element satisfying [3]P ′ = P (resp. [3]Q′ =
Q, [3]R′ = R). So

(λ ◦ [3]−1 ◦ ηL/K) + (λ ◦ [3]−1 ◦ ηL/K)σ + (λ ◦ [3]−1 ◦ ηL/K)σ
2

= id.

Hence for every f ∈ HomK(X, (Ea × EDa × ED
2

a )/TLa ), we have

˜(ηL/K ◦ f)

= (λ ◦ [3]−1 ◦ ηL/K ◦ f) + (λ ◦ [3]−1 ◦ ηL/K ◦ f)σ + (λ ◦ [3]−1 ◦ ηL/K ◦ f)σ
2

= (λ ◦ [3]−1 ◦ ηL/K) ◦ f + (λ ◦ [3]−1 ◦ ηL/K)σ ◦ f + (λ ◦ [3]−1 ◦ ηL/K)σ
2

◦ f
= f.

Thus the map

HomK

(
X, (Ea × EDa × ED

2

a )/TLa
)
→ HomL(X,Ea)

defined by f 7→ ηL/K ◦ f is an isomorphism. �

Proposition 3.2. Let AL = IL ⊗Z Ea in Definition 2.3. Then there is a
surjective morphism over K with a finite kernel

θ : EDa × ED
2

a → AL.

Proof. We continue the notations K , L , σ , Ea , E
D
a , TLa , ηL/K , ·̃ in Propo-

sition 3.1 and its proof. Recall that ResLKEa is (Ea×EDa ×ED
2

a ) / TLa with the
homomorphism ηL/K . Note that for the σ ∈ Gal(L/K), its induced endomor-

phism σEa ∈ EndK(ResLKEa) is precisely

σEa(P,Q,R) = η̃σL/K (P,Q,R) = (P, [ω]2Q, [ω]R),

and hence Φ3(σ)Ea is given by

Φ3(σ)Ea(P,Q,R) = (σ2 + σ + 1)Ea(P,Q,R) = ( 3P, 0 , 0 ).

Thus by Proposition 2.4 and Lemma 2.5, we have

AL := IL ⊗Z Ea = ker
(
Φ3(σ)Ea : ResLKEa → ResLKEa

)
= {(P,Q,R) ∈ (Ea × EDa × ED

2

a )/ TLa | (3P, 0, 0) ≡ (0, 0, 0) (modTLa ) }

= {(P,Q,R) ∈ (Ea × EDa × ED
2

a )/ TLa | P ∈ Ea[3] }.
Define

θ : EDa × ED
2

a → AL by (Q,R) 7→ (0, Q,R).

Then θ is a morphism over K with a finite kernel. For (P,Q,R) ∈ AL,

(P,Q,R) = (P, φ1(P ), φ2(P )) + (0, Q− φ1(P ), R− φ2(P ))



RESTRICTION OF SCALARS AND CUBIC TWISTS OF ELLIPTIC CURVES 129

≡ (0, Q− φ1(P ), R− φ2(P )) (mod TLa ).

Thus θ is surjective. �

Proof of Theorem 1.1. It follows from Proposition 3.1. �

4. Proof of Theorem 1.2

To compare d3(Ea/K) and dp(AL/K), we apply [2, §2 and §3] to our case.
By [1, Proposition 5.2], we have the following lemma which is same to [2, Lemma
2.9].

Lemma 4.1. Let v be a prime of K, w a prime of L above v and NLw/Kv :

Ea(Lw) → Ea(Kv) the norm map. Under the isomorphism H1
E(Kv, Ea[3]) ∼=

Ea(Kv)/3Ea(Kv), we have

H1
E∩A(Kv, Ea[3]) ∼= NLw/KvEa(Lw)/3Ea(Kv).

Remark. In [2, Definition 2.6], δv(E,L/K) is defined by

dimFpE(Kv)/NLw/KvE(Lw),

where p = 2. By Lemma 4.1, [2, Definition 2.6] is same to Definition 2.8 for
our case.

By Lemma 4.1, we have the following lemmas which are similar to [2, Lemma
2.10 and Lemma 2.11].

Lemma 4.2. Let ∆Ea be the discriminant of Ea. If at least one of the following
conditions (i)-(iv) holds:

(i) v splits in L/K,
(ii) v - 3∞ and Ea(Kv)[3] = 0,
(iii) v is real and (∆Ea)v < 0,
(iv) v is a prime where Ea has good reduction and v is unramified in L/K,

then H1
E(Kv, Ea[3]) = H1

A(Kv, Ea[3]) and δv(Ea, L/K) = 0.

Proof. See the proof of [2, Lemma 2.10]. �

Lemma 4.3. If v - 3∞, Ea has good reduction at v and v is ramified in L/K,
then

H1
E∩A(Kv, Ea[3]) = 0 and δv(Ea, L/K) = dimF3(Ea(Kv)[3]).

Proof. See the proof of [2, Lemma 2.11] �

By Proposition 2.9, Lemma 4.2, and Lemma 4.3, we have the following
proposition which is similar to [2, Proposition 3.3].

Proposition 4.4. Suppose that all of the following primes split in L/K:

• all primes where Ea has bad reduction,
• all primes above 3,
• all real places v with (∆Ea)v > 0.
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Let T be the set of (finite) primes q of K such that L/K is ramified at q and
Ea(Kq)[3] 6= 0. Let

locT : H1(K,Ea[3])→
⊕
q∈T

H1(Kq, Ea[3])

and
VT := locT (Sel3(Ea/K)) ⊂

⊕
q∈T

H1
E(Kq, Ea[3]).

Then we have
dp(AL/K) = d3(Ea/K)− dimF3

VT + d

for some d satisfying

0 ≤ d ≤ dimF3

⊕
q∈T

H1
E(Kq, Ea[3])/VT

 and

d ≡ dimF3

⊕
q∈T

H1
E(Kq, Ea[3])/VT

 (mod 2).

Proof. Define strict and relaxed 3-Selmer groups ST ⊂ ST ⊂ H1(K,Ea[3]) by
the exactness of

0→ ST → H1(K,Ea[3])→
⊕
q 6∈T

H1(Kq, Ea[3])/H1
E(Kq, Ea[3]) and

0→ ST → ST −→
⊕
q∈T

H1(Kq, Ea[3]).

Then we have ST ⊂ Selp(Ea/K) ⊂ ST . By Lemma 4.2 we also have ST ⊂
Selp(AL/K) ⊂ ST and by Lemma 4.3 we have Selp(Ea/K)∩Selp(AL/K) = ST .

Let V LT := locT (Selp(AL/K)) ⊂
⊕
q∈T

H1
A(Kq, Ea[3]) and d := dimF3V

L
T .

Then the theorem follows from the same argument in the proof of [2, Proposi-
tion 3.3]. �

By Proposition 4.4, we have the following proposition which is similar to
[2, Corollary 3.4].

Proposition 4.5. Suppose Ea, L/K, and T are as in Proposition 4.4.
(a) If dimFp(

⊕
q∈T H

1
E(Kq, Ea[3])/VT ) ≤ 1, then

dp(AL/K) = dp(Ea/K)− 2 dimFpVT +
∑
q∈T

dimFpH
1
E(Kq, Ea[3]).

(b) If E(Kq)[3] = 0 for every q ∈ T , then dp(AL/K) = d3(Ea/K).

Proof. For (a), see the proof of [2, Corollary 3.4(i)]. (b) follows from (a) because
T is empty in this case. �

Let M := K(Ea[3]) and S be the set of elements of order 2 in Gal(M/K).
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Lemma 4.6. Suppose that Ea(K)[3] = 0. Then Gal(M/K) ∼= Z/2Z or Z/6Z,
depending on whether K 3 3

√
−4a or not, so |S| = 1.

Proof. The lemma follows from

Ea[3] = {O, (0,±
√
a), ( 3
√
−4a,±

√
−3a), ( 3

√
−4aω,±

√
−3a), ( 3

√
−4aω2,±

√
−3a)}.

�

Let N := K(27∆Ea∞) be the ray class field of K modulo 27∆Ea and all
infinite primes. Define a set of primes of K

P := {v : v is unramified in NM/K and Frobv(M/K) ⊂ S},

where Frobv(M/K) denotes the Frobenius conjugacy class of v in Gal(M/K),
and two sets of ideals N1 ⊂ N of K

N := {a : a is a cubefree product of primes in P},
N1 := {a ∈ N : [a, N/K] = 1},

where [ · , N/K] denotes the global Artin symbol.

Lemma 4.7 ([2, Lemma 4.1]). There is a constant c such that

|{a ∈ N1 : NK/Qa < X}| = (c+ o(1))
X

(logX)1−|S|/[M :K]
.

Proposition 4.8. Suppose that Ea(K)[3] = 0. For a ∈ N1, there is a cyclic
cubic extension L/K of conductor a such that dp(AL/K) = d3(Ea/K).

Proof. Fix a ∈ N1. Then a is principal, with a totally positive generator α ≡ 1
(mod 27∆Ea). Let L := K( 3

√
α). Then all primes above 3, all primes of bad

reduction, and all infinite primes split in L/K. If v ramifies in L/K, then v|a,
so v ∈ P. Thus the Frobenius of v in Gal(M/K) has order 2, which shows that
Ea(Kv)[3] = 0. Now the proposition follows from Proposition 4.5(b). �

Proof of Theorem 1.2. It follows from Lemma 4.6, Lemma 4.7 and Proposition
4.8. �
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