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WEIGHTED LP-BOUNDEDNESS OF SINGULAR INTEGRALS
WITH ROUGH KERNEL ASSOCIATED TO SURFACES

RongHUI Liu AND HuoxioNnGg WU

ABSTRACT. In this paper, we prove weighted norm inequalities for rough
singular integrals along surfaces with radial kernels h and sphere kernels
Q by assuming h € A4 (Ry) and Q € WG (S 1) for some v > 1 and
B > 1. Here Q € WG5(S"1) denotes the variant of Grafakos-Stefanov
type size conditions on the unit sphere. Our results essentially improve
and extend the previous weighted results for the rough singular integrals
and the corresponding maximal truncated operators.

1. Introduction

Let S™"~! be the unit sphere in R”, n > 2, with normalized Lebesgue measure
do = do(-). Let Q be a homogeneous function of degree 0, which is integrable
over S~ !, and enjoys the property that

(1.1) /S Qu)do(u) = 0,

Let I'(t) be a suitable function on the interval RT := (0,00). The singular
integral operator Tq 1 associated with I' is defined by

Q(y")h(ly
12 Taraf@ =p. [ 2R ey an
and the corresponding maximal truncated operator T¢, . ;, is defined by
. Q(y")h(ly
03 Tapafe=sw| [ 2D 0 rgyya),
e>0" J)y|>e ‘y|

where 3/ = y/|y| for any y # 0, f € S(R™), the space of Schwartz functions,
and h € A, (RT). Here A,(R"), v > 1, is the set of all measurable functions h
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defined on R* satisfying

1B 1/
h = su —/ h(t)|"dt < 00.
[Pl ey = sup 5 [ nco)ae)
It is clear that
(1.4) L¥RY) =A(RY) CA,L,RT)C A, (RT) for 1< <72 < oo.

For the sake of simplicity, we denote To r.n = Tan, Tgpp = 16, i T(t) =,
Tgyp’h = TQ,F, TS,F,h = Tf*l,l—‘ if h(t) =1 and TSl,F,h = TQ, T;if‘,h = T;i if
I'(t) =t and h(t) = 1.

The investigation of the operators T and T began with Calderén-Zyg-
mund’s groundbreaking study in [4,5] and then continued by many authors
(see [6,13,15,20,22] etc.). In their fundamental work, Calderén and Zygmund
established the LP boundedness of the operators T and T under the con-
dition that Q € Llog™L(S"~!). Later on, Coifman-Wesis [7] and Connett [8]
independently extended the result of Tq to the case: Q € HY(S"!), where
H'(S"~1) denotes the Hardy space on the unit sphere in the sense of Coifman
and Weiss. It should be noted that the following relations:

LYS™ 1Y) ¢ LlogTL(S" ') ¢ HY(S" 1) ¢ LY(S"™!), V1<qg<oo.
Also, in studying the LP-boundedness of singular integrals and maximal sin-
gular integrals with rough kernels, Grafakos and Stefanov [20] introduced the
following function class:

n—1y __ 1 n—1y\ . su / o 1 p o / 00
Ga(S )—{QeL(S >.£esg_1/5n1 19201 (log 7= ) doly) < }

for 5 > 0, and showed that
G5, (S"71) & Gay(S"71), 0< B2 < B,

Urasm g () gsls™ ),
q>1 B>0
and

(1.5) N Gs(s" ) ¢ B (S") ¢ | Ga(s™ ).

B>1 B>1
Moreover, they proved that Tq (resp., Tg) is bounded on LP(R™), provided
that Q € Gz(S"~1) for some 8 > 2 (resp., 8 > 3) and p € (1 +2/8,1 + 3/2)
(resp., 26/(26 — 3) < p < 23/3). Soon later, Fan, Guo and Pan [14] improved
and extended the above results as follows.

Theorem A (cf. [14]). Let Q € Gg(S™™ ) for some B > 1 and satisfy (1.1).
Then

(i) If B > 2, then T is bounded on LP(R™) forp € (5, 0).

(i) If B > 3, then T§ 1 is bounded on LP(R") for p € (g:é,ﬁ —1).
Here T'(t) = Pn(t), Pn(t) is a real polynomial on R of degree N satisfying
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P(0) =0, and the bounds of the above operators are independent of the coeffi-
cients of Py .

The operator T, whose kernel has the additional roughness due to the
presence of h, was first studied by Fefferman [18] and subsequently by many
other authors (see [3,13,15,17,24] etc.). In particular, we can find the following
results.

Theorem B. Let h € Ay (RT) fory > 1, Q € L*(S" ') and satisfy (1.1).

(i) (cf. [15]) If Q@ € HY(S™ 1Y), then Tqy, is bounded on LP(R™) for |1/p —
1/2| < min{1/2,1/+'}.

(i) (cf. [17]) If Q € WG(S™1) for some B > max{2,7'}, then Tq, is
bounded on LP(R™) for |1/p—1/2| < min{1/2,1/4'} —1/8, where WG5(S"™1)
for B > 0 denotes the set of all functions Q : S"~! — R satisfying

(16) sup //SnW1|ﬂ<x’>9<y'>|(1ogM)ﬁdo<x'>da<y’><oo.

gresn—1
It follows from [17, Lemma 1] and [23, Lemma A.2] that
Gs(S") C WGp(Sh),
and for n > 2,
(17) WGas(S" 1)\ Go(S"1) £ 0 for >0,
U L7(8"™") € WG, (S"1) € WG, (S"71) for 0.< By < B < oc.

r>1

In this paper, we will focus on the weighted L? estimates of Tq ) and
1§ r - Duoandikoetxea and Rubio de Francia [13] first showed the weighted
LP-bounds of T, with Q € L>°(S"~1). Subsequently, the weighted LP bounds of
T and T¢ with Q € L9(S™~!) were given by Watson [27] and Duoandikoetxea
[12] successively. Moreover, Duoandikoetxea [12] proved that Tq and T¢ are
bounded on LP(w) for 1 < p < oo, provided that Q € LlogtL(S"~!) and
w € flp(R*), a special class of radial Muckenhoupt weights. Precisely, for
1 < p < oo, we say w € ART), if w(z) = vi(|z))va(|z])' 7, where either
v; € A1 (RT) is decreasing, or v2 € A;(R"), i =1, 2.

In 1999, Fan, Pan and Yang [16] improved and extended the result of [12]
as follows.

Theorem C (cf. [16]). Let h € A (RT) fory > 2,1 < p < oo. Suppose that

T eFiorFe, we Ay (RY) withp >+, If Q€ HY(S"™Y), then Tor, and
1§ v, are bounded on LP(w).

Remark D. (i) In [16], the authors proved Theorem C, provided w € Az{/'y/ (RT)
= flp/.y/(R*‘) N A{D/,Y, (see [16] for the definition). However, we know from
28, Theorem 4] that A,(Rt) C Al(R™) for any 1 < p < oo, which indicates
that AJ(R*) = A,(R*). Meanwhile, if w(t) € A,(R¥), we know from [12] that
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the Hardy-Littlewood function M is bounded on LP(R"™, w(|z|)dz). Therefore,
if w(t) € A,(R), then w(|z]) € A,(R").

(ii) (cf. [16]) The class of functions §; and F2 in Theorem C are given as
follows.

A nonnegative C*(RT) function I' € § if it satisfies the following conditions:

(a) T is strictly increasing on R*, T'(2t) > AI'(¢) for all ¢ > 0 and some
fixed A > 1.

(b) T satisfies a doubling condition, I'(2t) < ¢I'(¢) for all ¢ > 0 and some
constant ¢ > A > 1,

(c) T'(t) > CiI'(t)/t on RT for some fixed C; € (0,log, c]) and IV(¢) is
monotone on (0, co).

A nonnegative C'(R™T) function I' € Fs if satisfies the following conditions:

(a’) T is strictly decreasing on R*, T'(t) > AI'(2t) for all ¢ > 0 and some
fixed A > 1.

(b)) T'(t) < cI'(2t) for all £ > 0 and some constant ¢ > A > 1,

(¢) [T'(t)] > C1T(t)/t on RT for all ¢ > 0 and some fixed Cy € (0,log, c])
and I(¢) is monotone on (0, c0).

We remark that model examples for the functions §; are I'(t) = ° with
0 > 0, and their linear combinations with positive coefficients. Model examples
for the functions §» are t® with § < 0, and their linear combinations with
positive coefficients.

On the other hand, Al-Qassem [1] obtained the following weighted result.

Theorem E (cf. [1]). Let Q € Gs(S™ 1) for some B > 1 and satisfy (1.1).
Suppose that T € F1 or Fa, and w € Ap(RT) for 1 < p < oco.
(i) If B > 2, then Tqr is bounded on LP(w) forp € (8',5).

(ii) If B > 3, then T§ 1 is bounded on LP(w) for p € (g:;ﬁ -1).

In addition, Ding, Xue and Yabuta [10] introduced the following conditions
on I
Suppose T' is a nonnegative monotone C'(RT) function such that ¢(¢) :=

ﬂl:,(g is bounded. We say I' € § if I satisfies one of the following conditions:

)
i) T is increasing on R, and ['(2t) < C1T'(¢).

(
(ii) T is increasing on R™, and ¢I'(¢) is increasing on R*.
(iii) ' is decreasing on RT, and ['(¢) < CoI'(2t).

(iv) T is decreasing on R and convex.

Remark F. It is worthwhile to note that §1, §2 C §, and there is a function I
which satisfies § but does not satisfy §; or Fo. For example, I'(t) = v/tlog(1 +
t) € §, but is not in F;.

In light of the aforementioned facts concerning the singular integrals and the
assumptions on I', a question that arise naturally is the following.
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Question. Are the operators Tar,n and T 1), bounded on LP(w), provided
that T € §, h € A, (RY) for somey > 1, Q € WG5(S"™1) for some 8> 1, and
w € A, (RT) for some 1 < p < 00?

The main purpose of this paper is to address the above question. Our results
can be formulated as follows.

Theorem 1.1. Let v € (2,00], B € (2,00) and T € §. If h € A, (RT),
Q € WGs(S™™ 1) and satisfies (1.1), then for p € (7/_7_?—27 ’y/+(5j/2€(fy/_1)); and
we A, (RY) or flp//vf (RY), Tar.s is bounded on LP(w).

P/
Theorem 1.2. Let v € (2,00], 8 € (3,00) and I € §. If h € A, (R"),
Q € WG(S"1) and satisfies (1.1), then for p € (:Yy,grﬁﬁf_l?)), ’Y’+(”YY'(E17)?5—3)) and
(RT), T¢ r is bounded on LP(w).

we ‘le/v’

Remark 1.3. (1) If T'(t) = ¢, w =1 and Q € WG5(S™!) for some 3 > 2, then
Theorem 1.1 reduces to (ii) of Theorem B in the case v € (2, o0].

(2) Comparing with Theorem C, Theorems 1.1 and 1.2 relax the conditions
imposed on I' and have themselves interesting because of (1.5) and (1.7).

(3) It should be pointed out that the inclusion relation between WG 5(S™ 1)
and G(S"~!) is not clear for n > 2 at present. But even so, our results also
present a meaningful extension to Theorem E because of (1.7), even for h = 1.

Moreover, we remark that for h(t) = 1, Theorem 1.1 or 1.2 is true, provided
that v/ = 1 and Q € Gs(S™™!) for some 3 > 2, or B > 3. This represents
an improvement and extension to Theorem E since §1, §2 € §. We leave the
details to the interested readers.

The paper is organized as follows. In Section 2, we will give several auxiliary
lemmas. The proofs of Theorems 1.1 and 1.2 will be based on two general
criterions on the weighted inequality of the convolution operators, which will
be given in Section 3. In Section 4, we will extend Theorems 1.1-1.2 to the
more general cases. Finally, we will present two results related to Marcinkiewicz
integrals in Section 5. We would like to remark that the main ideas of our proofs
are taken from [1,12,14,16].

Throughout the paper, the letter C', sometimes with certain parameters, will
stand for positive constants not necessarily the same one at each occurrence,
but are independent of the essential variables. In what follows, for p € (1, c0),
we denote p’ by the conjugate index of p, that is, 1/p+1/p’ = 1. For a measure
o, we denote by |o| the total variation of o.

2. Preliminaries

In this section, we will establish some auxiliary lemmas. First, we introduce
some relevant notations and definitions. Let b be a positive constant, I" be a
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nonnegative monotone C! function on R* such that

r
o) = s, and l9(0)] <0
Then for any k € Z, we know from [10, Lemma 2.8, Lemma 2.9] that if T
is positive, increasing, T'(t)/(tI"(t)) < b, then T'(2¥+1)/T(2F) > 21/, If T is
positive, decreasing, —I'(¢)/(tI"(t)) < b, then T'(2-+1)/T'(27%) > 21/ which
indicates both {I'(2¥)}rcz and {I'(27%)}rez are lacunary sequences. In the
sequence, we denote I'(2F) by aj if I' is decreasing and denote I'(2F) by a; ' if
T" is decreasing.

We respectively define two sequences of measures {oxqr, : k € Z} and

{lok,o.r.nl : k € Z} related to I' by

Q(z)h
/n fdorarn= /2k§|x|<2k+1 f(F(|a:|)x/>de’

_ 2D
AMM\ LKMQWf@UD) B

Thus, by dyadic decomposition, we can write T r 5 f as follows:

and

Tornf(z) = Z/2k<y|<2k+1 f@=T(ly)y ) Iy |n|y| ZUkQFh*f

kEZ kEZ

Also, we define the maximal operators M, o, on R™ by
Myarnf(x) =sup|lokaral = f(z)].
kEZ

Now we give the following several lemmas, which will play key roles in our
proofs.

Lemma 2.1. Let I be a positive function RY with |¢p(t)] < b and T € F.
Suppose h € Ay (RT) for some v > 1, Q € L'(S"~'). Then

[Moa,rnfllLrw) < CllfllLe(w)
for allp € (7/,00) and w € flp/,y,(R*‘).

Proof. The proof is only a simple imitation of [16, Lemma 2.4] and [10, Lemma
3.2] and we omit the details here. O

Lemma 2.2. Let ' be a nonnegative monotone C' function on RT. Suppose
h € AL (RT) for some v > 1, Q€ LY(S"™ ) and satisfies (1.1). Then

(i) llow,ornll < C.

(ii) If T is increasing, |0k a.r.n(é

)| < C|ak+1§|
(iii) If T is decreasing, |ox orn(&)| < C
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Proof. (i) is obvious. For (ii), by using the definition of the measure {o% o, :
k € Z} and the vanishing condition of €2, we have

2k+1 d
—2mil(r T
lok.a,rn(&)| = ‘/ / 2mil( xw)—do(@)‘
Sn—1 Jok T
gk+1
- d
- ‘ / h(r / Q(0)e= 27T 0ED) g ()L
2k Sn—1 T
2k+1
. d
<[ o) / <9>||e*2’"” DD 1do(0)
n—1 r
2k+1
< Cﬂlak+1£|/ M
Qk+1 Qk+1 ,
dr\ 1/ dr\1/7
< Colarntl( | \h(rw—) ([ )
2k T 2k r
< Cq,yhlak+1€]-
Similarly, for (iii), if I" is decreasing, we also have
ko rn(€)] < Caqnlay €. O

Lemma 2.3. Let I' be a positive function RY with |¢p(t)] < b and T' € §.
Suppose h € Ay (RT) for some v > 2, Q € WG5(S"™1) for some B> 2. Then
(i) If T is increasing on RY, and T'(2t) < C1T(t), then
— -8/2 .
Tk arn(€)] < Conn(loglarg]) %, iflarg] > 1.
(ii) If T is increasing on R, and tI'(t) is increasing on RY, then

—

-B/2 .
lokarn(€)] < Caqn(loglarg) o . if|agg] > 1.
(iii) If T is decreasing on RT, and T'(t) < CoT'(2t), then

i _ —B/2 ., _
lokarn(@)] < C’th(log |ak+11§|) ) Zf|aki1§| > 1.

(iv) If T is decreasing on R and convez, then
— — —-B/2 . —
‘0k7Q7F,h(£)| < C’th(log |ak+11§|) ) Zf|@ki1§| > 1.

Proof. The main ideas of the proof are taken from [10]. For (i), using the
definition of the measure {0k o, »}rez and Holder’s inequality leads to

lok.a,rn(8)]
2k+ ’ /
dr 1/7 v dr\ 1/
< —2mil(r)(£,0) “r
_(/Zk mer) ) / )/SM 0)le do(6)| ")

2k+1

. _Qm‘r(r)<€79>da(9)’W @)1/7
'y ok gn—1 r
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2k+1

. 2 dry 1/2
= Ohfy /Zk: ’Ln 1 72”1F(r)<5’9>da(0) Tr>

2k+1

= CM)//Sn L A0)2v) /2 e 2miD(M)(E:6-v) drda(@)d (u)‘

= G| / /S e, 2ORE)

r(2k+t) d 1/2
" o~ 2mis(£,0-v) 5 Lo (0)do(v ’
/1‘(2k) [=1(s)I"(T1(s)) s (O)do )

r(2k+h) 1/2
< C;Wb‘// Q(G)Q(y)/ e—2mis(e0—) 85 (6)do—(y)’ .
Sn—1xgn—1 r(2%) S

Here we used the change of variable r = I'(s) in the penultimate equation.
Obviously,

1/2

2k+1 F(2k+1)

‘/r(zk) r'(2%)

On the other hand, by the Van der Corput lemma, we have

rineon 8] 1o T g

r(2k+1)

‘/F(zk [ar€[[(€",0 —v)| 5’ -l

For |aié| > 1, since W is increasing in (e?, 00), we get

—27715(5 0—v) 4o ds ’

(loge?|(€".0 = n)]~1)°
(10 |arg])”

min{l? |ak€|_1‘<5179 - V>|_1} < C

Therefore,

— —B/2 .
omorn(©)] < Caqn(loglarg]) ™%, it jaxg] > 1.

For (ii), applying the same way as in (i), we have
2kt , 2 dr\1/2
|Umh(€)‘ < Ch,y(/ ‘/ Q(G)G_QMF(T)(E’g)dO’(Q) l)
2k Sn—1

.
=Cm\// Q0)0(v)
’ gn—1xgn—1

2k+1

| 1/2

y o2l (r)(€,0-v) @da(e)do(V)‘ -
2k "

Obviously,

2k+1

’/ 6_2m‘r(r)<5,9—v>@ < log2.
2k "
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On the other hand, using the change of variable r = T'(s), we have

2k+1

/ o—2mil () (.0-v) 9T
2k T

F(2k+1) 1
— / e—27ris<§,0—l/> . dS‘
r(2¢) I=1(s)I"(=1(s))

IN

T s(ams(ed 1 d
/Qk) cos(2ms (¢, _V>)1“71(s)1“'(1“*1(5)) S’

r(2+th) 1
+ ’/ e sin(2ms(€, 0 — >)F—1(S)F'(F—1(s))ds .

Here we used the Euler formula in the last inequality.

7

Since T' is positive and increasing, and tIV(t) is increasing, we can derive

’

that T=1(s)[" (I'1(s)) is increasing. Thus

/F(QHI) cos(2ms(€,0 — v)) ! ds
r(2+) ’ D=1 () (T (s))
<C 1 1
T 2I(29) €11 0 — v
L TEY) 1
26T (27) T(2F) 1K€, 6 — v)
1

Cor—r7—-
larg|l(€" 0 — v)|
Similarly, we have
2k+1

1 1

’/mk sl 0 =) Ergr i) ) S e o

Consequently,

2k+1

dr
[ ermrereo ] < Coming1, Jang] 0 - )] )
2k
The same argument as in the proof of (i) deduces that

— —B/2 .
o orn(©)] < Caqn(loglarg]) ™%, it jaxe] > 1.

For (iii), by using a similar approach, we obtain that

|ok.2.0n ()]

2kt ) 2dr\1/2

F(Qk) ) d
= Cna ( / / Q(0)e 2760 do (9) i °
"N Jrky S gn-1

‘ —T-1(s)["(T-1(s)) s

)|

)1/2
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_ r(2*) _ d 1/2
< Chﬁb‘ / / Q0)Qv) / e 2mis(60=1) 22 g0 (0)do (v)|
Sn—1yxgn—1 r(2k+1) S

It is easy to check that

“omis(€.0—1) (2"
’/r(2k+1) e ‘ =log [(2k+1) =log G
and
‘/F(Z o—2mis(€,0-v) ds < 2
- s 1= oLl o — vy
Therefore,
Frarn()] < Coqn(loglagt €)%, if oty > 1.

For (iv), we have

ok+1

lo%.0.rn ()] <Oh7(/2k ‘/Sn 1 67271'1'1‘( (6 ‘2dr>1/2

:O’W’//Sn,lxsnflg(o)ﬁ(”

ok+1

% e—27riF(7‘)<§79*V>dldo'(a)d()'(l/)
2k "

‘1/2

Note that

ok+1

‘/ 6—27\'1’F(T)<§79*V>£ <log2
2k "

and
ok+1

r(2*)
/ 6727riF(r)<§,97V>£ :/ 67271'1'5({,971/) - 1 ds
2k r D(2k+1) —I(s)I"(T1(s))

Since T is positive, decreasing, and convex, we see that —l"/(s) is decreasing.
Hence, —I" (I'1(s)) is positive and increasing. Applying the second mean value
integral theorem that there exists n such that I'(2¥*1) < n < I'(2¥), we have

e 2 0 1 d
gy €0 =D

1 /77 1
= — cos(2ws{&,0 — v ds.
-I (t) r(2k+1) ( < >)F71(8)
Therefore,
F(2 1
(2 _
‘/ 2k+1 cos(2ms(€, 0 V>)I‘*1(s)I" (I‘*l(s))ds
<C 1 1

—F’(Qk“) “Hm) [l 0 —v)l
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c 1 1
T @) 2R, 0 — v)
_c F(2k+1) 2
2RI (2MHL) D (2R [E[(E7, 0 — v)]
1
=l ool
Similarly,
r(2k+h) ' 1 1
fray 020 =Dyl < Oy
Consequently,
ok+1

— o7 v dr B
‘/Zk 2mil'(r)(€,0—v) 20 ‘<Cmm{1 |ak+1§| (g0 -

Applying the same argument as in the proof (i) again, we get

J— _ —B/2
lokarn(@)] < CQ,%h(IOg |aki1§|) , if |ak+1§| > 1.

Lemma 2.3 is proved. (I

3. Proofs of main results

This section is concerning with the proofs of Theorems 1.1 and 1.2. Based on
the estimates of Lemmas 2.1-2.3, by the Plancherel theorem and interpolation
theory, we can reduce Theorems 1.1 and 1.2 to the direct results of the follow-
ing more general weighted inequalities for the convolution operators. In what
follows, we only present the related results in the case that I is increasing, since
the other case can be given by the same arguments with a slight modification.

Proposition 3.1. Let v € (2,00], 8 € (1,00) and {or}rez be a family of
uniformly bounded Borel measures on R™. Let {ay : k € Z} be a family of
nonzero numbers and satisfy inf agy1/ar > A > 1. Suppose that there exist
constants C > 0 such that the following conditions hold:

(i) |lok|l < C for any k € Z and § € R",
i) [0k (§)] < Clags1§] for k € Z and § € R,
) |ok ( )| < O(log |ax&|)™® for k € Z and ¢ € R™,
) w€ Ay (RY) and [ Mo fllLo(w) < CllfllLr(w) for allp € (v, 00), where

Mo f(x) = Sup||€fzc| * f(@)].

(i
(iii

(iv

Then for any p € (7 +2(B IR +2(ﬂ2 lﬁ( ,71)) and w € Ap/vf(]l@'), there exists

a constant C > 0 such that

(3.1) | Xouwi],, ., <OIfle

kEeZ
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Proof. Let {1, }7%° be a smooth partition of unity in (0,00) adapted to the
intervals Ej = [(ags1)" ", (ax—1)"]. To be precise, we require the following

e, 0<¢gp <1, Y W(t) =
keZ

d* Y (t
supp ¢ € Ej, jtks( )’ =

Define the multiplier operators S in R™ by
(SkF)(©) = () (€).

It was proved in [21] that

(3:2) [(StserP) ™), <l

keZ

for all p € (1,00) and w € A,,.
We can write

Zak*f:ZJk*(ZS,%ﬂ ZZS’H‘J Ok * Sktj) ZTf

kez keZ jez JEZ kEZ JEZ
By Plancherel’s theorem, we have
(33) T8y <3 [ 1F©Plox©Pde.
kez” Brti
By a simple computation and our assumptions (i)-(iii), we get
175 fllz2mny < C|j|7ﬁ||f||L2(R")a ifj < -1,

I fllzz@ny < XN fllzzny, i 5 > 1.
In short,
(3.4) I3 flle2eny < CA+1GD PN fll2@ny, Vi E€Z.

To obtain the weighted LP-estimate, we shall prove an auxiliary vector-valued
inequality as follows:

1/2 1/2
65 (Sear) ], <cl(S )"

for 1 <4’ <2, p>5" andwe A4, (RF).
Let » = p/7'. Since r > 1, for w € flp/vl (RT), we choose a nonnegative
function u € L™ (w) with [|u] L+ (w) < 1 such that

H(Zwk*gk‘7 " L/p(w / Z ok * gr( () (z)dx

kEZL kEZ

< [ Sl M () )

keZ

Lr(w)
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AV
<[(X1aer )1 ’ HZP(M)HMa(““)'

kEZ

L (w17rr-’)~

Recalling » = p/v/, it is easy to check that w € /Nlp /o (RT) if and only if
w'" € A, (RT). Thus, by our hypothesis (iii), we have

(o) L el(S ),

By applying (iii) again, we obtain that

<CHsup|gk|

< cfjnte |
e e e

kez Lr(w) Lr(w)

Therefore, by the vector-valued interpolation [19, p. 482], we obtain (3.5).
We now turn to the proof of the weighted LP-estimate. For any p >+ and
we A, (RY), we have

1T £l oy < CH(Z o * sk+jf|2)1/2‘

keZ Lr(w)
1/2
3.6 gCH Spei fI? ]
o0 (S ),
<Ol fllzew),

where the first and the last steps follows from (3.2) since w € A, /v (RY) C
A,/ (RT), whereas the second step follows from (3.5). Hence, by [1, Lemma
2.3], there is an € > 0 such that

(3.7) 1T fllLe@i+ey < CUfllLo(ur+e)

for any p >+ and w € A,/ (R¥).
For 8> 1,p € (5 +2(ﬁ5 L 7,+2(5211§(7,71)), by interpolation between (3.4)

and (3.7) with w = 1, we find a 6; > 1 such that
(38) 1T flloqeny < CA+1GD"" 1 fllzr@n), Vi€ Z.

Applying the Stein and Weiss interpolation theorem with change of measure

[26], we 1nterpolate (3.7) and (3 8) to get that,

for any p € (7 +2(,8 7 +2(5271)(7, 1)) and w € Ap/y /(RT), there is a 65 > 1

such that

1T fllrwy < CA+ 5D fllLow), Vi€ Z
Therefore, we get

| Xoxd],, < €3 ITifllri < Clflance
kez L) j

forany 8> 1, p € (5 +2(§ 7 +2(52’Y1)(7, 1) and w € A,/ (R*). This proves

Lemma 2.1. O
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To obtain the proof of Theorem 1.2, we need to establish the following
proposition.

Proposition 3.2. Under the same conditions as in Proposition 3.1, for any

B>3/2,pe€ (;fféﬁﬁf_lg)» 7/4_&/(3?)7(;2_3)) and w € flp/ﬂ//(R*), there exists a

constant C > 0 such that

(3.9) [sup S oosall| < Cl i
j=k

keL = Lp(w) —

Proof. Let ¢ be a C* function satisfying ¢(|¢|) = 1 when |£] < 1/A and
¢(1¢]) = 0 when [§] > X. Define ¢ = ¢ and ¢x(§) = 77 d(<), we make

(ak)™

a decomposition as follows:
+o0 k—1 +oo
S o fla) =rx > opxfl@)—trx Y oy fla)+ (6 =)k Y ok f(x),
j=Fk JEZ j=—o0 =k
where § is the dirac measure at zero. It follows that
+o0 k—1
sup ‘ Zaj * f‘ < sup ‘wk * Zaj * f(x)‘ + sup ‘1/% * Z o * f(a:)‘
= kEZ iz kez ,

k€EZ Jj=—00

+zlélz)‘(6_wk)jz_;aj *f(x)‘
= Jif +of + J3f.

Below we will estimate J; f, Jof and Jsf, respectively.
For Jy f, it is easy to check that

[ f (@) < CM(D oy f)(x).
JEZ
Then, by Proposition 3.1 and the fact that A
diately get
1T fllzr@) < MY 05 H)ll oy < CN D05 % Fll oy < CllFllre)
JEL jez
for any 8 > 3/2, p € (-L26-1) Y@L ) and w e A,/ (RY).

7' +(28-3)7 v+ (v —1)(28-3)
For Jyf, we can write

Jof(z) = ig‘;wk * Ok *f(w)‘ < ;ilellz)w’k xop_j* fz)] =: ;Jﬁf(w)

o/ (RT) C Ay (RT), we imme-

Notice that |JJ f(z)| < CMM, f(x), invoking our assumptions (iv) yields that
193 Fll 2o (@) < CllMo fll Loy < ClLFllLr(w)
for any p >+ and w € flp/wf (RT). Hence, there is an € > 0 such that

(3.10) 13 Fll o itey < ClF Nl oo+
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for any p > ' and w € flp/v/ (RT). On the other hand, by (ii) and Plancherel’s
theorem, we have

18 £y < [| (3 e oy = £12)

kEZ

< Ok—j 24
_Z/{MM 73621 (6) e

keZ

/R > 1655 PXqanei<n | F(©)7dE

kEZ

< c/nzw DX flanel<ny FOIPdE

kEZ

L2(R™)

SCA*QJ'/R Y A X (areieny [F(©)Pdé

kez
< CX | f 1172 @ny-

That is,

(3.11) 153 fllza@ny < CAZIf | 2eny-
Interpolating between (3.11) and (3.10) (w = 1) gives that
(3.12) 193 £l 2o @ny < CA™% 1 £l o)

for any p >+ and w € flp /' (RT). By Stein and Weiss’ interpolation theorem
with change of measure between (3.10) and (3.12), we find a positive number
03 such that

13 £l o) < CAT [l w)
for any p >+ and w € /Nlp/vz (RT). Hence,

12 fllLr@w) < DN e < CllfllLew)
§=0
for any p >+ and w € flp/,y/ (RT).
Finally, to estimate Js f, we write

Js ) = sup| D0 =) ek + 12)

<Zsup| (0 — Yr) * Opyj * f(2)]

]OEZ

o

=Y Jlf(x).
=0
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Similarly to the arguments on Jg f, it is easy to check that

173 Fll ey < ClIFIlLe o)

for any p >+ and w € flp/vz (RT).
Also, by (iii) and the Plancherel theorem, we deduce that

s < [ (216 =) oy« 7))
keZ

2

L2(R™)

— 2|7 2d
<y /{ o ORI O

keZ

< S = 2| ¢ 2d
SIS OO

. -28
QP (logfares€l)  de

|

kez i=0 AT Slarg| <At

<o ()" NGIRS

kEZ i=0 i—l<l agg|<A?

oo 1 28 )
< C; (Z—‘y—ji—l) 1 F 2@

< Ci 2N f 12 -
Hence,
1T ll2eny < 5= £l 2 en).-
An interpolation gives that
I3 Fll ey < C7%] fll Lo ey
for any 8 > 3/2, p € (LE0-U) 120D ) and w € A,//(RY). Stein

Y +(28-3)7 v +(y'—1)(28-3) /
and Weiss’s interpolation theorem with change of measure derives that there

is a positive number 63 such that

13 fll ey < Ci~% 1 £l ()

for any 8 >3/2,p€ (77-55?2657_2)7 7’+(’1Y’(E€)7(;23—3)) and w e A

/v (RT). Hence,

T3 f e (w) < Z 1T Fll oy < CNFllnr )
j=0
'(28—1 '(28—1 i .
forany 8 > 3/2,p € ("/’Y-é(fﬂ—g)’ v’+(1’(—€)(223—3)) andw € Ay (RT). Summing
up the estimate Jy f, Jof and Js f, we get the desired result and completes the
proof of Proposition 3.2. O

Now we prove Theorems 1.1 and 1.2.
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Proof of Theorem 1.1. According to Lemma 2.1, Lemma 2.2(i)-(ii), Lemma
2.3(i)-(ii), the result of Theorem 1.1 for w € Ap/w,(]RJr) directly follows from
Proposition 3.1 by substitution /2 for 8. And the corresponding result for
w e Ay /v (RT) follows from the duality arguments and the result for w €

Ay (RT). O
Proof of Theorem 1.2. We note that

)h

0 =
Tioaf)=| [ S o] [ S onra e 1)

for some k satisfying 2F < ¢ < 2¥+1. Therefore

+oo
Tornf(x) <Msarnf(z)+sup ’ Z Ok,Q.,h * f(ff)"
kez | 4
j=k

This together with Lemma 2.1 and Proposition 3.2 deduces Theorem 1.2. [

4. Concluding results

In [11], Ding, Xue and Yabuta gave an ingenious way to transfer the effect
of the surface to the radial function in the kernel of singular integral along
surfaces, and they obtained the following result.

Theorem G. Suppose that T is a nonnegative (or nonpositive) and monotonic

C* function on (0,00) such that ¢(t) :== tll:fg) is bounded. Let h € Ay(Ry) for
some vy > 2. If Q € H(S"™1) satisfies (1.1), then Tor 5 is bounded on LP(w)

fory' <p< oo andw € Ay (RY).

Employing the ideas in [11], we can further weaken the assumptions on T’
and extend our Theorems 1.1 and 1.2 as follows.

Theorem 4.1. Suppose that T is a nonnegative (or nonpositive) and monotonic
C' function on (0,00) such that ¢(t) := t?,('(?) is bounded. Let h € A (Ry)
for some v € (2,00]. If @ € WG5(S™ 1) for some B € (2,00) and satisfies
(1.1), then Tqr.n ts bounded on LP(w) for p € (
ARS flp/,yz (RT) or flp//,y, (RT).

Theorem 4.2. LetT', ¢, r, h be the same as in Theorem 4.1. If QeWGg(S™1)
for some B € (3,00) and satisfies (1.1), then T¢ 1y, is bounded on L?(w) for

! 5—1 ’ ﬂ_l ~
p€ G 7t intsy) andw € Ay (RY).

To prove the above theorems, we need the following two lemmas in [11].

Lemma 4.3 (cf. [11]). Let T and ¢ be the same as in Theorem 4.1. If h €
AL (Ry) for some v > 1, then

v'B 78
v +B-2" v/+(ﬁ*2)(v’*1)) and

1 R
E/o (D @D 0D dt < C (1015 + 10]1%), B> 0.
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Lemma 4.4 (cf. [11]). Let T, ¢ and h be the same as in Theorem 4.1.
(1) If T' is nonnegative and increasing, Tor nf(x) = To,¢m-1)nr-1)f ().
(2) If T is nonnegative and decreasing, Tornf(x) = _TQ (I~ 1)h -y f(z).
(3) If ' is nonpositive and decreasing, To,rnf(x) = Tg ¢(F (T (x)
(4) If I is nonpositive and increasing, To,rnf(x) = =Tq 4yr-1ynr- )f(x)
Here Q(z) = Q(—x).

Proofs of Theorems 4.2 and 4.3. Applying Lemmas 4.3-4.4 and Theorem 1.1

for the special I'(t) = t, we get Theorem 4.1. Similarly, Theorem 4.2 directly
follows from Lemma 4.3, Lemma 4.4 and Theorem 1.2. (]

5. Marcinkiewicz integrals analog surfaces

In this section, we consider the following parametric Marcinkiewicz integrals
along surfaces

M@ = (715 [ s Ml §)"

where p = 74+ 49 (7 > 0, 9 € R) is a complex number. If h = 1, we denote
MQ,F,h by Msz,r Obv1ously, if I‘( ) =t and p = 1, then the operator M?z,r
reduces to the classical Marcinkiewicz integral operator Mg introduced by
Stein [25].

In [2], Al-Qassem proved the following result.

Theorem H. Let T be in C?%([0,00)), convez, and an increasing function with
L'0)=0. If Q € Gg(S™ 1) for some B> 2, then there exists C,, > 0 such that

ML Fllrw) < Cpll fllLrw)
forpe (B,0) and w € AP(R‘*‘).

We remark that the above conditions on I' automatically implies the con-
dition ¢(t) € L*°(0,00) and (ii) in the condition §. By the similar arguments
as in dealing with T r 5, we can improve and generalize the above result as
follows.

Theorem 5.1. Let h € Ay (Ry) for some v € (2,00], & € WGg(S"™1) for
some 3 € (2,00) and satisfy (1.1). Suppose that T' € § and w € A,/ (RT).
Then Mg, 1, is bounded on LP(w) for p € ( :

Y8 Y8 )
Y+B-27 v'+(B-2)(v'-1)/"

Proof. As to the operator M?z,r, > by applying Minkowski’s inequality, we can
write

M= ([T 32 5 [ T 5 )
0

> ([ 1;/QHKy|<2ktf<m—r<y|>y'>hﬂ;"ﬁ“ﬁy)dyf‘f)“

k=—o00

IN
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/
T1-2 / ’t" //2<|y|<t #=T(ly) (||y|‘2L ,5 ) 92%)1 2.

We define two sequences of measures {0 , o,r,, : t € RT} and {|oyparnl:t €
R*} related to I' by

Qz)h(|z])
fdoiporn = f(O(|z))a") ————dx
R™ b tr t/2<|z|<t 2|

)

and |0y p.0,r,n| is defined by the same way as ot , 0 1,5, but with Q replaced by
2] and h replaced by |h|. Thus,

Fhf( ) < 1_12 . (/O" ‘at,p,Q,F,h * f(x) 2%)1/2.

The maximal operators M? ., ., on R" is defined by
Mg,sz,r,hf(x) = sup “Ut,p,ﬂ,F,h| * f($)|
teRT

Similar to Lemma 2.2 and Lemma 2.3, we can easily obtain the estimates of
measures o, , o r,,. According to [10, Lemma 3.2], we know that

IMZ o 0w fllLe@w) < Clf o)

for all p € (7/,00) and w € /Nlp/w/(R"‘). Therefore, it is not difficult to derive
Theorem 5.1 by applying the standard method of the same as in Proposition
3.1. We leave the details to the interested reader. g

As applications of the above result, we can also obtain a theorem on the
parametric Marcinkiewicz integrals related to the Littlewood-Paley g} function
and the area integral S. We define the operators M{7T , y and M5, 1, ¢ by

dydty\1/2
FP 20y
MQFh,\ //R"“ t+|33 y|) | Q,l",hf(yat)‘ t"+1) )

where A > 1 and R} = R" x (0, 00),

h(ly)Ay")

fé,l‘,hf(m7t) = flz - F(|y|)y/)Wdy,

P
Syt

o dydt\1/2
MirasD@ = ([ [ 1Faeatwn5lm) "

where V(z) = {(y,t) e R}t |z —y| < t}. Then, we have:

and

Theorem 5.2. Let h € Ay (RT) for some v € (2,00], & € WGg(S"™1) for
some 3 € (2,00) and satisfy (1.1). Suppose that I' € § and w € A, /5(RT).
Then MG, 5 is bounded on LP(w) for p € [2,%). The same
conclusion holds for Mg, -
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Proof. Following the similar arguments to the proof of in [9, Lemma 5.1], it is
not hard to see that

(5.1) /Rn (Mg’}’h’/\f(x))Qg(x)da: < G /Rn (ngF’hf(g;))gMg(x)d%

where M is the classical Hardy-Littlewood maximal operator on R™.
If p=2, then w € A;(RT) C A(R"). Thus, Mw(z) < Cw(z)a.e.z € R™.
This together with (5.1) and Theorem 1.1, we have

" 2
/ (M&nh’)\f(x)) w(z)dz < CA/ |f (2)Pw(z)dz.
Rﬂ. RTL
)). Let ¢ = p/2 and X denote the set of all g € L7 (w'~7")

'8
Ifp € 2 o=
with [|g[| ¢’ (1-a'y < 1. Then we can write

* * 2
HMI;i,r,h,A”ZLp(w) :Sip‘/R (Mg,r,h,xf(x)) g(x)dx‘

2
< CSL)I(p ’ / (M67F7hf(z)) Mg(x)d:z:‘
Rn
< O MG r i f 7o Sup Mgl L (1-ay

< Cllf s -
On the other hand, it is easy to check that

M?z,r,h,sf@v") < C/\Mg},h,Af(x)a
which implies Theorem 5.2 and completes our proof. O
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