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CONTINUOUS DATA ASSIMILATION FOR THE
THREE-DIMENSIONAL SIMPLIFIED BARDINA MODEL
UTILIZING MEASUREMENTS OF ONLY TWO
COMPONENTS OF THE VELOCITY FIELD

CunNG THE ANH AND Bur Huy BAcH

ABSTRACT. We study a continuous data assimilation algorithm for the
three-dimensional simplified Bardina model utilizing measurements of
only two components of the velocity field. Under suitable conditions on
the relaxation (nudging) parameter and the spatial mesh resolution, we
obtain an asymptotic in time estimate of the difference between the ap-
proximating solution and the unknown reference solution corresponding
to the measurements, in an appropriate norm, which shows exponential
convergence up to zero.

1. Introduction

Data assimilation is a methodology to estimate weather or ocean variables
combining information from observational data with a numerical dynamical
(forecast) model. In recent years, data assimilation problems for many impor-
tant equations in fluid mechanics have been extensively studied by Edriss Titi
and his coauthors, see e.g. [2,4,12-14,16,17,19, 20, 22,24]. We also refer the
interested reader to [1,3,6-8,20,23] for some recent results of other authors.

The simplified Bardina model was considered by Layton and Lewandowski
[21] being a simpler approximation of the Reynold stress tensor proposed by
Bardina et al. [5], which is called the Bardina model. It is noticed that the
simplified Bardina model is consistent with other a-models in fluid mechanics,
see e.g. [18] and references therein, in the sense that if a = 0, we formally re-
cover the classical three-dimensional Navier-Stokes equations. In recent years,
there are many results on the existence, convergence and long-time behavior of
solutions to the simplified Bardina model, see e.g. [9,10,21,27].

The continuous data assimilation for 3D simplified Bardina model using
observations on all three components of the velocity field was studied recently in
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[1]. In this paper, we will investigate a more practical case when the dimension
of the observation vector is less than the dimension of the model’s state vector.
To do this, we will exploit the approach used recently in [13] for 2D Navier-
Stokes equations and in [15] for 3D Leray-« model, which is based on ideas
in [4] and exploits the divergence free condition for the velocity field. In what
follows, we will explain the problem to be investigated.

Suppose that the evolution of u is governed by the three-dimensional sim-
plified Bardina model, subject to periodic boundary conditions on = [0, L]3:

0
(1) a%_”A”JF(“'V)UvLVp:f,
V-u=V.-v=0,

on the interval [tp,00), where the initial data u(tg) = up is unknown. Here
u = u(x,y, z,t) represents the velocity of the fluid, called the filtered velocity,
v = u — a?Au, and o > 0 is a scale parameter with dimension of length.
Above, p is a scalar, the pressure, and f is a body force which is assumed, for
simplicity, to be time-independent.

Here, the reference solution is given by a solution w of (1) for which the initial
data is missing, and in a more practical case than that in [1], the observational
data needed to be measured and inserted into the model equation is reduced or
subsampled. We required observational measurements of only two components
of the 3D velocity vector field.

In this context, we consider the horizontal observational measurements,
which are represented by mean of the interpolant operators Ip(uq(t)) and
I, (ug(t)) for t € [to, T], where I, () is an interpolant operator based on the ob-
servational measurements of the scalar function ¢ at a coarse spatial resolution
of size h.

We now follow the approach in [13,15] to introduce the following continu-
ous data assimilation algorithm for finding an approximate solution u* of the
unknown reference solution u. First, we rewrite the simplified Bardina model
as follows:

ov
(2a) a—tl — VAU + u10u1 + u20yur + uzdur + 0xp = fi,
0
(2b) % — vAvy + u10us + u20yug + uzdus + Oyp = fo,
0
(2¢) % — VA3 4+ u105uz + u20yusg + uzdyuz + 0,p = fa,
(2d) Ozu1 + Oyug + 0,us = 0,01 + Oyva + 0,v3 = 0,
(2e) v1 = ug — &®Aug, vy = us — &> Aug, vz = uz — a?Aus.

Given an arbitrary initial datum wug, we look for a function u* satisfying
u*(tg) = uf, the same boundary conditions for u, and the following system:
ovy

(3a) 5

— VAV] + ui0pul + us0,ul + uz0,ul + 0p*
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=f1—p(In(uy) — In(u1)),

(3b) 887; — VA + ujOpul + uidyul + uid.ul + dyp”
= fa — p(In(u3) — In(uz)),
(3¢) % = vAV; + uiOpu + usdyus + us0ul + 0ap" = fa,
(3d) Ozul + Oyus + 0 us = 0,v7 + Oyvs + 0,v3 =0,
(3e) v =l — o?Aul, vl = ub — o®Aub, vl = ul — o®Auj,

where v and f = (f1, fo, f3) are the same kinematic viscosity parameter and
forcing term from (2), p* is a modified pressure, and p > 0 is a relaxation
(nudging) parameter. The purpose of p is to force the coarse spatial scales of
uf toward those of the observed data Ip(u;), ¢ = 1,2. Here, observational data
of the horizontal components Ij,(u1) and Ip(ug) were chosen as an example
but any data assimilation algorithm using two out of three components of the
velocity field also works. As mentioned in [13,15], one of the advantages of this
algorithm is that the initial data wu( of the approximate solution can be chosen
to be arbitrary.

In this paper, we will consider the following types of interpolant operators.
The first interpolant observables given by linear interpolant operators I :
HY(Q) — L%*(9), that approximate identity and satisfy the approximation
property

(4) e = In() 2 ) < Yohllellm @)

for every ¢ in the Sobolev space H'(£2). We also consider a second type of
linear interpolant operators I, : H2(Q2) — L?(f2) that satisfy the approximation

property
(5) e = In(@)llz2 ) < nbllella @ + 2R3 el 2@

for every ¢ in the Sobolev space H?(2). We will call the interpolants that
satisfy (4) and (5) are of type I and type II, respectively. We present here
three examples of such interpolant operators.

The first example is given by the projector onto low Fourier modes. Con-
sidering ¢y (z) = L™3e*5** with |k| < |54 |. Then we define I, : H'(Q) —
L?() as

In(p) = Prp = Z Prdr(z),

|k|<| 555 |

where o(z) = >, czs Pror(x). It satisfies inequality (4) (see e.g. [2,15]), i.e.,
I, is an interpolant operator of type I.

The second example of interpolant operators of type I is the volume element
operator. Dividing Q = [0,L]* into N cubes Qy, of same edge, then I, :
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H'(Q) — L*(Q) given by

o~ Xa (1) N
In(p) =) XQkLig ¢(y)dy,
k=1 2,
with h = LN~1/3 i.e., the edge of each Q, and xq, is the characteristic func-
tion of the subdomain 2. One can check that (see e.g. [2,15]) this interpolant
operator satisfies (4).

Finally, we give an example of interpolant operators of type II, which is
obtained by observational measurements of velocity on discrete points xj of
cube €2, that can be divided in N cubes €2, as previous example, with zy € Q.
Then I, : H3(2) — L?(Q2) defined as

N
In(p) = > elar)xo, (z)
k=1

satisfies (5) (see a proof in [2,4,15]).

It is noticed that if I;, : H2(2) — L?(Q2) is an interpolant operator of type
I, then it is also an interpolant operator of type II. Although the interpolant
operators of type II contain the nodal values, which are very useful in practice
because we only need to know measurements of velocity at a discrete set of
nodal points in , but it requires that the data need to be smoother (belongs
to H?(Q) instead of H*() as in the case of interpolant operators of type I).
This leads to the fact that we need to consider the strong solutions for these
interpolant operators.

We provide explicit estimates on the spatial resolution h of the observational
measurements and the relaxation (nudging) parameter p, in terms of physical
parameters, that are needed in order for the proposed downscaling algorithm to
recover the reference resolution. We will show that, under suitable conditions
of u and h, for any initial data w, the data assimilation equation (3) has a
unique solution u* defined on the whole interval [tg, 00), and this approximate
solution will converge to the reference solution u of the 3D simplified Bardina
model as time goes to co. The results obtained in this paper can be seen as an
improvement of previous result for the Bardina model in [1] in the sense that
we use observations in only any two components and without any measure-
ments on the third component of the velocity field. They are also counterparts
of corresponding results for 2D Navier-Stokes equations [13] and the Leray-a
model [15].

In what follows, we will describe in more details the procedure of imple-
menting these mathematical results to solve real-world problems, like weather
forecasting.

Suppose that u(t) represents a solution of system (3), where the initial data
u(tg) = wo is missing. The goal of continuous data assimilation is to use
low spatial resolution observational measurements, obtained continuously in
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time, to accurately find the unknown reference solution u(t) from which future
predictions can be made.

Step 1. Constructing the data assimilation equation.

Let I (u(t)) represent an interpolant operator based on the observational
measurements of this system at a coarse spatial resolution of size h, for t €
[0,T]. The algorithm proposed is to construct an approximate solution u*(t)
that satisfies the data assimilation equation (3).

Here, we only use the observational data of two out of three components
of the velocity field, namely Iy (u1(t)) and Ij(us2(t)). The algorithm can be
implemented with a variety of finitely many observables: low Fourier modes,
nodal values, finite volume averages, or finite elements.

Step 2. Proving the global existence and uniqueness of solutions
to the data assimilation equation.

The corresponding solution u*(t) of the data assimilation equation (3) is
called the approximate solution. As mentioned in [13,15], one of the advantages
of this algorithm is that the initial data uf of the approximate solution u*(¢)
can be chosen to be arbitrary.

Step 3. Proving the convergence of approximate solutions to the
reference solution.

The goal of this step is to find estimates on relaxation parameter p > 0 and
the spatial resolution h > 0, in terms of physical parameters of the evolution
equation (2), such that the approximate solution u*(t) approaches the reference
solution wu(t), with increasing accuracy, as more continuous data in time is
supplied. After some large enough time 7' > 0, the solution v*(7T) can then
be used as an initial condition in system (2) to make future predictions of the
reference solution wu(t) for ¢ > T, or one can continue with data assimilation
equation (3) itself, for as long more measurements are provided.

Since our goal here is to analyze the long-time behavior of solutions, in all
the statements below we make the assumption that the reference solution
is a trajectory in the global attractor A of the 3D simplified Bardina model,
which is recalled in Section 2 below. We remark, however, that the same results
still hold by assuming that u is a solution of the 3D simplified Bardina model
starting at a point u(tg) = ug with ¢y large enough so that the uniform bounds
(22) and (23) in Section 2 below are also valid for u, up to a multiplicative
absolute constant. It is also noticed that all results of the paper are still valid
if we assume the external force f € L*(to,00; H), where H is the function
space defined in Section 2 below.

For external force f € H, we define the Grashof number in three dimensions
as follows

1/2/\?/4.

We are now ready to formulate the main results in this paper.
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The two first theorems are about the existence of weak solutions to the data
assimilation system and its convergence to the reference solution of the simpli-
fied Bardina model, with observable data of type I and of type II, respectively.

Theorem 1.1 (Observable data of type I). Suppose I, satisfies (4). Let u be
a solution in the global attractor of the 3D simplified Bardina model (2) and
choose p > 0 large enough such that

M) S cvGr? A . vA1 n 1 . 54civGrt
H= Aa? \ 2 oz )P ot ’

and h > 0 small enough such that ,uc%h2 <.
If uy € V and f € H, then there exists a unique weak solution u* of data
assimilation equation (3) on [tg,00) satisfying u*(to) = uf and
. du*
u € C([t()? OO); V) N L%oc([tm 00)7 D(A>)7 E € ngoc([to’ 00)7 H)
Moreover, the solution u* depends continuously on the initial data uj and it
satisfies

() = u()]* + o®[|lu* () — u(®)]* — 0,

at exponential rate, as t — oo.
Here, the constants co and cs appear in (11) and (21) below, and c is a
suitable positive constant independent of parameters of the system.

Theorem 1.2 (Observable data of type II). Suppose I}, satisfies (5). Let u be
a solution in the global attractor of the 3D simplified Bardina model (2) and
choose 1 > 0 large enough such that (7) holds and h > 0 small enough such
that pcth? < 2v and pcih* < dva®.

Ifuy € V and f € H, then there ezists a unique weak solution u* of equation
(3) on [to,00) satisfying u*(tg) = uf and

N du*
u” € C([t()? OO); V) n L?OC([to, 00)5 D(A))v E € ngoc([tm OO); H)

Moreover, the solution u* depends continuously on the initial data ug and it
satisfies

[ (t) — u(t)* + o®[|u(t) — u(t)||* =0,

at exponential rate, as t — oo.
Here, the constants ¢y and c5 appear in (11) and (21) below, and c is a
suitable positive constant independent of parameters of the system.

The following theorem shows the existence and uniqueness of strong solu-
tions to the data assimilation system (3) with observable data of type II, and
its stronger convergence (in D(A)) to the reference solution of the simplified
Bardina model.
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Theorem 1.3. Suppose I satisfies (5). Let u be a solution in the global
attractor of the 3D simplified Bardina model (2) and choose p > 0 large enough
such that
cwGr? (N vA 1 54C§I/Gr4 cvGrS
> — =+ ==+ - A
(8) /Jmax{/\la2 <2+a2 +y>exp< 2 + /\?ag,l/1 )
and h > 0 small enough such that pucih? < v and pcgh* < 4va?.
If u§ € D(A) with

. . 202Gr?
(9) Jug|* + o [lug || < i
1
and
202Gr? (N v\ 1 54ctvGrt
10 *12 2N Aur? <« 222 (2L, 22 it I
( ) ||uOH +OZ| u0| — )\1/2 2 + Oé2 +V exp Oé4>\1 )

and f € H, then there exists a unique strong solution u* of data assimilation
equation (3) on [tg,00) satisfying u*(to) = uf and
d *
u* € C([t()v OO); D(A)) N L%oc([tm OO); D(AS/Q))v % € L%oc([t(% OO>3 V)7
such that

2202Gr? (N vA 1 54civGrt
* 2 2 * 2 1 1 5
IO+ aao 0 < 2 (G T e ()

3
n 384000(16e + 2)c3ct [ 2v2Gr?
viiab )\1/2

A

for all t > ty. Moreover, the solution u* depends continuously on the initial
data ug and it satisfies

[l (2) — u(®)]* + o Au* () — Au(t)* — 0,

at exponential rate, ast — oc.

Here, the constants co,cs,cq and cs appear in (11), (18), (19) and (21)
below, and c is the suitable positive constant independent of parameters of the
system.

The rest of the paper is organized as follows. In Section 2, for convenience of
the reader, we recall the functional setting and some results on the 3D simplified
Bardina model which will be used in the proof of main results. Section 3 is
devoted to proving Theorem 1.1, Theorem 1.2 and Theorem 1.3.

2. Preliminaries

Let © = [0,L]? be a periodic box, for some L > 0 fixed. We denote by
V the set of all vector valued trigonometric polynomials defined in €2, which
are divergence-free and have average zero. We denote by L?(Q), W*P(Q), and
H*(Q) = W*2(Q) the usual Sobolev spaces in three-dimensions. Denote also
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by H and V the closures of V in the (L%(2))3 and (H(Q2))3, respectively. Then
H and V are Hilbert spaces with inner products given by

3 3
(u,v) = Z/Quividmdydz and ((u,v)) = Z /Q(‘?jui(’“)jvidxdydz,
i=1

i,j=1
respectively, and the associated norms
lul = (u,w)"/? and [[ul] = ((u,u))"/?.

We denote P : (L?(Q))®> — H the Leray projector, where (L2(Q))? is the set
of all functions belonging to (L?(Q))® with zero average and by A = —PA
the Stokes operator, with domain D(A) = (H?*(Q))®> N V. In the case of peri-
odic boundary conditions, A = —A|p(4). The Stokes operator A is a positive
self-adjoint operator with compact inverse. Hence there exists a complete or-
thonormal set of eigenfunctions {w;}32; C H, such that Aw; = A\jw; and

O<)\1§)\2§"'7 )\j*)OO&Sj‘)OO.
Furthermore, inequality (4) implies that
(11) u— In(u)|* < cgh®|lul?

for every u € V, where ¢y = 7, and inequality (5) implies that

1 1
(12) = T < SR ull? + Jciht| dul

for every u € D(A), for some ¢y that depends only on vp,7; and 7s.
We have the following versions of the Poincaré inequality:

(13) lull¥r < AT Hul?, Yu € H,

(14) u> < AT ull?, Yu eV,

(15) lul|? < AT Au|?, Yu € D(A).

In three-dimensions, we also have the Agmon inequality:
(16) lull L @) < exllull'/?|Aul'’?, vu € D(A),
and Ladyzhenskaya inequalities:

(17) lull oy < ealul™*|[ul**, Vu € V,
(18) lull ooy < eslul2[ull'/?, Vu eV,

and Sobolev inequality:
(19) ullLs) < callull, Vu € D(A).

Following the classical notation for the viscous simplified Bardina model, for
every u,v € V, we write B(u,v) = P[(u- V)v]. The bilinear operator B can be
extended continuously from V' x V with values in V.
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Let us now recall some algebraic properties of the nonlinear term B(u,v)
that play an important role in our analysis. These results may be found in any
of the references [11,25,26]. For u,v,w € V we have that

(B(u,v),w)y vy = = (B(u,w),v) .y
and consequently
(20) (B(u,v),v)y y = 0.
Furthermore,
(21) [(B(u,0),w)y y | < csllull/?|Aul/2Jo|w], Yu € D(A),v € H,w e V.

We now prove some asymptotic estimates for solutions to the simplified
Bardina model (2).

Theorem 2.1. Let f € H. Ifug € V, then the system (2) has a unique weak
solution u that satisfies u(ty) = uo and

w € Cllto,00)5 V) 1 Lo, 00); DAY, 5 € 12

Moreover, if ug € D(A), then the system (2) has a unique strong solution u
that satisfies u(ty) = up and

([to, 00); H).

loc

u € C([t()?OO)?D(A)) N Ll20c([t07oo);D(A3/2))v % € L%oc([tmoo); V)

Furthermore, the semigroup S(t) : V. — V associated to (2), has a global
attractor A in V. Additionally, for any u € A, we have

202 Gr?
(22) ul? + ol < 27
1
and
202Gr? [\ VA 1 54civGrt
2 2 2 1 1 5
(23) ||UH + « |Au| S T (2 + ? + V) exp (044)\1) )

where Gr = V_QA;3/4|f| is the Grashof number.

Proof. The existence and uniqueness of weak/strong solutions to (2) and the
existence of the global attractor A were already known (see, e.g. [1,9,21]). Here
we only prove estimates (22) and (23).
Multiplying (2) by u, then integrating over 2 and using (20), we get
1d

5 7 (l* + @ llull®) + v(lul® + a®|Aul®) < (f,u)y. -

By using the Cauchy inequality and the Poincaré inequality (13), we obtain
|fI?

14
(frwyyr v < fllvellull < W + §HU||2-
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Thus,

d 2 2 2 2 ‘f|2
—(ul® + @®[[ul?) + v([u]® + o Auf?) <

Using (14) and (15), we deduce from the above inequahty that
1P
I/)\l '

(24)

d
2 (el” + ?l[ul?) + v (jul® + o*[lull?) <

Applying the Gronwall inequality to (25) we conclude that for all ¢ > ¢¢:
()] + a®[[u(®)|* < (Julto)]* + o [[u(to)]|*)e A ()

fI? A (t—to)
+ (1 — e vt ) .
v2)\2
Because of this and the definition of Gr, there exists a time 7} > tp, which
depends on the norm of ug, such that for all ¢ > T}, we have the estimate (22).
Integrating (24) from t to t + 1 and using (22) we get for all t > T}:

t+1 2 M,
(26) [ )P+ ?pautoyas < S+ 20

t 1

’
14

(25)

where My := 2”)\ 21%"2. Multiplying (2) by Au and integrating over €2, we obtain

1
(27) th(\\UIIQJranAM )+ v(|Auf® + o®|| Aul]?)
S ( ( 7u)7 ’LL) + <f7 Au>V’7V
By the Cauchy inequality and the Poincaré inequality (13) we have

(28) {(f, Awyy < [ fllvllAu] < — |f|2 IIA I”.

Using (21) and the Young inequality, we arrive at

27¢t
(29) |(B(u,u), Au)| < eslul*?|Auf*’? < Fgf’llull6

+ Z|Au|2.
Substituting (28) and (29) into (27), we deduce that

705 6y

d
7 (ull? + a®|Aul®) + v(|Auf® + o Au||?) <

Using (22), we have for all t > T7,

27ciME

2 21412 5440 2 21412

(30) Ll + o2iauf) < 2N (g 4 a2lau?) +

Applying the uniform Gronwall lemma, we obtain from (26) and (30) that

. ) I£)2 ) 27ci Mg
o+ a?au)? < (5 50 i e (00

for all ¢ > T} + 1. Hence, we get (23).
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We have proved asymptotic estimates (22) and (23) (i.e., for ¢ large enough)
for any solution u of (2). Due to the invariance of the global attractor A, these
estimates are valid for all u € A. O

3. Proof of main results
3.1. Proof of Theorem 1.1

Denote & = u* — u, ¥ = v* — v with v* = u* + o?Au*,v = u + o®Au, thus
¥ = i + o? Adi. Subtracting (3) from (2) to obtain

(31a) % — A+ (0 - Vi

+ U1 0puy + U20yuy + Uz0,u1 + 0, (™ — p) = —pdp(ty),
(31b) % — ATy + (0 - V)i

+ U1 0z ug + U20yus + U0 us + 0y(p™ — p) = —plp(t2),
(31c) % — VA3 + (u” - V)3

+ @10z uz + Uz0yuz + 30, u3 + 0. (p* — p) = 0,
(BLd)  Dpiis + Dyils + Duiity = Duiiy + Dya + Do = .

Here we have used the facts that

uy0zu] + us0yul + uz0,u] — u10,u1 — u0yur — u30,uy
= (u* : V)ﬂl + U0 u1 + ﬂgay’ul + u30,u1,

uyOzus + us0yus + uz0,u5 — uiOzxUs — U0yus — uzdyus
= (u* . V)’l]g + U0z us + ﬂgay’LLQ + 130, us,

uyOzus + us0yus + uz0,u; — u1Ozuz — u20yug — ugd,us

= (u* . V)ﬁg + 10 u3 + fbgayU3 + 130, us3.

Because of the global existence and uniqueness of the weak solution w of the
system (2), the existence and uniqueness of the difference @ will imply the
global existence and uniqueness of the weak solution u* of the system (3). In
the proof below, we will derive formal a priori bounds on @ which form the key
elements for showing the global existence of the weak solution @ of the system
(31), under appropriate conditions on p and h. The convergence of the solution
4 to 0 will also be established. Uniqueness can then be obtained using similar
energy estimates.

Here we will omit the rigorous details and provide only the formal a pri-
ort estimates. We can justify the estimates by the Galerkin approximation
procedure and then passing to the limit while using the relevant compactness
theorems (see, e.g., [11,25,26]).
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Multiplying (31a), (31b) and (31c¢) by @1, @2 and a3 respectively, then inte-
grating over {2 we obtain

1d

BYT (lar* + @) + v (a1 ]* + o®|Ad[?)
(320) < [l = (@u(p" — p).r) — (I (), ),

ST (sl 4+ 0 s?) + v (o ]? + 0% Ao )
(32b) < [l = (0,0 = p).ia) — (I (@) ),

2 gl + 023)?) + v (il + 0215 )
(32¢) < |Js| = (9:(p" — p). 03),

where
J1 = Jig + J1ip + Jie = (W 0pua, U1) + (Ue0yur, 1) + (430,u1, 1),
Jo 1= Jaq + Jop + Jae 1= (U1 0puz, Giz) + (G20yus, G2) + (430 uz, U2),
J3 = J3q + J3p + J3c := (W1 0pus, U3) + (420yus, Us) + (Ug0,us, Us).

Using the Holder inequality, the Agmon inequality (16) and the Poincaré in-
equality (15), we have

|J1a| = (@1 05u1, @1)]

IA

|1 | 10w ()| O || 1 |
el ||'/? Ay |2 0p us || |

Y4 Aty |0 || |

V o= 12 ¢ 2|~ (2
—a”|Auy)* + |0 ||ty |
8 1/)\}/2042 ’

IN

Cl)\l

IN

IA

(33)

IN

v c
< (lal? + a?Aa *) + —5—0su [*laa .
8 ( ) u)\i/zoﬂ ’

Using similar analysis as above, we obtain the following estimates

| Jip| = [(G20yus, 1))
v, . c .
(34) < < (lazl® 4 o?|Ada|?) + W@yul\zml\z,
8 v o
|J1c| = [(230,u1, )]
v c
(35) < o (las? + o®|Ads]?) + —75—10.ua[*|aa %,
20 ( ) u)\}/zaQ
[ J2a| = |(U105u2, Us)]
v, . c ~
(36) < < (laa | + o?Ad |*) + 1/72|3xuz|2|uz|2,
8 vA] "a?
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| Jap| = [(U20yuz, )|
v c

37 - 2 2A S o) 21~ 12
(37) < § (17l + o142 + Zr 10, ual

| Jac| = |(430:uz, U2)]
38 < = (|lais]|? + 2| Aiis|?) + — |z || a2
(38) < 55 (s + o[ Adis|2) + s ol

| J3a] = |(@13 u3, Us)|
39 2 4 0P| AT?) + g |Opus Pl
(39) < 55 (s + | A 2) + s el

|J3p| = |(ﬁ23 ug, i3)|

& ~

(40 < (sl + 02| AT ) + — 1By usl .

1/)\1/2

Next, using integration by parts and the divergence free condition (31d) we
obtain

J3e = (g0 ug, Ug) = —(us, . (13))
= —2(us, u30,u3)
= 2(us, U3(0x 01 + Oyli2))
=: 2J34.
Integrating by parts once again implies that
J3q = (u3, U3(0p 1 + Oyliz))
= —(u3, 010,U3) — (u3, U20yl3) — (Ozus, U1l3) — (Oyus, Usls)
=t J3d1 + J3a2 + J3d3 + J34a.

Using Holder inequality, Agmon inequality (16) and the Poincaré inequality
(15), we have

| J3a1] = |(us, @10, 1s3)|

w3 oo ()1 ]| On tis]

e [Jug|| 2| Aug || [0, s
01A;1/4|Au3|\a1||a N

| Aug|? | |?

AN

IN

I /\

|8 U3| + )\1/2

< 2 214 € Aual?li |2
< 2O(Hu:sH +a?|Aus|?) + U/\}/2| ug|*|w ],
and similarly,

| Jsaz| = [(us, G20, Ts)|
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c

u)\iﬂ

IN

12 - ~
27)|5yu?)|2 + | Aug|?|dia |
14

20

Cc

(sl + a2 A7 ) + —5
v

| Aug|?|iia|?.

By a similar argument as in (33), we can show that
|J3a3| = [(Opus, trt3)|

3] Lo (2) |0z w3 |||

c1||as|| /2| Adig| /2| Opus)| | |

e\ At |0 us| [ |

ININ

IN

v c
< —a?|Atg|? + ———|0yus|?| i1 |?
20 1/)\1/2a2
Vo= 2 2/ A~ |2 c 21~ 12
< 20 (llas)|* + o®| Aus|?) + m@cuzﬂ |ty ]°,
and
| Jaas| = |(Oyus, Giziis)|
v c
< — (|las]|® + o?|Aus|?) + ——— |0yus|?|ia|?.
20 ( ) V)\i/gcﬂ Y
Thus,
Vo _ _ -
[Jsal < = (las]® + o?|Atis]?) + —75— (lusll® + [ Aug|*) (|1 [* + |a2]?).
5 U\ / a?
1
This yield
| J3e| = [ (@30, u3, 3)|

U, - - -
(41) <+ (las)l* + o®|Aas|?) + (usll? + | Aug|*) (|a1|* + [a2]?).

1/2
1/)\1/ o?

Using Young’s inequality, (11) and the assumption ucih? < v, we have with
i—1.2 that

—p(In (@), 45) = —p(In (@) — i, @) — pli |

< peohl|a ||| — plf?
2752
uegh” | J7 N
< Fp el 4 Sl — pla®
2 2
v, . -
(42) < lalP - Slaf

Also we note that

(43) (0x(p" — ), 1) + (Oy (P — p), iz) + (0:(p" — p), U3) = 0,
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due to integration by parts, the boundary conditions, and the divergence free
condition (31d). Combining all the bounds (33)-(43) and denoting |ag|? =
|t1]? + |6i2]?, we obtain

d , . - - .
= (|8 + @) + 5 (Jall” + a?|4a)

c
<\~ (Il + o[ Auf?) — o | lan]?,
<1//\}/2oz2
or, using Poincaré inequalities (14) and (15), we have

d . . I/)\l . . .

7 (al + allal?) + == (|al” + o*all*) + B()|aul* <0,

where
c

— 75— (lull® + ?| Auf?).
V)\i/Zoﬂ

B(t) == p—

Since u is a solution in the global attractor A, we can use the bound from (23).
Using the assumption (7), we have

d , . N . [vA . _
& (a4 a2al) 4 min {20 2 (1 + 0?faf?) <o
for t > tg. By the Gronwall inequality, we obtain

la(t)]* + a?fla(t)|* — o,

at an exponential rate, as t — oo.

3.2. Proof of Theorem 1.2

Using Young’s inequality, (12) and the assumptions uc2h? < 2v and pucgh* <
4va?, we have with i = 1,2 that
—pIn (@), ) = —p(In (i) — iy ig) — ol

pl I () — ] || — pal i

IN

IA

N T i
§|Ih(ui) —* + §|U/z|2 — plt;?

272 474
pegh® | . ucgh® W - -
=l = AT 4 Sl -

IA

2
< Slial? + S-lAal - Slal?
v, . 5 [T
(44) = U@l + o®lAwf?) - Tl

Now, the remainder of the proof is similar to that of Theorem 1.1, where (42)
is replaced with (44). Therefore, we omit the details here.
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3.3. Proof of Theorem 1.3

For brevity, as in the proof of Theorem 1.1, we will omit the rigorous details
and provide only the formal a priori estimates.
Since

202Gr? (N v 1 54civGr?t
*12 2 %2 5 —
Il + el < 2 (G o+ g e (TR ) =

by the continuity of the map ¢ — ||u*(¢)|* + a?|Au*(t)|?, there exists a short
time interval [to,T") such that

(45)  [u*(®)|* + o®|Aut(t)[* < 11M; +

3
384000(16e + 2)cici [ 2v2Gr?
viXiaf /\}/2

for all ¢ € [to, T). Assume [to,T) is the maximal finite time interval such that
(45) holds. We will show, by contradiction, that T'= co. Assume that T < oo,
then it is clear that

lims~up(||u*(t)||2 + | Au* (1)]?) = 11M; +

t—=T~

3
384000(16e + 2)cicy [ 2v2Gr?
VA ab N

Multiplying (31a), (31b) and (31c) by Ad;, Ate and Atg respectively, then
integrating over {2 we obtain

5 (Il + @24 ) + v (JAi [ + 02 A1)
@6) <K~ (Oulp" — p). Ain) — p(In(n). A),

S (P + 024w ) + v |4zl + 0| Azs]?)
() < [Kal = (0,0 — p). A) — (T (). A,

2 (sl + 0| Ads ) + v (AT + o] A )
() <K~ (0.~ p), Ai)

where
K =K.+ Kip+ Kie + Kig+ Kie + K
= (uj0ytn, Aliy) + (u3dytin, Atiy) + (ul0,tq, Aty)
+ (U1 0zu1, Ay ) + (@20yu1, Aly) + (30;u1, Al),
Ky = Koy + Kop + Ko + Kag + Kae + Koy
= (U 0yl Ali) + (u3dyts, Aliz) + (u30,ts, Alis)
+ (@105u2, Alia) + (U20yus, Atls) + (30, u2, Als),
K3 := K3, + K3p + K3. + K3q + K3c + K3y
= (u] 0y ls, Atz) + (u50ylUs, Atg) + (u30.us3, Aus)
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+ (ﬂlawU3, A’I]3) + (agayu?,, A’a3) + (ﬁg@zu;),, Aﬂ3)

Using the Hoélder inequality, the Agmon inequality (16) and the Poincaré in-
equality (15), we have

|K1q| = [(u}0yin, Adiy)|
< |l o () |02 tin || Aty |
< calluf [V Aug |20, || Ay |
< ey VA |0, || A |

YAy |2 +
< goldunl + —ClAuiPionn P

(47)

IN

v .
5g (A + 042||Au1|\2) VAI/Q | Auy ]|y 2.

Using similar analysis as above, we obtain the following estimates
K| = [(u30y 01, Atin)|

Vo~ 2,
< gpldml” + )\1/2|Au2| |0yt [*

v ~
(48) < 5 (Al” + 0?4 |*) + | Aus |l |1?,

V)\l/Q

| K| = [(u30.11, Aty

14 C

— A |? 4+ —— |Aub|?]0. 1, |2
20 1/)\%/2 ’

IA

(49)

IN

1% ~ ~
55 ([Aw]* +a®| A |?) + /\1/2|Au3\ [

Using the Holder inequality, the Ladyzhenskaya inequality (17) and the Poin-
caré inequality (14), we have

| K14] = [(G@10zu1, Al

< || (o) | Ozt ]| Lo (o) | Atia |
< Bl [V 4| |74 0w |V 4| Opr [P/ 4] Atia |
—1/4 ~ ~
< EN Y |18z ||| At |
14 -~ 2 2
< g lAil® + Amna | |

v
(50) oo (Ad” + o[ A |?) + | Aua|? a2,
20 ( )+ ,/)\1/2

Using similar analysis as above, we obtain

|K1€| = |(ﬁ23yu1, Aﬂl)‘
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IN

v c
Sl At ® + — 75 10y ua 1?2
20 VAL Y

c

— 75 | A |||
1//\1/2

(51)

IN

v . -
o (1A ? + a2 A ) +
Next, integrating by parts we obtain
Ky = (u30,u1, Atiy)
= - (6zﬂ38zu17 8rﬂl) - (fLBaz@zul’azﬂl)
— (8yﬁ382u1, 8yﬂ1) — ('ﬁgayazuh Byﬂl)
- (azﬁ?)azuly azal) - <a38zazu17 az'al)
=Kip1+ Kipo + Kips + Kipg + K5 + K ge.

Using the Holder inequality, the Ladyzhenskaya inequality (17), the Agmon
inequality (16) and the Poincaré inequalities (14) and (15), we can show that

|K1f1] = [(02U30,u1, 0p11)|
<0zt L2 (o) l|Ozua || La () | Ot [ L2 ()
<c310yiis |40t |24 |0sua| 4| O |24 | Ot |
<A 0wis |10 ua [0
<3N | Adis|| Ay ]| |

v ~ 2 20 A~ |12
< HO(|AU3| + o || Aas||*) +

V;i/gmun?naln?,
and
|K1pa| = (30,0, u1, 01 )|
<ltsll oo () l10205ur || L2(0) 10281 L2 (0
<cyldis||'/?| Atis |20, 0-us || 0yl |
< ||| M2 | Adis| 2| Aua || |

<er A Y Adig|| Aus || |

v - 12 2 ~ 12 c 21~ 112
< g5 (MtaP + & A%alP) + g lwa Pl
Using similar analysis as above, we obtain
[ K s3] = [(Oyus0zuq, Oyiy)|
v ~ 2 21 A~ 112 c 21~ 112
< Tog ([Ats]* + a®[| Atis )+T}/2|Aul| [ ]1%,
[ K pa] = [(430y0zu1, Oytia )|
v ~ 12 20 A~ 112 c 20~ 112
< Top ([Ats]” + || Atis| )+T}/2|Au1| @]l
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[Kips| = I(a 305u1, 0,11
" (|Ati]? + o?|| Adis|?) +

| /\

A
120 | Ay [0 ||,

K6l = |(a35 D.ur, 0.0

)\1/2

2 2 2
< g5 (4B + a?4017) + —sldus Pl |
Thus,
|K1g| = [(a30:u1, Aty )|
v ~ -
(52) < o (1Aisf? + a2 Ais ) + VA1/2\AU1\ AR
Using similar analysis as above, we obtain the following estimates:
(53) | Koa| = [(u]Ortiz, Atia)]
v ~ -
< o5 ([4* + o?[| A2 *) + V}\W\Auﬂ [a2]|?,
(54) |Kan| = [(u30yti2, Atiz)|
v ~ 12 20 Am 112
< g5 (ADF + 7|4l + v,
(55) | Kac| = [(u30: iz, Atls)]
v ~ -
< 55 ([4@s” + o?[|Ad*) + 1/2 | Auz |||z,
v
(56) |K2a| = [(t10zuz, Atis)|
v ~ 12 201 A (12
< 55 (Ada]” +o®[| At ) + V/\1/2|Au2| a2,
(57) |K2€| = |(ﬂ28y’LL2,A’L~62)‘
v ~ 12 20 A 112
< 5 (Ada]” + a?[|Ad|*) + VAl/Q\AWI a2,
(58) | Kap| = (30, uz, Atiz)|
v ~ -
<% (|Aas|* + o®|| Ads|*) + W\sz\ 212,
(59) |Ksa| = [(t10zus, Ats)|
v ~ 12 20 A 112
< o5 (Ads]” +o®|| Ads|*) + V/\l/glAu?,l a1,
(60) [ Kse| = |(20yus, Atis))]

19
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C

— 75 [Ausl|| 2.
1//\1/2

v . .
< (Al + 0% A ) +
Using Hélder inequality, Sobolev inequality (19) and Ladyzhenskaya inequality
(18), we have
|Ksa| = [(u]0xtis, Aus)|
< (10513, Atiz)| + |(u10; 3, Ats)|

IA

1| oo 1003l L3 () | ATz 2 (@) + lwalle (@) 1083 L3 () | Ats || 2 ()

cscallia|||0xtis| || 0n s || 2| Atis| + cscallur|||0niis| /2] Optis | M/?] s

A

v 20c3¢?
ALl 310,112 ~ -
Sl Ataf? + =0y |20, |07 |

IN

20c3¢3
* %‘A%'Q + %Ilulllzlmg\uamagu

Vi .9 V 4o 8000cict o uin o
§E|AU3| +%||6zu3|| +T||U1|| |0 ]
v _ 12 . 8000cici dia ~ 12
+ Loutslt + 20 1, 11,

v 8000cict . 8000cic? .
< %|AU3|2 + T‘?"‘Hul\l“llwll2 + 2 |ua |[* | @

v - ~ 8000ckct 8000cic -
(61) <55 (|Aus]? + o) Aag”) + T?"WIUII6 + —— 2 lul*]l@)?.

Using similar analysis as above, we obtain
[ K3p| = [(ug0ytis, Atis)]

80004 ct 8000chct 4
—s — el Ml

~ ~ Cqp~
(62) < o5 (1as]” + o Adg|?) + =3 all® +

14
35
| K3e| = |(u30.13, Atg)|

IN

8000ci 4 8000ci 4
T ) ® 4 a2
V3 3

14 ~ ~
(63) 55 ([Atisl* + o?[| At ) +

Next, using integration by parts and the divergence free condition (31d) we
obtain

Ksp = (a30,us3, Atiz) = —(us, 0, (ugAug))
= —(us, 130, Atiz) — (u3, Alz0,1s)
= —(ug, u3A0,u3) — (usz, Alz0,1us3)
= (us, U3 A(Oy i1 + Oyliz)) + (u3, Alz(0pU1 + Oyliz))
=: K34 + Kap.
Integrating by parts implies that
K3y = (ug, u3A(0p 01 + Oyliz))
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= (u3, u30, A1) + (us, U30, Als)
= —(u3, A1 0,U3) — (u3, AlU0yls) — (Opus, Ali1ts) — (Oyus, Alials)
=: K341 + K3g2 + K343 + K344.
Using integration by parts we obtain
K3g1 = (u3, A1 0,13)
= (u3, 0; 0,110, 13) + (us, 0y 0yt Oy tiz) + (u3,0,0,110,13)
= — (0pu30,U3, 0yl1) — (U300, 73, Oz li1)
— (Oyu30yls, Oylin) — (u30y0ylUs, Oyliy )
— (0:u30,13, ;1) — (u30,0, 13, 0.1 )
=: K3g1-1+ K3g1-2 + K3g1-3 + K3g1-4 + K341 5 + K3¢1 6.

Using Holder inequality, Ladyzhenskaya inequality (17), the Agmon inequality
(16) and the Poincaré inequalities (14) and (15), we have

| K3g1-1] = [(02u30: 13, 02111
<[|0zus| s ()03 L2 () |0 U ]| L2 ()
<310, ug VD P |0 i | 4|t | ¥4 0y |
<A O3 11005 |0 |
<A Y| Aus|| Atig || |

v - 12 20 A~ |12 c 2~ 112
< 50 ([Atisl* + o*[| Atis )+W|Au3| [ ]I,

and
|K3g1—2| = [(u30,0,03, 0511 )|
<[Jusl| Loe (@) |0202 03| L2 () 102 U1 || 22 ()
<e[|us||*/?| Aus| /3|0, 0, fis]| 0. in |
<er [lug )| 2 Aug |2 | Adig | i |
<Ay Aug| | At | |

14 - ~
< 120 (|AU3|2 + a2||AU3||2) +

c

— 75 [Aus|? 1|,
1/)\}/2

Using similar analysis as above, we obtain

| K3g1-3| = |(Oyu30yiiz, Oyiin)|

~ ~ C
|Ati|* + 0| Atis||*) +

— 75 | Aus || |2
I/)\}/Q 7

14
s@(

| K3g1-4| = |(u30,0x13, Oyii1)|
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2 2 2
< 4—(|AU3| + o®| Ads||®) + W|Au3| a2,
|K391—5| = |(82u36wa338za1)‘
v ~ ~
< 120 (|Atz]? + o?|| Atg|?) + 7}/}\1/2 | Aus|?||dq |12,
| Ksg1-6] = |(u38 0z 3, 0,11
2 2 2
< = 480 (|Aus|® + o || Aus|]*) + VA1/2|Au5| i ]2
Thus,
|K3g1] = [(us, At 0, U3)]|
v
< A~ 2 2 A~ 2 A
< oo (1Aasf +o? | Adis?) + VA1/2| ug 2| %,

and similarly,
|Ksg2| = [(us, Atz0yus)|

1%
< g5 ([Atis]* + || Adis*) + | Au?|| 2| *.

1//\1/2
By a similar argument, we can show that
|Ksg3| = |(Orus, Al ts)|
v ~ 12 20 A (|2
<%0 (lAas* + a?|| Aus||®) + W|AU3| [ ]|,
and
| K3g4| = |(Oyus, Atiatiz)|
v
< 55 ([Atis]* + || Adis*) + W|AU3| 2.
1
Thus,

Vo N
| K] < 20 (JAds|* + o Aus]?)

+ (llusl® + o Aug|*) ([l |* + [|2]|*)-

c
u/\}/Qon
Now, we have

Ksp, = (ug, Atz (0,11 + ayﬂg))
= (ug, Atiz0y 1) + (us, Atizdy o)
=: K3n1 + K3pa.

Using the Holder inequality, the Agmon inequality (16) and the Poincaré in-
equality (15), we obtain

| Ksp1| = |(us, Atiz05U1)]
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< Jusl| Lo () 1A%3 || L2 () [ 02T || L2 ()
e |Jus || V| Aug | /2| Adig |0, i |
1Ay ! Aug|| Adig || |
1%
1g ([4dial® + 0| Adia ) +

IN A

IN

| Au|?|| ]|,

1/)\1/2
and similarly,

| K3na| = |(u3, Atiz0ytz)|
15 (|Ais]? + 02| Ads|?) +

N

| Aug ||z |-

o V/\1/2
Thus,
|K3h| = (u3?Aﬂ/3(8a:al + ayﬂg))
v ~ ~
< = (|Aas|* + o?||Aus )
¢ ~ ~
g (sl + 0| Aus) (P + el
1
This yields
K| = |(@30:u3, Atiz)|
14
S7 (|Auz|2 + o || Ads]|?)
(64) + (lus|l® + 2| Aus|?) (|| |? + ||iz]|?).-

m
Using the Young inequality, (12) and the assumption uc3h? < v, we have with
i =1,2 that
—p(In (), Atiy) = —p(In () — i, Atii) — pf| |
< plIn () — || Aty | — | |2

2
1 . . v, N
7|Ih(ui) —a* + *|Aui|2 — |2

IN

IN

2,272
pecgh” | . wich - -
P 2 4+ 20 2 Y A —

IN

[/ 12 -
§WMF+1MWF+ZMWP—MWW

IN

v, . [T
SAG ] — S|4
N e

(65)

IN

v 5 - B

S AW + o || Adg]*) — S
2 2

Also we note that

(66)  (9:(p* —p), Al) + (Oy(p" — p), Atia) + (9. (p" — p), Atiz) = 0
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due to integration by parts, the boundary conditions, and the divergence free
condition (31d). Combining all the bounds (47)-(66) and denoting ||i|? =
[@1]]* + [|z]|?, we obtain

d _ N v - -
= (I + o2 4aP) + 2 (|4 + 2] q|?)
¢ * * ~
= <1/22(||u2 + o Auf® + [Ju*|)* + o?|Au*|?) — u) s ||
VA
48000cict 48000cict -
+ —— 22 al|® + —— @)

for all t € [to,T). Hence using Poincaré inequalities (14) and (15), we have

d ~ ~ 1/)\1 _
2 (alP + a*14aP) + 22 (lalf + ?\4aP) + 5 laul < F(O
for all ¢ € [to, T), where

c * *
Blt) =pn——5— (Jul® + @®|Auf® + [u*]|* + o®|Au*[?),
VA "o
and

48000ckct 48000ckct -
F(t) = —22all® + T“IIUI\4|IUI|2-

Since w is a solution in the global attractor A, we can use the bound (23).
Using (45) and the assumption (8), we have

d , . 5 . VA
& Qal +a%4a) +min {28 21 (jaf? + laa?) < Fio)

for all t € [to, T). Because the assumptions of Theorem 1.2 are satisfied if the
assumptions of Theorem 1.3 are satisfied, we can use Theorem 1.2. So we have
for all t € [to, T):

a()” + a?lla(t))|? < (Jato)* + a®|[a(te)|?)e™ mintrAr/Zn/2He=to),
y (9) and (22), we have for all ¢ € [to, T):
|| 1

< a2 (Jalto) P + o®||alto)[|*)e mmiri/2p 2} o)

< a7 %(|u*(to) — ulto)|® + ®||u* (to) — u(to)||?)e™ minlrAs/2n/2}(t=to)

< 2072 (Ju* (to)? + o [[u* (to)|I? + [u(to)|* + o [|u(to)||?)e™ mmirAr/2u/2}(i=t0)
< %e, min{v s /2/2)(t~to)

where
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Thus,
F(t) < 61673min{y/\1/2,u/2}(t7t0) + Che™ min{vX1/2,u/2}(t—10)

= 3072000cict M2 192000cict M2
for all t € [to,T), where Cy := =5 4%=0 and C) := —— 33740,

Now, using the Gronwall inequality, we obtain for all ¢ € [to, T ):
la)|* + a®|Aa(t)|*
< (fi(to) I + 0| Ad(to) [2)e™ mm s/ 20/ 2} 010

t
+/ e—min{uz\l/2,M/2}(t—t0)+min{1/)\1/2,u/2}(s—to)X
to

(01673min{u/\1/2,u/2}(sft0) T Chem min{uAl/Z,u/2}(sfto)) ds

= (fi(to) P + a2 | Ai(tg) 2)e minta/2/2) 4t

c —min{vA1/2,u/2}(t— —2min{vA1/2,u/2}(t—
+ e /22 ) <1fe {vA1/2,0/2}(t to))

(67) + Coe™ min{y)\l/Z,u/Q}(t—to)(t _ t0)~
Thus,
la(®)|)? + a®|Aa(t)|?
Cl CV2

<& 2 20 A ()2
< lJalto) |7 + o7l Ad(to) " + 2min {v\/2, u/2} + emin{vA;/2, u/2}

for all t € [to,T). Since
(o) I? +a* Aa(to)* < 2(]|u(to) I* +a Auto)*)+2(]|u” (to) | *+0| Au* (o) 1),
then by (10) and (23), we have

601 + 202
2min {vA\1/2,u/2}

la(t)||? + | Aa(t))® < 4M, +

for all t € [to,T). This implies that
u* ()] + | Au* (1) P = l|a(t) + u(t)||* + o®| Aa(t) + Au(t)]?
<2([[a)||* + | Aa(t)[?) + 2([u(®)|I” + o®|Au(t)|?)
eCy + 20,
min {vA1/2, u/2}
— 10M; + 2eC 4+ 4Cs
V)\l

< 8M; +

+ 2M,

for all ¢ € [ty,T), if we choose p > vA;. This in turn will yield a contradiction
since

3
2eC +4Cs 384000(16¢ + 2)cicy [ 2v2Gr?
v vi\ ab

1M+ ——==11M
1+ \ 1+ )\}/2
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= limsup([lu” () + 0| Au”(¢)|*)
t—=T—

2eCh + 4C5

< 10M-
< 1+ Y

This proves that T = co. Thus, by (67), with T = oo, we obtain

[a)II* + ol Aa(t)|* — o,

at an exponential rate, as t — co. The proof is complete.
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