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MONOTONE CONVERGENCE THEOREMS FOR
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Abstract. In this paper, we introduce the concept of ordered Ba-
nach space valued AP -Henstock integral and prove monotone con-
vergence theorems for this integral.

1. Introduction and preliminaries

The Henstock integral of real valued functions was first defined around
1960 by J. Henstock and independently by R. Kurzweil. Henstock type
integrals have been studied by many authors([1,2], [6-11]). In 2011, S.
Heikkila and G. Ye introduced the Henstock integral for the ordered
Banach space valued functions, and applied the theory to solve some
integral equations which contain the Banach space valued Henstock in-
tegrable functions ([3-5]).

In this paper, we introduce the concept of ordered Banach space
valued AP -Henstock integral and prove monotone convergence theorems
for this integral.

An approximate neighborhood(or ap-nbd) of x ∈ [a, b] is a measurable
set Sx ⊂ [a, b] containing x as a point of density. For every x ∈ E ⊂ [a, b],
choose an ap-nbd Sx ⊂ [a, b] of x. Then, we say that S = {Sx : x ∈ E} is
a choice on E. A tagged interval ([u, v], x) is said to be fine to the choice
S = {Sx} if u, v ∈ Sx. Let P = {([xi−1, xi], ti) : 1 ≤ i ≤ n} be a finite
collection of non-overlapping tagged intervals. If P = {([xi−1, xi], ti) :
1 ≤ i ≤ n} is fine to a choice S for each i, then we say that P is S-fine.
Let E ⊂ [a, b]. If P is S-fine and ti ∈ E for each 1 ≤ i ≤ n, then P is said
to be S-fine on E. If P is S-fine, then we say that P is a S-fine partial
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Henstock partition of [a, b] if ∪ni=1[xi−1, xi] is a proper subset of [a, b],
and that P is a S-fine Henstock partition of [a, b] if [a, b] = ∪ni=1[xi−1, xi].

Throughout this paper, X represents a Banach space with the norm
||x|| = ||x||X for any x ∈ X. We denote the Riemann sum of f with
respect to the Henstock (partial) partition P = {([xi−1, xi], ti) : 1 ≤ i ≤
n} of I by S(f,P) =

∑n
i=1 f(ti)|Ii|, where |Ii| indicates the length of

the interval Ii.

Definition 1.1. ([7]) A function f : [a, b] → R is AP -Henstock
integrable if there exists a real number A ∈ R such that for each ε > 0
there is a choice S on [a, b] such that

|S(f,P)−A| < ε

for each S-fine Henstock partition P = {([xi−1, xi], ti) : 1 ≤ i ≤ n} of
[a, b]. In this case, A is called the AP -Henstock integral of f on [a, b].

Definition 1.2. ([10]) A function f : [a, b] → X is AP -Henstock
integrable if there exists a vector L ∈ X such that for each ε > 0 there
is a choice S on [a, b] such that

‖
n∑
i=1

f(ti) | Ii | −L ‖< ε

for each S-fine Henstock partition P = {Ii, ti) : 1 ≤ i ≤ n} of [a, b].
In this case, L is called the AP -Henstock integral of f on [a, b], and we

write L =
∫ b
a f .

The function f is said to be AP -Henstock integrable on a measur-
able subset E of [a, b] if fχE is AP -Henstock integrable on [a, b], and

the integral will be denoted as
∫
E f =

∫ b
a fχE . The collection of all

functions from I to X that are AP -Henstock integrable will be denoted
by AH(I,X).

Theorem 1.3. ([10]) Let f, g : [a, b]→ X be AP -Henstock integrable
functions on [a, b]. Then for any constants α and β, αf + βg is AP -

Henstock integrable on [a, b] and
∫ b
a (αf + βg) = α

∫ b
a f + β

∫ b
a g.

Lemma 1.4. ([11])(Saks-Henstock Lemma) Let f : [a, b]→ X be AP -
Henstock integrable on [a, b] such that for a given ε > 0 there exists a
choice S on [a, b] such that

‖
n∑
i

f(ti)|Ii| −
∫ b

a
f ‖< ε
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for each S-fine Henstock partition P = {(Ii, ti) : 1 ≤ i ≤ n} of [a, b].
Then if P = {(Jj , tj) : 1 ≤ j ≤ m} is an arbitrary S-fine partial Henstock
partition of [a, b], we have

‖
m∑
j

(f(tj) | Jj | −
∫
Jj

f) ‖≤ ε.

2. Monotone convergence theorems for vector-valued AP -
Henstock integral

In this section we prove monotone convergence theorems for AP -
Henstock integrable functions from a compact interval to an ordered
Banach space.

A closed subset X+ of a Banach space X is called an order cone if
X+ +X+ ⊂ X+, X+ ∩ (−X+) = {0} and cX+ ⊂ X+ for each c ≥ 0. It
is easy to see that the order relation ≤, defined by x ≤ y if and only if
y− x ∈ X+, is a partial ordering in X, and that X+ = {y ∈ X | y ≥ 0}.
The space X, equipped with this partial ordering, is called an ordered
Banach space. The order interval [y, z] = {x ∈ X | y ≤ x ≤ z} is a
closed subset of X for all y, z ∈ X. A sequence in X is called order
bounded if it is contained in an order interval [y, z] of X. We say that
an order cone X+ of a Banach space is normal if there is a constant
γ ≥ 1 such that 0 ≤ x ≤ y in X implies ‖ x ‖≤ γ ‖ y ‖. X+ is called
regular if all increasing and order bounded sequences in X+ converge,
and fully regular if all increasing and (norm) bounded sequences of X+

converge. The following Lemma 2.1 can be found, e.g., in [4].

Lemma 2.1. Let X+ be an order cone of a Banach space X. If X+ is
fully regular, then it is also regular, and if X+ is regular, then it is also
normal. Converse holds if X is weakly sequentially complete.

Lemma 2.2. Let X be an ordered Banach space and let f, g : [a, b]→
X be AP-Henstock integrable on [a, b]. If f ≤ g on [a, b] and if I is a
closed subinterval of [a, b], then∫

I
f ≤

∫
I
g.

Proof. Let f, g ∈ AH([a, b], X) and let I be a closed subinterval of
[a, b]. Set h := g − f on [a, b]. Since f(x) ≤ g(x) on [a, b] and h(x)
belongs to the order cone X+ of X for all x ∈ [a, b]. It is sufficient to
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show that
∫
I h ∈ X+. Since h ∈ AH(I,X), for each n ∈ N there exists

a choice Sn = {Snx | x ∈ I} such that

||
mn∑
i=1

h(tni )(xni − xni−1)−
∫
I
h ||< 1

n

for each Sn-fine partition P = {([xni−1, xni ], tni )}mni=1 of I. Put yn :=∑mn
i=1 h(tni )(xni − xni−1) (n ∈ N) and note that yn ∈ X+. Since X+ is

closed,
∫
I h = limn→∞ yn ∈ X+.

We now prove that the monotone convergence theorem for an ordered
Banach space valued AP -Henstock integrable functions.

Theorem 2.3. Let X be an ordered Banach space with a fully regular
order cone X+. If (fn) is a bounded monotone sequence in AH([a, b], X)

and if (
∫ b
a fn) is bounded, then there exists a AP -Henstock integrable

function f on [a, b] such that f = limn→∞ fn on [a, b] and∫ b

a
f = lim

n→∞

∫ b

a
fn.

Proof. Let (fn) be a bounded increasing sequence in AH([a, b], X).
Since X+ is fully regular, f(x) = limn→∞ fn(x) exists on [a, b]. Let I be
a closed subinterval of [a, b]. For each n ∈ N , we have

0 ≤
∫
I
(fn − f1) ≤

∫ b

a
(fn − f1).

Since X+ is fully regular, it is normal by Lemma 2.1, and there exists
γ ≥ 1 such that

‖
∫
I
(fn − f1) ‖≤ γ ‖

∫ b

a
(fn − f1) ‖ .

Hence,

‖
∫
I
fn ‖≤‖

∫
I
f1 ‖ +γ ‖

∫ b

a
fn ‖ +γ ‖

∫ b

a
f1 ‖ .

Therefore, we have that (
∫
I fn) is a bounded increasing sequence. Since

X+ is fully regular, (
∫
I fn) converges.

Let Fn(I) :=
∫
I fn and let F (I) := limn→∞(Fn(I)). Let ε > 0 be

given. Then there exists an nε ∈ N such that

‖ F ([a, b])− Fn([a, b]) ‖≤ ε

γ
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for all n ≥ nε. By the Saks Henstock Lemmma 1.4, for each n ∈ N there
exists a choice Sn = {Snx | x ∈ [a, b]} on [a, b] such that

||
∑
i

(fn(ti) | Ii | −Fn(Ii))|| ≤
ε

2n

whenever P = {(Ii, ti)} is a Sn-fine Henstock partition or partial Hen-
stock partition of [a, b]. Define f : [a, b] → X by f(x) = limn→∞ fn(x).
Then, for each x ∈ [a, b], there exists a natural number nx such that
‖ f(x) − fn(x) ‖< ε for all n ≥ nx. We define a choice S := {Sx :
x ∈ [a, b]} on [a, b] by Sx := Snxx ∩ Snεx . Let P = {(Ii, ti)} be a S-fine
Henstock partition of [a, b]. For each i, let ni := max{nti , nε}. Then, we
have

f(ti) | Ii | −F (Ii) = (f(ti)− fni(ti)) | Ii | + (fni(ti) | Ii | −Fni(Ii))
+ (Fni(Ii)− F (Ii)).

Let k := min{ni}, m := max{ni}. Then, we obtain

∑
i

(f(ti) | Ii | −F (Ii))

=
∑
i

(f(ti)− fni(ti)) | Ii | +
m∑
n=k

∑
ni=n

(fni(ti) | Ii | −Fni(Ii))

+
∑
i

(Fni(Ii)− F (Ii)).

Since X+ is normal and 0 ≤
∑

i(F (Ii)−Fni(Ii)) ≤
∑

i(F (Ii)−Fnε(Ii)) =
F ([a, b])− Fnε(I), we have

‖
∑
i

(F (Ii)− Fni(Ii)) ‖≤ γ ‖ F ([a, b])− Fnε([a, b]) ‖≤ ε.

Also, for k ≤ n ≤ m, we have,

‖
∑
ni=n

(fni(ti) | Ii | −Fni(Ii)) ‖≤
ε

2n
.
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Thus, we have

‖
∑
i

f(ti) | Ii | −F ([a, b]) ‖

= ‖
∑
i

(f(ti) | Ii | −F (Ii)) ‖

≤
∑
i

‖ f(ti)− fni(ti) ‖| Ii | +
m∑
n=k

‖
∑
ni=n

(fni(ti) | Ii | −Fni(Ii)) ‖

+ ‖
∑
i

(Fni(Ii)− F (Ii)) ‖

≤ ε(b− a) +

m∑
n=k

ε

2n
+ ε < (b− a+ 3)ε.

Therefore, f is AP -Henstock integrable on [a, b] and∫ b

a
f = lim

n→∞

∫ b

a
fn.

In case (fn) is a bounded decreasing sequence, we can prove the theorem
similarly.

Corollary 2.4. Let X be an ordered Banach space with a fully
regular order cone X+ and let f : [a, b]→ X+. If there exists a sequence
(En) such that En ⊂ En+1(n ∈ N),

⋃∞
n=1En = [a, b] and if (

∫
En
f) is

bounded, then f is AP -Henstock integrable on [a, b] and∫
⋃∞
n=1 En

f = lim
n→∞

∫
En

f.

Proof. Let fn(x) := fχEn(x) for each x ∈ [a, b]. Then 0 ≤ fn(x) ≤
fn+1(x) ≤ f(x) and f(x) = limn→∞ fn(x) on [a, b]. If I is a closed
subinterval of [a, b], then 0 ≤

∫
I fn ≤

∫
I fn+1 and (

∫
I fn) is bounded.

Thus, the hypothesis of Theorem 2.3 is satisfied. Therefore, f is AP -
Henstock integrable and∫

⋃∞
n=1 En

f =

∫ b

a
f = lim

n→∞

∫ b

a
fn = lim

n→∞

∫
En

f.

Theorem 2.5. Let X be an ordered Banach space with a fully regular
order cone. If (fn) is a monotone sequence in AH([a, b], X) and if there
exist g, h ∈ AH([a, b], X) such that g ≤ fn ≤ h for all n ∈ N. Then
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there exists a function f ∈ AH([a, b], X) such that f = limn→∞ fn on
[a, b] and

∫ b

a
f = lim

n→∞

∫ b

a
fn.

Proof. We may assume that (fn) is increasing in AH([a, b], X). For
each closed subinterval I of [a, b], it follows from Lemma 2.2 that

∫
I g ≤∫

I fn ≤
∫
I h for all n ∈ N . Since the order cone of X is fully regular,

(
∫
I fn) converges. The rest of the proof is similar to that of Theorem

2.3.
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