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ON PERIODIC SHADOWING OF INDUCED
HYPERSPACE MAPS

NamJip Koo*, HYUNHEE LEE**, AND NYAMDAVAA TSEGMID***

ABSTRACT. In this paper we deal with the preservation of the pe-
riodic shadowing property of induced hyperspatial systems. More
precisely, we show that an expansive system has the periodic shad-
owing property if and only if its induced hyperspatial system has
the periodic shadowing property.

1. Introduction and preliminaries

In the theory of dynamical systems the definition of shadowing has
several variations and directions. Ferndndes and Good [4] studied the
properties of shadowing and h-shadowing for the induced maps on hyper-
spaces via a general result on shadowing properties in dense subspaces.
Also, Good et al. [5] studied preservation of various shadowing proper-
ties in discrete dynamical systems under inverse limits, products, factor
maps and the induced maps for symmetric products and hyperspaces.

Koscielniak and Mazur introduced the notion of the periodic shadow-
ing property for homeomorphisms on a compact metric space and showed
that the periodic shadowing property is C° generic in the space of dis-
crete dynamical systems on a compact smooth manifold M (see [7,8]).
Méndez [10] studied the connection concerning the density of two peri-
odic sets Per(f) in X and Per(2f) in 2X. Darabi and Forouzanfar [3]
showed that expansive dynamical systems with the shadowing property
have the periodic shadowing property. Also, they showed that transi-
tive dynamical systems with the periodic shadowing property has the
shadowing property. Koo and Tsegmid [6] showed that if f|4: A — A
has the periodic shadowing property on an f-invariant dense subspace
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A of X, then a continuous map f : X — X has the periodic shadowing
property.

A dynamical system is a pair (X, f) consisting of a compact metric
space X and a homeomorphism f : X — X. Consider the following hy-
perspaces of a compact metric space X with a metric d and the induced
maps on hyperspaces by a homeomorphism f: X — X:

e 2% = {A C X | Ais nonempty and closed} is the hyperspace of

closed nonempty subsets of X;
e 7.(X) = {A € 2% | A has at most n points} is the n-fold sym-
metric product of X;

o F(X) =2, Fn(X) is the collection of all finite subsets of X.

e 27 : 2% 5 9% i5 given by 2/ (A) = f(A);

o [<¥:F(X)— F(X) is given by f<¥ = 2f|]:(X).

All hyperspaces mentioned above are considered with the Hausdorff met-
ric dg which is defined by

dp(C,D) =inf{e > 0| C C By(D,¢) and D C By(C,¢€)}

for each pair of C, D € 2%X. Here By(A,¢) = {zx € X | d(z, A) < €}.

Now we recall the definitions of some dynamical properties that are
used in this paper.

Let § > 0. We say that a bi-infinite sequence {x,}nez of X is a
d-pseudo orbit of f if d(f(xn),zn+1) < 0 for all n € Z. Given € > 0
we say that {z,},cz can be e-shadowed if there is x € X such that
d(f™(x),zyn) < € for all n € Z. The dynamical system (X, f) is said
to have the shadowing property if for every € > 0 there is 6 > 0 such
that every d-pseudo orbit can be e-shadowed. We say that the dynamical
system (X, f) has the periodic shadowing property if for any € > 0 there is
d > 0 such that every periodic d-pseudo orbit & = {z; }iez( ie., z; = x4k
for some k£ € N) can be e-shadowed by some periodic point of f (see
[8]). We say that the dynamical system (X, f) has the strong periodic
shadowing property if for any € > 0 there is § > 0 such that every periodic
d-pseudo orbit £ = {x;};cz with period N can be e-shadowed by some
periodic point of f with period N(see [2]). We say that the dynamical
system (X, f) is chain trasitive if for any z,y € X and § > 0 there exists
a 0-chain from z to y(i.e., a finite d-pseudo-orbit of f). We say that the
dynamical system (X, f) is expansive if there exists a constant 6 > 0
such that d(f™(z), f"(y)) < ¢ for all n € Z implies x = y(see [12]). This
means that I‘g(a}) = {z} for each z € X, where Fg(x) is the dynamical
d-ball of f centered at x as follows

If(2) = {y € X | d(f"(2), f"(y)) < 8, Vn € Z}.
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In this paper we show that if a dynamical system (X, f) has the peri-
odic shadowing property, then its induced hyperspatial system (2%, 2f)
has the periodic shadowing property. Also, we show that the converse
to the above result holds under some conditions of systems (X, f) and
(2%, 2/). More precisely, we state our main result.

THEOREM 1.1. An expansive system (X, f) has the periodic shad-
owing property if and only if the corresponding system (2% ,27) has the
periodic shadowing property.

2. Proof of Theorem 1.1

In this section we give a proof of Theorem 1.1 and establish the
relation on the density of periodic points in homeomorphisms and their
induced maps. For proof of Theorem 1.1, we need the following result
which is adapted from Theorem 3.3 in [4] for the periodic shadowing
property of homeomorphisms on a compact metric space.

LEMMA 2.1. [11, Theorem 3.2.1] Let X be a compact metric space
and let f : X — X be a homeomorphism. Then (X, f) has the pe-
riodic shadowing property if and only if (F(X), f<*) has the periodic
shadowing property.

Koo and Tsegmid [6] showed that if a dense subdynamical system has
the periodic shadowing property, then the original dynamical system also
has the same property as below.

LEMMA 2.2. [6, Theorem 3.1]Let f : X — X be a homeomorphism
and A be an f-invariant dense subspace of a compact metric space X.
If (A, f|a) has the periodic shadowing property, then (X, f) has the
periodic shadowing property. Here f|4 is the restriction of f to A.

LEMMA 2.3. [11, Theorem 3.2.2] Let X be a compact metric space
and let f : X — X be a homeomorphism. If (X, f) has the periodic
shadowing property, then (2X ,2f ) has the periodic shadowing property.

Proof. If f has the periodic shadowing property, then f<“ has the pe-
riodic shadowing property by Lemma 2.1. Since F(X) is a 2f-invariant
dense subset of 2%, then (2¥,27) has the periodic shadowing property
by Lemma 2.2. ]

REMARK 2.4. Let Per(f) denote the set of all periodic points of a
homeomorphism f : X — X. If a homeomorphism f : X — X on
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a compact metric space X has the periodic shadowing property, then
Per(f) = X. But the converse does not hold in general.

PROPOSITION 2.5. If a system (X, f) has a dense set of periodic
points, then so does (2% ,27).

Proof. Let A € 2X and € > 0 be given. Then there exists a finite set
{xi}i-, of X such that A C J;_ Ba(zi, §) C Ba(A, §). Since Per(f) =
X, we choose each point p; € Per(f) such that p; € Bg(w;, §) for each
i=1,---,n. Let P := {p;}]~, be the set of their periodic points of
[ corresponding to x;, respectively. Since p; € Bg(z;, §) for each i =
L,---,n, then By(z;, 5) C Bq(pi,€). We get

n € n
AcC LJle(xi, Z) C LJle(pi,e) = B4(P).
Similary, we obtain p; € By(x;, §) C Bq(A, §) for each i =1,--- ,n and
50, P C By(A, €). Thus we have di (A, P) <€, i.e., P € By, (A, €). Thus
By, (A, e) NPer(2f) # 0, i.e., A € Per(2f). Hence Per(2/) = 2X. This
completes the proof. ]

We give an example to illustrate that the converse of Proposition 2.5
is not true in general.

EXAMPLE 2.6. [I, Lemma 1] Let [[Z2 be the Cantor space with
Abelian topological group structure which group addition on []Zs is
given by

(331,.%‘2,1‘3, .. ) + (yl,yg, Y3, .. ) = (2:1, 29,23, .. .),

where z; = x;+y;+¢; (mod 2), ¢y =0 and ¢; = x;—1 +yi—1+¢i—1 (div 2)
for i > 2. Then the group translation homeomorphism f : [[Zo — [] Z2
defined by

f(l'l,.%'g,.%'g, .. ) = (.rl,xg,ajg, .. ) + (1,0,0, .. )

has no periodic points. Also, we see that every cylinder set [x1, ..., xy]
in [[Zy is a periodic point of 2f in 211%2 since f¥"([x1,...,zn]) =
[x1,...,zp] for each n € N. We see that the set of finite unions of

cylinder sets forms a dense set of periodic points for 2/ in 211%2 Hence
we see that Per(2/) = 21122 put Per(f) # [] Zo.

We obtain the following result that the converse to Lemma 2.3 is true
under the expansive condition of the system (X, f).
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LEMMA 2.7. [9, Theorem 4.2.9] Let f : X — X be an expansive
homeomorphism. If (2X,2/) has the periodic shadowing property, then
(X, f) has the periodic shadowing property.

Now, we give a proof of our main result.

Proof of Theorem 1.1. Proof follows from Lemma 2.3 and Lemma
2.7. O

Next, we obtain the following result concerning the strong periodic
shadowing property in homeomorphisms and their induced maps.

PropPoOSITION 2.8. Let f: X — X be an expansive homeomorphism.
If (2%, 2/) has the strong periodic shadowing property, then (X, f) has
the strong periodic shadowing property.

Proof. Let e be an expansive constant for f. For any 0 < € < §, there
is & > 0 corresponding to € by the strong periodic shadowing property
of 27, Let {x,}ncz be a d-periodic pseudo orbit of f with x; = x4, for
all i € Z. Then {{x,}}nez is also a periodic §-pseudo orbit of 2/ with
period 1. Tt follows from the periodic shadowing property of 2/ that
there exists A € 2% such that dy (27" (A), {z,}) < € for each n € Z and
2fl(A) = A for some [ € Z. Let a € A be a given point. For each b € A,
we have

d(f"@), f1 1)) < d(f"(a),zn) + d(zn, M) < €+ e < e, Vn € Z.

Then we obtain A C T (a). Since f is expansive, we have T'l (a) = {a},
so A = {a}. Then d(f"(a),z,) < € for all n € Z. Moreover, f'(a) = a.
Hence f has the strong periodic shadowing property. This completes
the proof. O

PRrOPOSITION 2.9. Let f: X — X be an expansive homeomorphism
and 27 : 2X — 2X be a chain transitive homeomorphism. If a system
(2X 27 ) has the periodic shadowing property, then the initial system
(X, f) has the periodic shadowing property.

Proof. Suppose that (2X 27 ) has the periodic shadowing property.
Then the shadowing property of (2%, 2/) follows from Theorem 2.5 in [3].
So (X, f) has the shadowing property by [4, Theorem 3.4.]. It follows
from Theorem 2.2 in [3] that the shadowing property of f implies the
periodic shadowing property. ]

References

[1] J.Banks, Chaos for induced hyperspace maps, Chaos Solitons Fractals, 25 (2005),
681-685.


https://www.sciencedirect.com/science/article/pii/S0960077904007672

60

2]

(10]
(11]

(12]

Namjip Koo, Hyunhee Lee, and Nyamdavaa Tsegmid

W. Cordeiro, M. Denker, and X. Zhang, On specification and measure expansive-
ness, Discrete Contin. Dyn. Syst., 37 (2017), no. 4, 1941-1957.
A. Darabi and A.-M. Forouzanfar, Periodic shadowing and standard shadowing
property, Asian-Eur. J. Math., 10 (2017), no. 1, 1750006, 9 pp.

L. Fernandez and C. Good, Shadowing for induced maps of hyperspaces, Fund.
Math., 235 (2016), no. 3, 277-286.

C. Good, J. Mitchell, and J. Thomas, Preservation of shadowing in discrete
dynamical systems, J. Math. Anal. Appl., 485 (2020), 123767, in press.

N. Koo and N. Tsegmid, On the density of various shadowing properties, Com-
mun. Korean Math. Soc., 34 (2019), no. 3, 981-989.

P. Koscielniak, On genericity of shadowing and periodic shadowing property, J.
Math. Anal. Appl., 310 (2005), no. 1, 188-196.

P. Koscielniak and M. Mazur, On C° genericity of various shadowing properties,
Discrete Contin. Dyn. Syst., 12 (2005), no. 3, 523-530.

H. Lee, Stability of discrete dynamical systmes on hyperspaces, MSc thesis,
Chungnam National University, 2019.

H. Méndez, On density of periodic points for induced hyperspace maps, Topology
Proc., 35 (2010), 281-290.

N. Tsegmid, Periodic shadowing properties in dynamical systems, PhD thesis,
Chungnam National University, 2019.

W. R. Utz, Unstable homeomorphisms, Proc. Amer. Math. Soc., 1 (1950), 769-
T74.
*

Department of Mathematics
Chungnam National University
Daejeon 34134, Republic of Korea
E-mail: njkoo@cnu.ac.kr

k%

Department of Mathematics
Chungnam National University
Daejeon 34134, Republic of Korea
E-mail: avechee@cnu.ac.kr

ko

Department of Mathematics

Mongolian National University of Education
Baga Toiruu, Ulaanbaatar, Mongolia
E-mail: nyamdavaa.ts@msue.edu.mn


http://www.aimsciences.org/article/doi/10.3934/dcds.2017082
https://www.researchgate.net/publication/303089900_Periodic_shadowing_and_standard_shadowing_property
https://www.researchgate.net/publication/304991773_Shadowing_for_induced_maps_of_hyperspaces
https://www.sciencedirect.com/science/article/pii/S0022247X19310352
https://www.koreascience.or.kr/article/JAKO201921358167925.page
https://www.sciencedirect.com/science/article/pii/S0022247X05000909
https://www.researchgate.net/publication/238882974_On_C0_genericity_of_various_shadowing_properties
http://topology.nipissingu.ca/tp/reprints/v35/
https://www.jstor.org/stable/2031982?seq=1#metadata_info_tab_contents



