Korean J. Math. 29 (2021), No. 4, pp. 725-732
http://dx.dot.org/10.11568 /kjm.2021.29.4.725

SHARPENING LOWER BOUND IN SOME INEQUALITIES FOR
FRAMES IN HILBERT SPACES

FAHIMEH SULTANZADEH, MAHMOOD HASSANI, MOHSEN ERFANIAN OMIDVAR,
AND RAJAB ALI KAMYABI GOL

ABSTRACT. This paper aims to present a new lower bound for some inequalities
related to Frames in Hilbert space. Some refinements of the inequalities for general
frames and alternate dual frames under suitable conditions are given. These results
refine the remarkable results obtained by Balan et al. and Gavruta.

1. Introduction and preliminary

Frame theory was introduced by Duffin and Schaeffer [6] as part of their research
in the non-harmonic Fourier series. Frames are useful in some areas such as signal
and image processing, data compression , and sampling theory. Their main advantage
is that frames can be designed to be redundant while still providing reconstruction
formulas. Due to their numerical stability, Parseval frames are of increasing interest
in applications [5,7,12]. Let (H, (-,-)) be a separable Hilbert space. We denote by
L(H) the algebra of all linear operators on H. The space [*(I) is the set of {a;}ier
such that a; € C and Y, ; |a;|* < 0o when [ is a finite or countable set.

A frame for H is a family of vectors F' = { f;}ie; in H which satisfies
(1.1) AIFIP <D WF P < BIFIP, for every f € H,

icl
for positive constants 0 < A < B. The optimal constants (maximal for A and minimal
for B) are known as the upper and lower frame bounds, respectively. If A = B, then
this frame is called an A-tight frame, and if A = B = 1, then it is called a Parseval
frame.
If a family of vectors F' = {f; };c; satisfies the upper bound condition in (1.1), we call
F a Bessel family. Associated with each frame F' = {f;};c;, there are three linear and
bounded operators:
T:P(I)—>H, Te=73,,(x,e)f;, (synthesisoperator)
T*:H — I*(I), T*(f)={{f, fi)}ier, (analysis operator)
S H—H, Sf=TT*f=7% ([ fi)fi, (frame operator)
where {e;}ics is the standard orthonormal basis of (*(I). The inequalities in (1.1)
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imply that S is a (positive) self-adjoint invertible operator, and it allows reconstruction
of each vector f € H in terms of the family F' as follows:

F=Y LS fi=Y (f S
il iel
If F'is a Parseval frame, that is, S = id, then the reconstruction formula resembles
the Fourier series of f associated to an orthonormal basis B = {b;},ec; of H:

F=> {fbbj,
jeJ
but the frame coefficients {(f, f;) }ier given by F' = {f;}icr allow us to reconstruct f
even when some of these coefficients are corrupted; see [6].
The family {fi}iel, where fz = S71f,,i € I, is also a frame for H, called the canonical
dual frame of the F' = {f; }ics.

In general, the Bessel family {g;}ic; is called an alternative dual of the frame F =
{fi}ier if the following formula holds:

F=>{f.9)f, foral feH
i€l

If {fi}ier is a frame for H, for everyJ C I, we define the operator

Sif =Y Af fi)fi
icJ
and denote J¢ = I\ J. It follows that S = S; + Sjc. By this definition, it is clear
that if J; C Jy, then ||Sy, fll < S5 f]]-
For more details we refer to [2-4,8,11]. In [1], Balan et al. proved the following
identity for Parseval frames:

(12) UL I IR = 3K 5P = I F Sl

Moreover, in [1], the following inequality was obtained:

3
(13) TIPS D WAL+ 1D F il
ieJ ieJe
See [9,10] for further details. In fact, the identity (1.2) was obtained as a particular
case from the following result for general frames:

W) STUE PSS £ P = STI P+ ST S F F2.
icJ el e Je iel
Inequality (1.3) leads us to introduce, for a Parseval frame, the numbers

1> ies U F) ill® + Diese [ £ P

/112 ’

2 2

o (F19) =ty LA I B 11

Recall that v, (F;J) is called the upper index of F' relative to J, and v_(F';J) the
lower index of F' relative to J.

Gavruta [9] presented the basic properties of these indexes.

Balan et al. [1] and Gavruta [9] established several identities and inequalities for
Hilbert spaces frames. Zou and Jiang [13] presented a refinement of the well-known

v (F; J) = supyg
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arithmetic-geometric mean inequality. In the present paper, we use this improved in-
equality in some inequalities for Parseval frames and get new inequalities. Thereafter,
we show improvements of the inequalities for general frames. However, our main focus
will be on Parseval frames because of their importance in applications, particularly
signal processing. Finally, we obtain improvements of the inequalities for alternative
dual frames too.

2. Main results

The results of this paper are organized as follows: first, we improve the left-hand-
side of inequality (1.3). Thereafter in Lemma 2.5 improvements for self-adjoint op-
erators are given, which we apply for general frames. Finally, in Theorems 2.9 and
2.10, we obtain the results for alternate dual frames.

The well-known arithmetic-geometric mean inequality says that if a,b > 0, then

b
Vab < a—2|— . A refinement of this inequality is given in the following lemma:
LEMMA 2.1. [13] If a,b > 0, then

Ina —Inb)? b
Q+Q£§£Jﬁ¢g§a;,

We will need the following important result from operator theory [1].

LEMMA 2.2. If S, T € L(H) satisfying S+ T = Id, then S — T = S? —

Proof. The proof follows from
S—T=8~(id—S)=25—id=S*— (id— 25+ S*) =S*>— (id— S)* = 5> - 1T"
O

THEOREM 2.1. If { f;}icr is a Parseval frame for Hilbert space H with frame oper-
ator S, then, for every () # J C I, it follows that

A
01 CENIAP S IR I A for f €
ieJ 1eJe

where \ = inffeH(ln 1S7f|| —In HSchH)Q-
Proof. Since

IFI1P = 11S2f + Sse fIIF < WSS+ 1Sse f
by applying Lemma 2.1, we have

1+ 20| S5£INS £l

SifII? + 1S5 f11?

2 < g 2+ S e 2+ “ J ‘

||f|| —|| Jf” || Jf” 1+(lnl|SJf||—1H |Sch|)2
2

Put A = inf e (In || Sy f]] — In ||Sse f]])?, then
2

2 < 2 . -
1117 < (1SS £+ 1S 1P (1 +2+A)7

and we have 51 3
()il £) < (S5 + 530, £),
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This implies that

(i i i)z‘d <2452
So,
(% + 1)id < Sy + S5 + Sy + 7.
Now by applying Lemma 2.2, it follows that
(i * i)id < S, + 5.
Hence

34+ A

<4+)\

WP <ASsF £y +(Saef Sae fy = Y _IE FIF + 11 _LF S AP
ieJ ieJe
[

Note that for A = 0, inequality (2.1) is the same as inequality (1.3) and that for A > 0,
(2.1) is an improvement of (1.3).

COROLLARY 2.1. Let F' = {fi;}ier be a Parseval frame and let J C I. Then

A
T—A <w (F;J) <vp(F;J) <1

where A = inf rep(In ||S; f|] = In ||Sse f]))2.

Proof. By using Theorem 2.3 and that F' is a Parseval frame, we have

3+ A
CEDIIE < STIE I+ Y4 LI < ISP
icJ iceJe
So
340 _ Sies W I+ | Sl F S
e ik =t
hence 34
Ty Sv-(F) S e(Fr) <1

]

In the following lemma, we give an improvement of the inequality proved in [9,
Theorem 2.1], under some conditions.

LEmMMA 2.3. Let T1,T, € L(H) be self-adjoint operators satisfying T\ + Ty = id,

k
such that T} > 1id, orT) < 1id , where k € N. Then
K24+ k+1
(2.2) N ————fI? < (L f, fY + I f 1P = (af, f) + ITLf |, for f € H.

Proof. From our assumptions, we have
(Tof, f) + I TLf 1 = ((id = TV f, f) + (T7f, f)
(( T +id)f, f)
= (Tuf, ) +{(id = T1)*}, f)
= (T f -+ 1T
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For every k € N, we can write

k M+k+1
T2 — T, +id =((T? =T, + ———id _
If
1 1 4 1
T <{(=—=4]1—
or
(1) 2 A5+ 51| = ) ) = (e £ 1),
Mo dl=g T (k+ 12" k+1’
we have "
T — —id >
<(1 +(k5—|—1)2Z >f7f>—0
50 k:2 kE+1
. + +
Therefore,
K+ k+1
T + | Tof||? = (T + | TLf|I? > 2
(L 1)+ B = (Bt )+ 1T 2 = W
O
REMARK 2.1. Notice that for k = 1, inequality (2.2) is the same as the inequality
B4+ k+1
proved in [9, Theorem 2.1] and for £ > 1, from the inequality 2 < ﬁ, it
follows that inequality (2.2) is an improvement for it.
k P 4+k+1
For k = 1,2,3,4,5, ..., the correspondence values of 1 — or are

(k+1)2 (k+1)2
0.75 < 0.78 < 0.81 < 0.84 < 0.86 < ...., respectively.

Hence by increasing k, we see that 1 —

UESE is rapidly approaching to 1. Therefore

inequality (2.2) is better in the application and we use it for frames.

THEOREM 2.2. Let {f;}icr be a frame for Hilbert space H with frame operator S
1

and canonical dual frame {f;}ic;. For every 0 # J C I, if0 < §25,572 < T 1z'd,
1 1 k
or 5725;572 > 1 z'd, where k € N, then
k + k —l— 1
Zl AP UL+ USsef P
(23) ieJ iel
= UF P+ D NS F)P, for f € HL
ieJe iel

Proof. For every J C I, we have S;+S5;c = S, and hence S_%SJS_%—FS_%SJCS_% =
td. By our assumptions and taking 7} = S$725,572, Ty = 725,52, and S%f
instead of f in Lemma 2.5, we get
kK +k+1

iy 1S S (SRS SA N IS TES I = (SRS, 53 + 1S TE S S,



730 F. Sultanzadeh, M. Hassani, M. E. Omidvar, and R. A. kamyabi Gol

or equivalently,

4+ k+1
(k+1)2

Therefore

(SE Y <(Safo f)+ (ST Syef, Syef) = (Syef, fY + (ST'S4f, Sy f).

kk++k1+121 L P <D UL P+ D WS f f)P

ieJ el
= KL P D NS S )P
ieJe el

]

For k = 1, inequality (2.3) is the same as the inequality proved in [9, Theorem 2.2]
and for £ > 1 it is an improvement for it.

In the following, we give an improvement for alternate dual frames. We first improve
an inequality given in [9] for operators under conditions.

B +k+1
LEMMA 2.4. If Ty, T, € L(H) satisty Ty + T = id and ReTy > ﬁid where
k € N, then
4+k+1. . 1, .. . 1, .
(24) Wld S Tl T1 + §(T2 + TQ) = T2 TQ + §(T1 + T1>

Proof. From our assumptions, we have

1 1
Tl*Tl + —(TQ* + TQ) T T1 + = (Zd T* + id — Tl)

2
1
=171 — Q(Tf +Ty) +id
1
= (id = T)(id = T0) + 5 (T} + Th)
1
=T5T, + §(T1* +T1Y).
. 1, . § K +k+1.
And also, T5T, + §(T1 +T) =131, +ReTh > (k+1) id.

]

Note that, for & = 1, inequality (2.4) is the same as the inequality in [9, Theorem
3.1] and for every k > 1, inequality (2.4) is its improvement.

THEOREM 2.3. Let {f;}icr be a frame for Hilbert space H and let {g;}ier be an
alternate dual frame of { f;}ic;.

Forevery J C I and f € H, if Re((>_,c,(f. 9:) fi), f) =
then

B+ k+1

(k+1)2 (f,f), where k € N,
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RN < Re S0 b (7 7 + 1 o4 il
(2.5) ( ) ieJ ieJe
=Re Y (fg)(F, i) + 1 D _(Fr 90 Fill™

e Je icJ
Proof. For every J C I define the bounded linear operator Z; on H by
Zyf = Z<f; 9i) fi-
icJ
By the Cauchy-Schwarz inequality, it follows that this series converges unconditionally.
Since Z; + Zjc = id, by Lemma 2.8, for every f € H, we have

E+k+1 1
i N S G2 )+ 5t 200 )
:<Z}CZJCf>f> %((Zj+ZJ)f7f>7
or
FP4+k+1, .., 2,
S M2 S U+ S(Z0F )+ (2. )
=[1ZsfI* + 5 (<ZJf Fy+14Zsf, )
Hence
N+k+1 2 )
= |l Z<fa gi) Jill* + Re(Z(f, 9i) fis ),
ieJe ieJ
and the proof is completed. O

Note that, for £ = 1, inequality (2.5) is the same as the inequality proved in [9,
Theorem 3.2| and for every k > 1, inequality (2.5) is its improvement.
Finally we show a more general result.

THEOREM 2.4. Let {f;}icr be a frame for Hilbert space H and let {g;};,c; be an
alternate dual frame of { f;}ic;.

For every f € H, if Re((>_,c,(f,9:) fi), ) =

any bounded sequence {w;}icy,

E+k+1

(k; + 1)2 <f, f>; where k € N, then for

E+k+1
(k+1 ||f||2 Rezwz f gz + ||Z 1_wz f gz>fz||2
el el
= Rez (1 —w){(f,9)(f, fi) + | sz 90 f:*.

i€l el
Proof. In Lemma 2.8, we put

If= sz’<f7 9i)fi, Tof = Z(l —w;)(f, 9:) fi-

icl i€l
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Now, the result follows from Theorem 2.9 if we take J C I and

1, fore e J,
w; = .
0, for:e Je.
O]
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