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Abstract: We have revisited Monte Carlo radiative transfer calculations for clumpy molecular clouds.
Instead of introducing a three-dimensional geometry to implement clumpy structure, we have made use of
its stochastic properties in a one-dimensional geometry. Taking into account the reduction of spontaneous
emission and optical depth due to clumpiness, we have derived the excitation conditions of clumpy clouds
and compared them with those of three-dimensional calculations. We found that the proposed approach
reproduces the excitation conditions in a way compatible to those from three-dimensional models, and
reveals the dependencies of the excitation conditions on the size of clumps. When bulk motions are
involved, the applicability of the approach is rather vague, but the one-dimensional approach can be an
excellent proxy for more rigorous three-dimensional calculations.
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1. INTRODUCTION

In order to analyze the properties of molecular clouds,
one needs radiative transfer (RT) models of molecu-
lar transitions, which link the physical conditions of
molecular clouds and and observables, namely the line
profiles of multiple transitions. Therefore, radiative
transfer models have been developed since the detec-
tion of molecules, including CO. In general, molecu-
lar clouds are turbulent and have complicated struc-
tures on all scales due to dynamical energy and mo-
mentum inputs from the environment and their large
Reynolds numbers. Moreover, since molecular clouds
typically have low densities, the non-LTE approach in
three-dimensional geometry is crucial.

Non-LTE modelling initially used simple geome-
tries. Goldreich & Kwan (1974) developed the large
velocity gradient (LVG) model, importing the escape
probability method applied to expanding stellar en-
velopes and ignored radiative interactions between lo-
cations separated from each other in a cloud because of
the large velocity gradient. A modern version without
systematic motion was developed by van der Tak et al.
(2007).

The full non-LTE modeling for one-dimensional
geometries of spheres or finite slabs began just after
the LVG model by Leung & Liszt (1976). However,
non-LTE radiative transfer models using Monte Carlo
methods developed by Bernes (1979) are now commonly
used, and many variations have been devised (Juvela &
Padoan 2005). In these models, small numbers of model
photons replacing copious real photons are generated
and are allowed to travel through the medium. Then
the number of (de-)excitations is counted for each zone
and fed into the statistical equilibrium equations. Ran-
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dom numbers are generated and used to assign positions
of photon production, frequency offset with respect to
its rest frequency, and propagation directions. A ma-
jor advantage of the model is that it can treat velocity
fields accurately. Increasingly efficient methods have
been developed since then to accelerate iterations and
to reduce noise inherent in the Monte Carlo algorithm
(Hogerheijde & van der Tak 2000).

Extension to three-dimensional space was accom-
plished later in the ’90s based on the Monte Carlo meth-
ods (Park & Hong 1995; Juvela 1998; Brinch & Hoger-
heijde 2010). These three-dimensional radiative trans-
fer models are often combined with three-dimensional
(magneto-)hydrodynamic calculations (Quenard et al.
2017).

Three dimensional RT models are complex and
require a large amount of computer resources. Here
we propose an efficient one-dimensional RT model for
clouds with complicated structures. As a simple ap-
proximation, a molecular cloud can be regarded as an
aggregation of small clumps; in this case, the locations
of individual clumps are not important. The clumpy
cloud is a kind of stochastic system, and the distribu-
tion of clumps can be described by a statistical param-
eter: the volume filling factor. Then one may efficiently
solve the RT problem for the clumpy molecular cloud
in one dimension using the mean value without working
in three-dimensional space.

Section 2 develops a one-dimensional approach to
the stochastic systems and describes modifications to
the existing one-dimensional Monte Carlo code. In Sec-
tion 3, we present the results of one-dimensional calcu-
lations for the various combinations of input parameters
and compare them with those from three-dimensional
calculations. A summary and conclusions are given in
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Section 4.

2. ONE-DIMENSIONAL RADIATIVE TRANSFER
MODELS IN CLUMPY CLOUDS

2.1. Cloud Geometry
We assume a spherical molecular cloud composed of
many small clumps. Such a clumpy structure has been
suggested by observations (Moore & Marscher 1995;
Molaro et al. 2016; Rybarczyk et al. 2020). The inter-
clump medium may be taken into account, but for sim-
plicity, we assume in this work that the space between
clumps is empty. Observations suggest a high density
contrast between clumps and interclump medium (Blitz
& Stark 1986; Hennebelle & Falgarone 2012). Even a
low density may play a role for CO, but we defer this
to later studies. Clump density, temperature, and vol-
ume filling factor may have dependencies on the radial
distance from the cloud center, but again for simplicity,
we assume uniform values for these. The volume filling
factor f is defined as the ratio of the volume occupied
by clumps and the total volume. Cloud model param-
eters are adopted as follows: a kinetic temperature of
Tk = 15 K, a cloud radius of R = 1 pc, clump densities
of n(H2) = 1× 103, 2× 103, and 4× 103 cm−3, and vol-
ume filling factors of f = 0.1 and 0.01. These, including
turbulence as discussed below, are typical of cold dark
clouds (Park & Hong 1995).

We take into account two kinds of internal motions:
microturbulence and bulk motion. In the microturbu-
lence models, the cloud is static, and the width of the
Gaussian absorption coefficient is attributed to micro-
turbulence which we set to σmic = 1 km−1 across the
cloud. In the cloud models with bulk motion, we assume
that the line width is dominated by the random motion
of clumps. It is reasonable to assume that the distri-
bution function of the bulk motion is also Gaussian.
Even in this case, microturbulence can not be neglected.
Thus we set σmic = 0.2 km−1 and σblk = 1 km−1. Over-
all, the two models have approximately about the same
velocity dispersion. The velocity dispersions σmic or
σblk mentioned in this work implicitly include a fac-
tor of

√
2 relative to the mathematical definition of the

standard deviation.

2.2. Molecules
The molecule we are first interested in is CO. CO is, in
a sense, an exceptional molecule for RT modeling due
to its low dipole moment. It is easily excited to higher
levels, and thus, one needs a large number of energy
levels. Ten levels and nine transitions in total are taken
into account.

We take its frequency, Einstein coefficients, and
collisional coefficients from the LAMBDA database
(https://home.strw.leidenuniv.nl/~moldata). We
use the CO-H2 collision coefficients from Yang et al.
(2010) with a ortho-to-para H2 ratio of 3 as done by
Asensio Ramos & Elitzur (2018). Abundance is as-
sumed to be constant across the cloud with 5 × 10−5

relative to molecular hydrogen.

2.3. Proposed Radiative Transfer Code for Clumpy
Clouds

Here we describe how the clumpy structure is implicitly
implemented into a one-dimensional radiative transfer
code. As for the one-dimensional RT model, we adopt
and work with the original Monte Carlo code by Bernes
(1978).

In order to derive excitation conditions in molecu-
lar clouds, one has to solve radiative transfer and sta-
tistical equilibrium equations together. The statistical
equilibrium equation is solved at given locations in a
cloud and needs specific intensity as functions of fre-
quency and angle. The formal solution of radiative
transfer for the specific intensity is

Iν(r) =

∫ τν

0

Sνe
−τ ′

νdτ ′ν +Bνe
−τν

=

∫ τν

0

jνe
−τ ′

νds+Bνe
−τν .

The equation says that the radiation field at a point
is given by the background radiation Bν attenuated by
τν and the combination of emission Sν and attenua-
tion e−τν summed over the optical path length τν that
depends on direction and frequency. The approach of
the Monte Carlo method is different: it separates emis-
sion and absorption processes. First it calculates the
number of photons generated from the background and
those produced spontaneously within the cloud, which
correspond to the emission. These real photons are re-
placed with a smaller, reasonable, number of model
photons. The model photons assigned to the back-
ground radiation have offset frequencies following a uni-
form frequency distribution, while the model photons
assigned to the internal emission within the cloud fol-
low a Gaussian frequency distribution. The model pho-
tons are then allowed to propagate isotropically through
the system until they escape the cloud, where only ab-
sorption is taken into account. The number of (de-
)excitations by the absorption in each zone (spherical
shell) is counted and is fed into the rate equation.

We modified the one-dimensional RT code as fol-
lows, taking clumpiness into account. We note again
that the clumpy structure is implicitly realized in the
code only via the volume filling factor.

(a) The total number of emitted photons in the
cloud is reduced by a factor of f , compared to the com-
pletely filled cloud, while that from the background is
not affected.

(b) The optical depth of a step length, ds, like-
wise decreases by a factor f . Intuitively, the optical
depth should scale with f1/3, since the distance between
clumps scales with f−1/3. For a proper estimate, con-
sider a small clump of size l immersed in a larger empty
volume of size L, where f = l3/L3. A model cloud is
considered a stack of these volumes in x, y, and z di-
rections. The optical depth along a path of length L is
κν l if a photon path hits the clump, but zero otherwise.
An optical depth averaged over a surface of L2 perpen-

https://home.strw.leidenuniv.nl/~moldata


1D Molecular Line Radiative Transfer in Clumpy Clouds 185

dicular to the ray direction is then κν l × l2/L2 which
reduces to fκνL. Thus the correction factor is f .

(c) In the original work of Bernes (1979), the num-
ber of stimulated absorptions in each zone is counted
and divided by the volume of the zone, Vi, where i is
the zone index; refer to Equation (5) of Bernes (1979).
In the clumpy cloud, the numbers are counted the same
way, but must be divided by the actual volume, fVi, to
get the correct transition numbers.

We divided the spherical model cloud into Nr = 30
concentric shells of equal thickness in most calculations.
The number of model photons is 105.

2.4. Verification of Radiative Transfer Code
We test our arguments given above by comparing exci-
tation temperatures derived from the modified 1D cal-
culations with those from 3D computations where the
clumpy structure is implemented in a brute force man-
ner. We adopt the 3D model developed by Park & Hong
(1995) because it is a simple extension to 3D, keeping all
the logic inherent in the 1D Monte Carlo model (Bernes
1979) used in this study. The three-dimensional model
divides a spherical volume into 4πN3/3 small cubics of
equal size, while a fraction of cells with non-zero density
is considered clumps. In most calculations, we adopted
N = 30 and 60. The number of model photons is typ-
ically 106, but for some calculations it is 8 × 106. If
the signal-to-noise ration (S/N) is insufficient, we run
the code for the same physical parameters three or four
times with different seed random numbers, and average
the results to get excitation temperatures with reason-
able noise levels.

In order to probe the consistency between the 1D
and 3D models, we first conducted calculations for a
model cloud with f = 1, i.e., a filled cloud without bulk
motion, and present the resulting excitation tempera-
tures for the lower three transitions of CO in Figure 1.
Model parameters for this comparison are R = 1 pc,
Tk = 15 K, n(H2) = 1 × 103, 2 × 103 cm−3, σmic = 1
km s−1, σblk = 0, and Nr = N = 30. Figure 1 indeed
shows a good agreement between the two RT models
for the conventional cloud model with f = 1.

3. RESULTS

3.1. Microturbulent Clouds
We assume that clouds neither have bulk motion nor a
systematic motion for this group of model clouds. We
set the microturbulence to σmic = 1 km s−1. In these
models, even clumps separated by a large distance are
radiatively coupled. Solid lines in Figure 2 show the
excitation temperatures along radial distance for vari-
ous hydrogen densities and volume filling factors. For
comparison, we present excitation temperatures from
3D calculations for N = 30 and 60. The results of 3D
calculations depend on N or the clump size, particu-
larly for small f . For a fixed f , a larger N indicates a
larger number of smaller clumps in the model clouds.

For f = 0.1, we find that the results of the one-
dimensional calculation are in good agreement with the

Figure 1. Excitation temperatures of the CO J = 1 − 0,
2 − 1, and 3 − 2 transitions from 1D and 3D radiative
transfer calculations for uniform model clouds with n(H2) =
1 × 103cm−3 and 2 × 103cm−3. For the 1D calculation, the
excitation temperatures of the last ten iterations among 50
iterations after settlement are displayed as solid lines, while
for the 3D calculations, the mean and standard deviation of
excitation temperatures of clumps contained in the concen-

tric shells [ (n−1)
N

R, n
N
R], (n = 1, 2, ..., N) are shown for the

last calculation after 40 iterations.

3D calculations. The excitation temperatures of the 3D
model with the larger N are higher in the deeper part
and lower close to the cloud surface, but the difference
is very small. The results of the 1D calculation may
be considered an extrapolation of the 3D calculations
toward the larger N . This is consistent with the inter-
pretation that the 1D calculation implicitly assumes an
infinitely large number of small clumps.

In the case of f = 0.01, the excitation temperatures
are largely uniform. Since there is a significant fraction
of empty space, a clump has little chance to interact
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Figure 2. Excitation temperatures of CO J = 1 − 0, 2 − 1, and 3 − 2 transitions from the proposed 1D and 3D radiative
transfer calculations for microturbulent model clouds. Green solid lines are the excitation temperatures of 1D calculations
for the last ten iterations among 50 interactions. In the case of 3D calculations, we iterated the code 40 times for N = 30
(red lines with error bars) and N = 60 (blue lines with error bars). The means and standard deviations are derived as in
Figure 1. From the top to bottom of each frame, the density varies from 4 × 103cm−3, 2 × 103cm−3, to 1 × 103cm−3. One
can note suprathermal excitation for the model with 4 × 103cm−3.

with clumps in other locations radiatively, but the back-
ground radiation can easily penetrate the cloud. The
excitation condition of a clump is then determined by its
internal radiation and the background radiation, which
is reminiscent of the LVG model. Thus the excitation
temperatures for small f very weakly depend on the
position in the model clouds.

In the figure, for f = 0.01 significant differences
in excitation temperatures are noted between the 1D
and the 3D calculations and between the 3D calcula-
tions with N = 30 and N = 60. Again the excitation

conditions of the 1D cloud model are those expected
from the extrapolation of 3D calculations. The depen-
dence of the excitation temperatures of the 3D models
on the clump size was overlooked in the previous study
of Park & Hong (1995). The internal hotter radiation
affecting the excitation condition of a clump becomes
smaller for smaller clumps; thus the excitation temper-
atures are lower for smaller clumps. For the J = 3− 2
transition in the model with n(H2) = 1×103 cm−3, the
optical depth of ∼ 0.17 through the cloud center is so
low that the radiation is dominated by the background
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Figure 3. Comparison of the excitation temperatures for two one-dimensional models with bulk motion. Green (lblk = R/Nr)
and red (lblk = 0.5R/Nr) solid lines represent the excitation temperatures for the hybrid models, while blue (ds = 0.3R/Nr)
and cyan (ds = 1.2R/Nr) solid lines indicate the excitation temperatures for the on-the-spot models. Like in Figure 2, the
excitation temperatures of the last ten iterations are displayed. From the top to bottom of each frame, the density varies
from 4 × 103cm−3, 2 × 103cm−3, to 1 × 103cm−3. See the text for detailed descriptions of the models.

radiation with little contribution from internal radia-
tion. Thus the excitation temperatures converge to a
single value, independent of the clump size, as shown in
the figure.

In n(H2) = 4 × 103 cm−3 models, the excitation
temperature in the outer part is larger than kinetic
temperature, suggesting suprathermal excitation. The
cloud model of f = 0.1 also exhibits the sign of the
suprathermal excitation for the same gas density to a
lesser degree.

It appears that the modified one-dimensional mod-
els for clumpy clouds gives excitation conditions that

are consistent with those of 3D calculations.

3.2. Clouds with Bulk Motions
In this model, microturbulence is small and close to
thermal motion, i.e., σmic = 0.2 km s−1. Instead, we
allow random isotropic bulk motion of clumps with
σblk = 1 km s−1. In the 3D model, the bulk mo-
tion of clumps is implemented by assigning three-
dimensional random motions from Gaussian distribu-
tions with σblk,x = σblk,y = σblk,z = 1/

√
3 km s−1 to

the clumps. This corresponds to one of the many pos-
sible states that a cloud model can have. It is not easy
to realize this isotropic random motion in the 1D cal-
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Figure 4. Excitation temperatures of CO J = 1 − 0, 2 − 1, and 3 − 2 transitions from 1D and 3D radiative transfer
calculations for model clouds with bulk motion. Green solid lines are the excitation temperatures of 1D on-the-spot models
with ds = 1.2R/Nr for the last ten iterations after settlement. In 3D calculations, we iterated the code 40 times for N = 30
(red lines with error bars) and N = 60 (blue lines with error bars). From the top to bottom of each frame, the density varies
from 4 × 103cm−3, 2 × 103cm−3, to 1 × 103cm−3. One can note suprathermal excitation for the model of 4 × 103cm−3 like
in Figure 2.

culations. We attack this problem in two ways. The
first model may be called a hybrid model, where we
devise three-dimensional rectangular grids only for the
velocity fields and for tracing photon positions during
propagation. After assigning velocity fields to individ-
ual grids like in 3D models, we trace photon paths and
calculate the line of sight Doppler shift which deter-
mines the number of absorption in each zone.

The second approach, that may be called an ‘on-
the-spot’ model, is to assign a one-dimensional random
velocity in each propagation step. In this case, we nei-

ther need to make a 3D grid for velocity fields nor cal-
culate photon positions in 3D geometry. The velocity
along the photon path follows a Gaussian distribution
with σblk. Thus when a clump is passed by different
model photons several times, the clump may have dif-
ferent velocities.

In the cloud models with bulk motion, we have
a free parameter. For the first model, it is the grid-
ding resolution, lblk; for the second, it is the size of
step length ds. They are essentially the same in that
they represent a kind of velocity correlation length. In
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the 3D model, the length may range from the clump
size, R/N , to the distance between clumps, f−1/3R/N ,
where N is the number of grids along an axis. But
in reality, since there will be numerous small clumps,
a much shorter correlation length is expected (Moore
& Marscher 1995). Keeping this in mind, we ran the
first model for lblk = (0.5, 1)R/Nr, while we used ds =
(0.3, 0.6, 1.0, 1.2)R/Nr in the second model. Smaller
values require a longer calculation time. The resultant
excitation temperatures are compared in Figure 3. Cal-
culations show that the excitation temperatures are not
sensitive to the lblk for the first model, while they de-
pend on the ds for the second model. Though there are
systematic differences, the excitation temperatures are
consistent with each other within 1 K. The agreement
is better for low optical depth transitions.

In order to compare with 3D models in Figure 4, we
adopt the second model with ds = 1.2R/Nr as a repre-
sentative of models with bulk motion, since it truly re-
flects the random nature of velocity fields and does not
take too much computing time. The excitation tem-
peratures of f = 0.1 model clouds exhibit a behavior
similar to that of microturbulent model clouds. The 1D
and 3D models agree with each other in general, and the
excitation conditions of the 1D models roughly corre-
spond to those expected for the 3D models extrapolated
to the larger N . The agreement is remarkable consid-
ering the differences in computational methods. In the
case of f = 0.01, the excitation temperatures of the
1D model clouds lie far below those of 3D cloud mod-
els. In addition, the excitation conditions of 3D model
clouds are more sensitive to the clump size than those
of microturbulence models. The size dependence may
be understood in terms of the chance of radiative cou-
pling. The probability of radiative interaction is much
lower due to the velocity difference among clumps, in
addition to the dilution by the small volume filling fac-
tor. Therefore, the excitation condition of a clump is
far more dependent on the clump size, compared with
those of microturbulence models. We again note a sign
of suprathermal excitation for the n(H2) = 4×103 cm−3

models.
Comparing the excitation conditions of 1D calcu-

lations of the microturbulence models and the bulk
motion models, shown in Figure 2 and Figure 4, we
note that the excitation temperatures are closer to
each other for f = 0.01. The largest difference, less
than 1 K, is found for the J = 2 − 1 transition of
n(H2) = 4 × 103 cm−3 models. This is attributed to
the fact that if model clouds are optically thin, the bulk
motion reduces to microturbulence. The optical depths
toward the cloud center of the n(H2) = 1 × 103 cm−3

model are found to be 0.41, 0.77, and 0.17 at the line
center for J = 1 − 0, 2 − 1, and 3 − 2 transitions,
respectively, while they are 0.71, 2.0, and 1.4 for the
model with n(H2) = 4 × 103 cm−3. Thus for the
moderate or lower optical depth, τ <∼ 1, bulk motion
is not distinguishable from microturbulence. The pro-
posed model nicely demonstrates the smooth transition
of bulk motion from macroturbulence to microturbu-

lence even with the 1D approach. However, we caution
that if the model clouds are very optically thin (τ → 0),
then the excitation conditions are independent of the
nature of the motion and are determined solely by the
background radiation and collisions. The J = 3 − 2
transition of the n(H2) = 1 × 103 cm−3 cloud corre-
sponds to this case.

4. DISCUSSION AND CONCLUSIONS

We devised a one-dimensional radiative transfer model
that can be applied to clumpy molecular clouds ex-
ploiting their stochastic nature, significantly reducing
computation time when compared to a 3D model. For
microturbulent cloud models, the resulting excitation
temperatures are fully consistent with those of three-
dimensional calculations. Furthermore, the proposed
one-dimensional model gives clues to the excitation con-
ditions that a three-dimensional model cannot provide
because a huge number of grids is required. For clouds
with bulk motion, the 1D RT model reproduces the ex-
citation conditions reasonably in agreement with those
of 3D calculations, though they cannot precisely im-
plement the three-dimensional isotropic velocity field.
The bulk motion is found to reduce to microturbulence
if the optical depth is moderately thin, demonstrating
that the proposed model can integrally deal with the
micro- and macro-turbulences. In summary, the new
1D radiative transfer model can be a good proxy for
the complicated and time-consuming 3D models, even
if it can not completely replace 3D RT models.

3D RT models are more flexible and seem to be
closer to reality, but they are slow and require extensive
computational resources. 1D RT models have the oppo-
site pros and cons. A simple radiative transfer model,
RADEX, adopting the escape probability method, has
reached more than 1000 citations as of September 2021
(van der Tak et al. 2007). Therefore there has been an
ongoing necessity for simple and handy radiative trans-
fer tools. In this context, the proposed model could be
a compromise between the two models. We will test
the applicability of the proposed model further, relax-
ing the condition of uniform density and volume filling
factor and taking interclump medium into account.
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