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A NOTE ON THE INTEGRAL REPRESENTATIONS OF
GENERALIZED RELATIVE ORDER («,3) AND GENERALIZED
RELATIVE TYPE («,3) OF ENTIRE AND MEROMORPHIC
FUNCTIONS WITH RESPECT TO AN ENTIRE FUNCTION

TANMAY BiswAs? AND CHINMAY BISWAS P *

ABSTRACT. In this paper we wish to establish the integral representations of gener-
alized relative order («, ) and generalized relative type (a, ) of entire and mero-
morphic functions where « and (8 are continuous non-negative functions defined
on (—oo,400). We also investigate their equivalence relation under some certain
condition.

1. INTRODUCTION

oo
For any entire function f = ) a,2" on |z| =7, M¢(r), a function of r is defined
n=0
as follows:

My (r) = max|f(2)|.

|2|=r

If an entire function f is non-constant then My(r) is strictly increasing and
continuous and its inverse My~t : (]f(0)|,00) — (0,00) exists and is such that
SEIJPOOMf_l(s) = 00.

Whenever f is meromorphic, one can define another function T(r) (see [13,
p.4]) known as Nevanlinna’s characteristic function of f plays the same role as
M¢(r). Moreover, if f is non-constant entire then T¢(r) is also strictly increasing
and continuous function of r. Therefore its inverse Tf_1 : (T'4(0),00) — (0, 00) exists

and is such that lim Tf_l(s) = 00.
s—+00
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The order and lower order of entire or meromorphic functions which are generally
used in computational purpose are classical in complex analysis. Mainly the growth
investigation of entire and meromorphic functions has usually been done through
their maximum moduli or Nevanlinna’s characteristic function in comparison with
those of exponential function. But if one is paying attention to evaluate the growth
rates of any entire and meromorphic function with respect to a new entire function,
the notions of relative growth indicators (see e.g. [1, 2, 15]) will come. On the
other hand, Sheremeta [17] introduced the concept of generalized order of entire
functions considering two continuous non-negative functions defined on (—o0, +00).
During the past decades, several authors made close investigations on the properties
of entire functions related to generalized order as introduced by Sheremeta [17]
in some different direction. For the purpose of further applications, Biswas et al.
(see e.g. [4] to [11]) rewrite the definition of the generalized order of entire and
meromorphic function after giving a minor modification to the original definition
introduced by Sheremeta (e.g. see, [17]). Further, in order to make some progress
in the study of relative order, Biswas et al. (see e.g. [3, 8]) used the definitions
of generalized relative order (o, 3) and generalized relative lower order («,f) of
an entire and meromorphic function where o and § are continuous non-negative
functions defined on (—oo, +00).

In order to refine the above growth scale, one may use the definitions of other
growth indicators, such as generalized relative type («, 8) and generalized relative
weak type (a, ) of entire and meromorphic function with respect to an entire func-
tion. For details one may see [3, §].

Here in this paper, we wish to establish the integral representations of the def-
initions of generalized relative order («,3), generalized relative lower order («, ),
generalized relative type (a, ) and generalized relative weak type (a, 3) of entire
and meromorphic function with respect to an entire function which considerably ex-
tend earlier results of [12, p.4]. We also investigate their equivalence relations under
certain conditions. We do not explain the standard definitions and notations in the

theory of entire and meromorphic functions (see, e.g., [13], [14], [16], [18] to [20]).

2. PRELIMINARY REMARKS AND DEFINITIONS

Let L be a class of continuous non-negative on (—oo, +00) functions a such that
a(z) = a(xzg) > 0 for z < xp with a(x) T 400 as @ — +oo0 and (1 + o(1))z) =
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(1 + o(1))a(z) as  — +oo. We say that o € LY, if « € L and a(ecz) = (1 +
o(1))a(x) as g < x — +oo for each ¢ € (0,400), i.e.,, « is slowly increasing
function. Clearly L° C L. Further we assume that throughout the present paper
a, B € L unless otherwise specifically stated. Further suppose that u(z) and v(z)
are any two positive continuous increasing to +oo on [z, +00) functions such that
p~1(r) exist.

Taking this into account, let us give the following definitions:

Definition 2.1. Let u(z) and v(x) be any two positive continuous increasing to 400
on [zg, +00) functions. The generalized relative order («, ) of v(x) with respect to
p(x) is defined by

alp=(~(r
Pla,p) V] = lim Supmﬁ((:/)()))‘

r—-+00

Definition 2.2. Let p(z) and v(x) be any two positive continuous increasing to +oo

on [z, +00) functions. The growth indicator p(, g)[7]u is alternatively defined as:

(exp B(r))P 1

for k < pa,p)[V]u-

The integral [ expla(u (1)) g, (ro > 0) converges for k > p(q p)[v], and diverges
7o

Definition 2.3. Let u(x) and y(z) be any two positive continuous increasing to
+00 on [xg, +00) functions. The generalized relative lower order (a, 3) of y(x) with
respect to p(x) is defined as:

alu=Y(~(r
Aa,p) Y]y = lim +lgof(Mﬁ((:)()))

Definition 2.4. Let p(z) and v(x) be any two positive continuous increasing to +oo

on [zg,+00) functions. The growth indicator A\, z)[v], is alternatively defined as:

The integral [ %wgir (1o > 0) converges for k > A\ p)[7], and diverges
70

for k < )‘(a,ﬁ) [’y}#.

If we consider u(z) = My(z), v(z) = My(x) and o, 8 € L% where f and g
are any two entire functions, then the above definitions reduce to the definitions
of generalized relative order («, 3) and generalized relative lower order («, ) of an
entire function f with respect to another entire function g respectively as introduced
by Biswas et al. [3]. Similarly if we take p(z) = Ty(x), v(z) = T¢(z) and «,
f € L where f is a meromorphic function and ¢ be any entire function, then the

above definitions reduce to the definitions of generalized relative order (a, ) and
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generalized relative lower order («, ) of a meromorphic function f with respect to
an entire function g respectively. For details, one may see [8] and [3].
In order to refine the above growth scale, one may introduce the definition of an

another growth indicator, called generalized relative type (a, 3), as follows:

Definition 2.5. Let p(z) and vy(x) be any two positive continuous increasing to +oo
on [zg,+oo) functions. The generalized relative type (o, ) denoted by o4 ) [7]u

of y(x) with respect to u(x) having finite positive generalized relative order («, (),

Pa,8) [V (0 < pra,p)y]y < +00) is defined by

o eplali (60)
O (a,B) [’y]ﬂ - lgﬁj_g‘op (eXp(B(T)))p(a’ﬂ)h]“ )

The above definition can alternatively be given in the following manner:

Definition 2.6. Let p(z) and v(x) be any two positive continuous increasing to
+00 on [zg, +00) functions having finite positive generalized relative order («, ),

P(a,3) V] (0 < p(a,py[V]y < +00). Then the generalized relative type (a, ), (a8 [7]x

of y(x) with respect to p(x) is defined as: The integral [ ol GrN)
v(z) w p () & ,{ [exp((exp(B(r))) (eB) DT ket

(10 > 0) converges for k > 0, g)[7], and diverges for k < o, g)[7]u-

Analogously, to determine the relative growth of two increasing functions having
same non-zero finite generalized relative lower order («, ), one can introduce the

definition of generalized relative weak type (v, ) in the following way.

Definition 2.7. Let p(z) and ~(x) be any two positive continuous increasing to
+o0 on [xg,+00) functions having finite positive generalized relative lower order
(@, B8), Ma,pyVlp (0 < A@a,gy[¥]u < +00). Then the generalized relative weak type
(o, B) denoted by T4 )[7], of ¥(z) with respect to u(x) is defined as

L eplal ()
T O Cexp(B(r) Yo P

The above definition can also alternatively be given

Definition 2.8. Let p(z) and ~y(x) be any two positive continuous increasing to
+o0 on [xg,+00) functions having finite positive generalized relative lower order

(@, 8), Ma,pyVlp (0 < ANa,gy[7]p < +00). Then the generalized relative weak type
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(@, B), T(a,8)[V]u of v(x) with respect to u(z) is defined as

[ explexpla(u (1))
/ [exp((exp(ﬁ(r))))‘(a,ﬂ)[V]M)]k_H dr (ro > 0)

converges for k > 7, 5[], and diverges for k < 74 g)[7],-

Now a question may arise about the equivalence of the definitions of generalized
relative order («, [3), generalized relative lower order («, ), generalized relative type
(a, B) and generalized relative weak type (a, ) with their integral representations.
In this paper we would like to establish such equivalence of Definition 2.1, Definition
2.3, Definition 2.5 and Definition 2.7 with Definition 2.2, Definition 2.4, Definition
2.6 and Definition 2.8 respectively and also investigate some growth properties re-
lated to generalized relative type («, ) and generalized relative weak type (a, ) of
~v(x) with respect to u(x).

3. MAIN RESULTS

In this section we state the main results of this paper. First of all we prove the

following lemma which will be needed in the sequel.

Lemma 3.1. Let the integral f W(ZT (ro > 0) converges for 0 < k <

+00. Then

-1

i SPG0D) _
rofoo (exp A(r))

Proof. Since the integral f Wdr is convergent for 0 < k < +o00, given ¢

(> 0) there exists a number R = R(e) such that

?expm(ul(w»))
(exp B(r))F T

dr < € for rg > R.

70

i.e., for ro > R,
ro+7r
/ exp(a(p~'(v(r))))
(exp B(r))k+1

dr < e.
o

Since exp(a(u~(y(r)))) is an increasing function of r, so
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ro+exp B(ro)
eXp(Ol(M_l(’V(T))))d - exp(a(u”!(v(r0))))

(exp Br)FT = 7 (exp Blro))F !

- (exp B(ro))

o

ro+exp B(ro)
/ exp(a(ut(v(r))) , - exp(a(p” (v(r0))))
(exp B(r))k+1 ~ (expB(ro))k

ie., for ro > R,
. explalu~ (1(r0)
7 (expB(ro))*

from which it follows that

< ¢ for ro > R,

L espla( ()
N Y1 (3)

This proves the lemma. O

Theorem 3.2. Let p(z) and vy(x) be any two positive continuous increasing to +oo

on [xg,+00) functions. Then Definition 2.1 and Definition 2.2 are equivalent.

Proof. CASE 1. p(qg)[V]u = +00.
DEFINITION 2.1 = DEFINITION 2.2.
AS p(a,8) [Vl = 00, from Definition 2.1 we have for arbitrary positive GG and for a

sequence of values of r tending to infinity that

a(p~'(v(r)) > GB(r)

(3.1) i.e;exp(a(u™(v(r)))) > (exp B(r))“.

If possible let the integral [ %Wdr (ro > 0) be converge. Then by Lemma
ro

3.1,

=0.

-1
oy S0
r—+400 (exp B(r))
So for all sufficiently large values of r,

(3-2) exp(a(p™(v(r)))) < (exp B(r).
Now from (3.1) and (3.2) we arrive at a contradiction.

Hence [ W&% (ro > 0) diverges whenever G is finite, which is Defi-
To

nition 2.2.

DEFINITION 2.2 = DEFINITION 2.1.
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Suppose G be any positive number. Since p(q g) [Y]p = +oo, from Definition

2.2 the divergence of the integral f Ww (ro > 0) gives for arbitrary

positive € and for a sequence of values of r tending to infinity,
exp(a(u™! (7(r)))) > (exp B(r)) %~

ie, a(p™H(y(r)) > (G —e)B(r).
This gives that

lim supa
r—-+o00 B(r)

lim s @
imsup————— = 0.
T—>+oop B(r)

Thus Definition 2.1 follows.
CASE 2. 0 < pap) [Vl < +o0.
DEFINITION 2.1 = DEFINITION 2.2.
SUBCASE (I). 0 < p(q,8)[V]u < +o0.
If 0 < pra,p (Y] < oo, then for arbitrary (> 0) and for all sufficiently large

values of r,

ﬁ(:)())) < PapVute

i.e,exp(a(ufl(fy(r)))) < (expﬁ(r))(ma,ﬁ)h}wrs)
1) _ (exp () en et
g (exp B(r))*
r)))) 1

k (exp B(r))F~Plapblute)”

Therefore f Wdr (ro > 0) converges if k > p(, g)[7], and diverges if

k< P(a,ﬁ)[ "
SUBCASE (II).
When p(q,5)[7]n = 0, Definition 2.1 gives for all sufficiently large values of r that
—1
olp”_())
B(r)
Then as before we obtain that f Wcﬂr (ro > 0) converges for k > 0 and

diverges for k < 0.
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Thus from Subcase (I) and Subcase (II) Definition 2.2 follows.
DEFINITION 2.2 = DEFINITION 2.1.

By Definition 2.2, for arbitrary € (> 0) the integral f ( eX;’( O;()’”L lg[(;]m)s —dr con-
ro (expB(r (@

verges. Then by Lemma 3.1 we have

S T 121 )
r—+oo (exp S(R ))p(avﬁ)m“%
i.e, for all sufficiently large values of r,
exp(a(p”(v(r))))

(exp B(r)) e 42
i.e, explali! (4(1)) < o+ (exp Br)embhie

i.e, a(/fl(’y(r))) <logeg + (p(aﬁ) V] +€)B(r)

oawt((r)) _ logeo

’ B(r) ~ B(r)

alp=t(y(r
i.e, limsupW < plapVu t e

r—-+00

+ (P(a,pu +€)

Since € (> 0) is arbitrary, it follows from above that

a(p ' (y(r)))

(3.3) lim sup ) < Pag) V-

r—400

exp(a(p (v(r)))

)PPl —eT A7 im-

Again by Definition 2.2 the divergence of the integral f P
o (exp

plies that there exists a sequence of values of r tending to infinity such that

exp(a(u” (v(r)))) 1
(exp B(r))Ptep) Dlu=eF1 = (exp B(r))1+e

i.e,exp(a(p~t(y(r)))) > (exp B(r))PesnDln=2e
ie, a(u™H(y(r) > (p(as) ] — 26)B(r)

a(p™(y(r)))
B(r)
As e (> 0) is arbitrary, we get that
a(p=(y(r
(3.4) lim supW > eyl

r—+400

i.e,

> (P(a,8) i — 2¢).

Thus from (3.3) and (3.4) it follows that
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Thus we obtain Definition 2.1.

Now combining Case 1 and Case 2, the theorem follows. U
In the line of Theorem 3.2 we may now state the following theorem without proof.

Theorem 3.3. Let p(z) and vy(x) be any two positive continuous increasing to +oo

on [xg,+00) functions. Then Definition 2.3 and Definition 2.4 are equivalent.

Next we prove the equivalence of the definitions of generalized relative type («, /3)
and generalized relative weak type (o, 3) with their integral representations. For this

purpose we need the following lemma.

Lemma 3.4. Let the integral f ezgée?gs((“( ))(;’A(;])k)l)l) dr (rg > 0) converge where 0 <

A < 4+oco. Then

exp(exp(a(p(v(r)) _
r=+o0  [exp((exp(B(r)))*)]* '

GO g

Proof. Since the integral f exp(exp(a(p AT (ro > 0) converges, then there exist

-1
[exp((exp(B(r)

R(e) > 0 such that

7exp(eXp(Oé(u_1(W(7“)) )
[exp((exp(B(r)))4)]k+1

dr < e, if rg > R(e).
70

Therefore,
exp((exp(B(r0)))*)+ro

exp(exp(a(u~!((1)))))
[exp((exp(B(r)))A)]k+1

Since here exp(exp(a(u=t(y(r))))) increases with r, so

dr < e.

T0

exp((exp(ﬁ(ro)))A)JﬂO 1
exp(exp(a(p(v(r)))))

[exp((exp(B(r)))4)]k+1 dr > .

T0

exp(exp(a(p (7(7'0)))))
[exp((exp(B(ro)))4)I**

Therefore for all sufficiently large values of r,

- exp((exp(B(r0)))™)]-

exp((exp(B(ro)))*)+ro
exp(exp(a(p™"(¥(r))) , - explexp(a(u”(¥(r0)))))
[exp((exp(B(r))))F1 " [exp((exp(B(ro))) I

9

0
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so that
exp(exp(a(pn”'(v(r0))))) _ .
exp((exp(Bro))F <1707 )
(el ()
7 roteo [exp((exp(B(ro)))H)]*
This proves the lemma. O

Theorem 3.5. Let p(z) and vy(xz) be any two positive continuous increasing to
+o00 on [xg,+00) functions having finite positive generalized relative order («, [3),

P8 Vu (0 < pap vl < +o0) and generalized relative type («,B), o(a,8)[7V]u-
Then Definition 2.5 and Definition 2.6 are equivalent.

Proof. Let us consider pu(z) and v(z) be any two positive continuous increasing to
400 on [z9, +00) functions such that pi g)[7]u (0 < p(a,p) V], < +00) exists.

CASE 1. 0(4,8)[7]u = +00.
DEFINITION 2.5 = DEFINITION 2.6.

As 0(q,8)[7]u = +00, from Definition 2.5 we have for arbitrary positive G and for

a sequence of values of r tending to infinity that

exp(a(u™ (v(r)))) > G - (exp(B(r)))P sk
(3:5) i.e., exp(exp(a(n™'(v(r))))) > [exp((exp(B(r))) mT))C.

If possible let the integral [ eplep(a@ () dr (rg > 0) be convergent.
P © { [exp((exp(B(r)))” (@0 ) G+1 (ro>0) e

Then by Lemma 3.4,

lim sup_ 221" (1))
r—+oo [exp((exp(ﬁ(r)))P(a,B)[‘Y]u)]G

So for all sufficiently large values of r,

(3.6) exp(exp(a(p™ (4(r)))) < [exp((exp(B(r)))Pes )|,
Therefore from (3.5) and (3.6) we arrive at a contradiction.
Hence [ explexp(al (D) __ g, (ro > 0) diverges whenever G is finite, which

o lexp((exp(B(r))) (@d) M) G+1
is the Definition 2.6.

DEFINITION 2.6 = DEFINITION 2.5.
Let G be any positive number. Since o, g)[7], = +00, from Definition 2.6, the

divergence of the integral [ exp(exp(a(n (+(r)))))

[exp((exp(ﬁ(r)))’%ﬁ)M“)}GHdr (ro > 0) gives for arbitrary
ro
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positive € and for a sequence of values of r tending to infinity

explexp(a(™ (3(1)))) > [exp((exp(B(r)))en D) 0~
ice., exp(a(u (3()) > (G — ) (exp(B(r)))Pen Bl

which implies that

N i L) N
e (exp((r)))Pe P

Since G > 0 is arbitrary, it follows that
s SO0 ()
oo (exp(B(r)))es O
Thus Definition 2.5 follows.
CasE I1. 0 < 04,8y [7] < +o00.
DEFINITION 2.5 = DEFINITION 2.6.
SUBCASE (A). 0 < 0(qg)[7]u < +oc.

Let u(z) and ~(x) be any two positive continuous increasing to +oo on [xg, +00)
functions such that 0 < 0, g)[v], < +00 exists. Then according to the Definition

2.5, for arbitrary positive € and for all sufficiently large values of r, we obtain

exp(a(p'(y(r)))) < (0(a,8)[V]u + €)(exp(B(r)))P e B
iie., explexp(a(u™ (1(r))))) < lexp((exp(B(r)))e» D)o mblite
. exp(exp(a(u='((r))))) _ [exp((exp(B(r)))Pemn )| @mblute
 lexp((exp(B(r))) ek [exp((exp(B(r))) ) i

exp(exp(a(u (1))  _ 1
" [exp((exp(B(r)))Pem i)k [exp((exp(B(r)))Ped D) F=( s Blute)

exp(exp(a(u” ! (v(r)))))
Thereforei —— (T)))p(aﬁ)m“)]kﬂdr (ro > 0) converges for k > 0(4,3)[7] -

Again by Definition 2.5, we obtain for a sequence values of r tending to infinity
that

exp(a(p ((r)))) > (0,8 ] — €)(exp(B(r)))P s u
(3.7) e, explexp(a(ut(¥(r))))) > [exp((exp(B(r)))Pes D )owmblu=e,

So for k < o(q,p)[7]u, we get from (3.7) that

exp(exp(a(u=t(y(r))))) - 1 |
[exp((exp(B(r)))Penlu)]E ™ [exp((exp(B(r)))Plen i) k(7 @p hlu—e)
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exp(exp(a(p”" (v(r))))) :
Therefore;{ o ((exp(B(r)) )] u)]kﬂdr (ro > 0) diverges for k < o(q,g)[7]u-

exp(exp(a(u~' (v(r)))))
co lexp((exp(B(r)))” (@) i1
verges for k < 04 g)[V]u-

SUBCASE (B). 04,81, = 0.

Hence r (ro > 0) converges for k > 04 )[v], and di-

When o, g)[7],, = 0, Definition 2.5 gives for all sufficiently large values of r that

exp(a(n! (v(r) _
(exp(B(r)))Pen Dk

Then as before we obtain that f exp(exp(aln n el ([)])))) dr (ro > 0) converges for
ro [exp((exp(B(r)))" (BT h+1

k > 0 and diverges for k < 0.
Thus combining Subcase (A) and Subcase (B), Definition 2.6 follows.
DEFINITION 2.6 = DEFINITION 2.5.

From Definition 2.6 and for arbitrary positive € the integral

o0

/ exp(exp(a(p”' (v(r)))))
[exp((

exp(B(r)))Pes D)o@ blutetl

dr (ro > 0)

converges. Then by Lemma 3.4, we get

~1
lim sup exp(exp(a(p
P25 Texp((exp(B(r)en b

So we obtain all sufficiently large values of r that

exp(exp(a(p! (7(r))))
[exp((exp(B(r)))Pten D)o (an Dlute

ire., explexp(a(u™(v(r))))) < ¢ - [exp((exp(B(r)))Pe )| e m Dhie
ire.. exp(a(u™ (7(r)))) < loge + (00,3 ] + &) (exp(8(r)))Pem s
)

exXpla -1 T
pla(n=(v(r))) < otapilute.

(v(r))))
T

)], g []ute

e (exp(B(r))) e e

Since € > 0 is arbitrary, it follows from above that

exXpla -1 T
pla(p"(v(r)))) < otasybli

(38) PR (@b

On the other hand the divergence of the integral exp(exp(a(u=1(v(r))))) _
° & 73{; [lexp((exp(B(r)))* (8 D)7 (@, ) DI ==+

(ro > 0) implies that there exists a sequence of values of r tending to infinity such
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that

exp(exp(a(p— ! (v(r))))) - 1
[exp((exp(B(r)))Pem D)7 n Bl =t = foxp((exp(B(r))Pem D) 1+

ise., explexp(a(u™(v(r))))) > [exp((exp(B(r)))Fto bli)| 7o b2z
e, exp(a(un™ (4(r))) > (0(a,m) ] — 22) (exp(B(r)))Pm D)
exp(a(p=t(y(r

€ (exi((ﬁ((l;)))(p?jg[)v)]i () = 22)-

As e > 0 is arbitrary, it follows from above that

i sup exp(a(p”'(v(r))))

5 (exp(B(r) e D
So from (3.8) and (3.9) , we obtain that

exp(a(p=(y(r
pa(p (o )?3}1 = ot e

(3.9) > 0(a,8) [V -

lim sup
rtoe (exp(B(r)))e

This proves the theorem. O

Theorem 3.6. Let u(z) and v(x) be any two positive continuous increasing to 400
on [zo,+00) functions having finite positive generalized relative lower order (a, ),
Ma,8) Vi (0 < A3y 7] < +00) and generalized relative weak type (c, B), T(a,8)[V]u-
Then Definition 2.7 and Definition 2.8 are equivalent.

Proof. Let us consider pu(z) and y(z) be any two positive continuous increasing to
+00 on [zg, +00) functions such that A, gy[v], (0 < A,p)[7]p < +00) exists.

CASE L. T(q,8)[7]u = +00.
DEFINITION 2.7 = DEFINITION 2.8.

As T(q,8)[V]u = +00, from Definition 2.7 we obtain for arbitrary positive G and

for all sufficiently large values of r that

exp(a(u™t(y(r)))) > G - (exp(B(r)))Nem Dl
(3.10) i.e., explexp(a(u™((r))))) > [exp((exp(B(r))) en ) C,

Now if possible let the integral f exp(exp(aln 1 (o(r )) )

dr (ro > 0) be converge.
v lexp((exp(B(r)) @I G+1 (ro > 0) vers

Then by Lemma 3.4,

i g EPEp@ )

420 fexp((exp(B(r)) e D) 6
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So for a sequence of values of r tending to infinity we get

(3.11) exp(exp(a(u™" (7(r))))) < [exp((exp(B(r)))em D)<,

Therefore from (3.10) and (3.11), we arrive at a contradiction.

Hence f exp(exp(a(p™t (v(r))))
ro lexp((exp(B(r))) Ay Dy
is the Definition 2.8.

DEFINITION 2.8 = DEFINITION 2.7.

; dr (ro > 0) diverges whenever G is finite, which

G+1

Let G be any positive number. Since 7, g)[7], = 400, from Definition 2.8, the

di f the integral exp(exp(a(p" (v(r)))))
ivergence of the integra 7{ o (exp(B(r))) @ PPl G 1

positive € and for all sufficiently large values of r that

exp(exp(a(p™(1(r))))) > [exp((exp(B(r))) e» D) -
iie., exp(a(u (v() > (G - )(exp((r)) N,
which implies that

dr (ro > 0) gives for arbitrary

-1
i g SR (;Y(T)))) Sa-
r=+o0 (exp(A(r))) () [V
Since G > 0 is arbitrary, it follows that

f e (0)

P2 (exp(B(r)) N D
Thus Definition 2.7 follows.

Case II. 0 < ?(a,ﬁ)h]u < 4o00.
DEFINITION 2.7 = DEFINITION 2.8.
SUBCASE (C). 0 < T (a8 [V]u < +o0.

Let p(z) and (z) be any two positive continuous increasing to +o0c on [zg, +00)
functions such that 0 < 7, g)[7]y < 400 exists. Then according to the Definition

2.7, for a sequence of values of r tending to infinity we get

xp(a(i (1)) < (Tag) il + ) (Exp(B(r) e b
ey explexp(ali (7(r))))) < lexp((exp(A(r))) e i) Ton bt
. _op(exp(a(u (1)) _ exp((oglt )M O e bt
" [exp((exp(B(r))) e D]k [exp((exp(B(r))Nen D)k
exp(exp(a(p” (())))) - 1 . |
, [eXP((eXP( B(r)) ek [exp((exp(B(r))) es )= Fas ute)

exp(exp(a(u " (v(r))))) =
Therefore;{ [exp((exp(ﬁ(r))l;*(a ol V]#)]kﬂd (ro > 0) converges for k > T4, [V]4-
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Again by Definition 2.7, we obtain for all sufficiently large values of r that

exp(a(i™ ((1))) > (Ta,z) 0] — &) (exp(B(r))) e D
(3.12) .., exp(exp(a(u(7(r))))) > [exp((exp(B(r))) M D) Tas Blu=e,

So for k < T(q,8)[V]u, we get from (3.12) that

exp(exp(a(pu=t(y(r))))) - 1 |
[exp((exp(ﬂ(r)))A(a,B) M”)}k [exp((exp(ﬁ(r)))k(a,m [¥]u )]k—(ﬂa,ﬂ) Vu—e)

exp(exp(a(u— ! (v(r))))) ' =
ThereforeT{ p—— (T)))A(a,ﬁ)[V]H)]k+1dr (ro > 0) diverges for k < T(q,5)[7]u-

H x® exp(exp(a(p~t(y(r)))
e { fexp((exp(8(r))) m D1
verges for k < 7, )7y

SUBCASE (D). 74,87, = 0.
When 7, gy[7], = 0, Definition 2.7 gives for a sequence of values of 7 tending to
infinity that

dr (ro > 0) converges for k > 7T, g)[7], and di-

exp(a(p(y(r))))
(exp(B(r))) e Dle

Then as before we obtain that f exp(explalu (v ([3)))) dr (ro > 0) converges for
[exp((exp(B(r))) (@8 T ket 1

k > 0 and diverges for k£ < 0.
Thus combining Subcase (C) and Subcase (D), Definition 2.8 follows.
DEFINITION 2.8 = DEFINITION 2.7.

From Definition 2.8 and for arbitrary positive € the integral

o0

/ exp(exp(a(u=t(v(r))))) dr (1o > 0)
[exp((

exp(3(r)))Nem D) T Pttt

converges. Then by Lemma 3.4, we get

lim inf exp(exp(a(u” (+(r))) =
r=+o0 [exp((exp(B(r)))Nen D) T mblite

So we get for a sequence of values of r tending to infinity that

exp(exp(a( (7(r)
[exp((exp(B(r))) e i) T(em ute




370 TANMAY Biswas & CHINMAY BIswas

e, explexp(alu (1)) < & - [exp((exp(B(r)) el ) T Blicte
ie., exp(a(u=(y(r))) <loge + (T(ap [Vu + &) (exp(B(r))) Mews Dl
)

o Lt exp(a(p(y(r))))
7 roF00 (exp(B(r))) e Dl

Since € > 0 is arbitrary, it follows from above that

exp(a(p=t(y(r
(3.13) lrlgﬁgf (exl;((/g((l:)))(x\’rfﬁz?v)]i < T, lu-

< T(a,p)lu + &

On the other hand the divergence of the integral exp(exp(a(u~((r)))) .
i & 7:{)‘ [exp((exp(B(r )))>\(‘1 8y )7 (e, g)Iu—etl

(ro > 0) implies for all sufficiently large values of r that

exp(exp(a(ut(1(r))))) 1
[exp((exp(B(r)))Nem D) [TemDlneH L = fexp((exp(B(r))) Mo )1+

ice., explexp(a(u (7(1))))) > lexp((exp(B(r))) e o) Femlbln2e

)
ise.y exp(a(u™1(1(1)))) > (T(a,0) Dl — 26)((exp(8(r)))Nen D)
)

exp(a(u (v(r))))
“ (exp(B(r))) Nes Dl > (T(a,8) [Vn — 22).

As € > 0 is arbitrary, it follows from above that

exp(a(u=t(y(r _
(3.14) ggligof (exlja(( 5(5)))(](5,52?7)}1 Z T(a) i

So from (3.13) and (3.14) we obtain

o en(ap ()
P xp(B(r)) et e T

This proves the theorem. O

Next we introduce the following two relative growth indicators which will also

help our subsequent study.

Definition 3.7. Let u(z) and y(z) be any two positive continuous increasing to
+00 on [xg,+00) functions having finite positive generalized relative order (a, ),
(0 < p(a,p)[7]p < +00). Then the generalized relative lower type (a, 3) of y(z) with
respect to p(x) is defined as:

_ L exp(a(p~'(v(r))))
O (a,B) M= 1,}§+1§Of (exp(B(r))) (s e

The above definition can alternatively be defined in the following manner:
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Definition 3.8. Let u(z) and y(z) be any two positive continuous increasing to
+00 on [xg, +00) functions having finite positive generalized relative order (a, ),
Ples) W (0 < piaply

denoted by T4, 7], of y(x) with respect to u(x) is defined as: The integral

exp(exp(a(u" (v())))
vo lexp((exp(B(r))) (@8 i1
for k <. [V]u-

(7], < +00). Then the generalized relative lower type («, 3)

dr (ro > 0) converges for k > 7, g)[7], and diverges

Definition 3.9. Let u(z) and y(x) be any two positive continuous increasing to 400
on [rg,+00) functions having finite positive generalized relative lower order (a, )
(0 < ANa,8)[V]u < +00). Then the generalized relative upper weak type (o, 3) of
~v(x) with respect to p(x) is defined as:

el ()
T exp(B(r)) e P

The above definition can also alternatively defined as:

Definition 3.10. Let u(z) and ~(x) be any two positive continuous increasing
to 400 on [zg, +00) functions having finite positive generalized relative lower or-
der (a,8) (0 < Ay < +00). Then generalized relative upper weak type
(o, B) denoted by 74 8)[7]u of y(x) with respect to u(z) is defined as: The integral

exp(exp(a(u(y(r)))
co lexp((exp(B(r))) (@) i i1
k< T(a,8) [’y]u.

r (ro > 0) converges for k > 7, 3)[7], and diverges for

Now we state the following two theorems without their proofs as those can easily
be carried out with help of Lemma 3.4 and in the line of Theorem 3.5 and Theorem

3.6 respectively.

Theorem 3.11. Let u(x) and y(x) be any two positive continuous increasing to +0o
on [xg,+00) functions having finite positive generalized relative order (o, ) (0 <
Pla,3) V] < +00) and generalized relative lower type (v, B) denoted by T (o g)[7V]u-
Then Definition 3.7 and Definition 3.8 are equivalent.

Theorem 3.12. Let u(x) and v(x) be any two positive continuous increasing to +0oo
on [z, +00) functions having finite positive generalized relative lower order (v, ()
(0 < Aa,3)[lp < +00) and generalized relative upper weak type (o, B) denoted by
T(a,3)[V]p- Then Definition 3.9 and Definition 3.10 are equivalent.
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Theorem 3.13. u(z) and y(z) be any two positive continuous increasing to 400

on [rg,+00) functions with 0 < X\ g) [Vl < pra,p) V] < +00. Then

. L exp(a(u~(r)))
W) e e = Bl ) e P

o exp(a(u(r)))
(1) T (a,8)[V]n = lﬁgﬁg (exp(B(y~1(r)))) @]

o exp(a(u(r)))
(#44) T (0,0 [V = 1}§j&f (exp(B(y~1(r)))) e D

-1

and

) e exp(a(pt(r)))
() T e = L83 2 Coxp B () P

Proof. Taking v(r) = R, theorem follows from the definitions of o4 gy [V] 4 T (a,8)[V] >

T(a,8)[V]u and 74 ) [7], respectively. 0

In the following theorem we obtain a relationship between o 5[]y, T (a,8) [V

T,8) [V and T(a,) [V -

Theorem 3.14. Let u(x) and vy(x) be any two positive continuous increasing to 400

on [z0, +00) functions such piasln = Magble 0 < Aaghile = plagbls <
+00), then the following quantities

(@) 0,8 Vs (1) T(a,p) (Vs (i01) T(a,8) [V and (iv) T(a,p)[7u

are all equivalent.

Proof. From Definition 2.8, it follows that the integral f exp(exp(a(y ;1(7(2]) D)
7o [exp((exp(B(r)))" (R T ks

(ro > 0) converges for k > 7, g)[7], and dlverges for k < 7(q,8)[7]u- On the other

hand, Definition 2.6 implies that the integral explexp(alu= () g (. o
p g 1:{ [exp((exp(ﬁ( )))p(a B)[W]u)]k+1 ( 0 )

converges for k > 0, g)[7], and diverges for k < o4, [V]4-

(1) = (13).

Now it is obvious that all the quantities in the expression

exp(exp(a(p'(7(r)))  exp(exp(a(p”'(v(r)))))
[exp((exp(B(r))) M DI +1 - [exp((exp(B(r))) Pt Dl 41
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are of non negative type. So

7[ exp(exp(a(p~! (v(r)))))
[

eXp((eXp(ﬁ(r))))‘(a,ﬁ) [’Y]u)}k#»l

B exp(exp(a(u=t(y(r)))))
[exp((exp(5(r)))Pe) [’Y]u)]kJrl

dr >0 forrg >0

7 exp(exp(aln™'(3(1)
7T0 [exp((exp(B(r))) e D) k1

dr for ro > 0.

7 exp(explaln (v(r))))
0 [eXp((exp(ﬁ(r))) O‘ﬁ)mu)]k+1

(3.15) i.e., ?(a75)[’7]ﬂ > O (a,B) [’y]#.
Further as p(a,g) [l = A(a,8) [y, therefore we get that
ey SPEOGTOED) | expla(e ()
3 (exp(B(r)) e bl = S (exp(B(r))) e
exp(a(p'(v(r) _ _

(3'16) - lggl—gj (exp(B(T)»’\(a,B)MM = T(@h) MM'

Hence from (3.15) and (3.16) we obtain
(3.17) (a,8) [V = T(a,3) V-
Since p(a,5)[Vu = Aap) [V]u: We get

1 exp(a( (1)) = lim inf exp(a(p” (v(r)) =0 ]
rokoe (exp(B(r)))Med Bl oo (exp(B(r)) )bl — @ Y-

(i13) = (iv).
In view of (3.17) and the condition p(, g) [Vl = A(a,) [Vl it follows that

e g P0G 0))
(a.8) [V]p =+ (exp(8 T)))maﬁ)[’ﬂu

o exp(a(p(y(r))))
L.€., O(q,p) Y= lrlr_?ﬁgf (eXp(ﬁ(T)))A(O‘ g lu

T(a,p)Vlu =

i.€., T(a,p) Vp = T(a,8) [V
1.€., E(a,ﬁ) [’}/],u, = O(a,B) [7]!1«
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e ep(a(n ()
e Tl =T e () e P

o L exp(a(u~"(v(r))))
1.€.; O(q,pB) [’Y],u = lqlnfigop (exp(ﬁ(r))))‘mﬂ)m“

i.€., O (a,p) h/]ﬂ = T(a,8) ['7]#'

(iv) = (7).
As p(a,p) [V = Aa,p) (7], we obtain that

exp(a(u! () _ - espla(u (1)

T(a = limsu = = 0(a .
@)Dl = msup (exp(B(r))Memble — 5o (exp(B(r)))Pen Dl — (@) ol
Thus the theorem follows. O

Remark 3.15. If we consider pu(x) = My(x) and vy(x) = M¢(x) where f and g are
any two entire functions, then the above results reduces for the generalized relative
growth indicators such as generalized relative order («, 3), generalized relative type

(a, B) etc. of an entire function f with respect to another entire function g.

Remark 3.16. If we take pu(z) = Ty(x) and y(x) = Ty(x) where f be a mero-
morphic function and g be any entire function, then the above theorems reduces
for generalized relative growth indicators such as generalized relative order («, (),
generalized relative type (a, 3) etc. of a meromorphic function f with respect to an

entire function g.
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