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EFFICIENT AND ACCURATE FINITE DIFFERENCE METHOD
FOR THE FOUR UNDERLYING ASSET ELS

HYEONGSEOK HWANG ?, YoNGHO CHOIP, SOOBIN KWAK ¢, YOUNGJIN
HWANG ¢, SANGKWON KiIM ¢ AND JUNSEOK Kim “*

ABSTRACT. In this study, we consider an efficient and accurate finite difference
method for the four underlying asset equity-linked securities (ELS). The numerical
method is based on the operator splitting method with non-uniform grids for the
underlying assets. Even though the numerical scheme is implicit, we solve the
system of discrete equations in explicit manner using the Thomas algorithm for the
tri-diagonal matrix resulting from the system of discrete equations. Therefore, we
can use a relatively large time step and the computation of the ELS option pricing is
fast. We perform characteristic computational test. The numerical test confirm the
usefulness of the proposed method for pricing the four underlying asset equity-linked
securities.

1. INTRODUCTION

The most common types of derivatives that can be invested in Korea are equity-
linked securities (ELS), derivative linked securities (DLS), equity linked warrant
(ELW), exchange traded note (ETN). These various structured products are traded
in large quantities with the advantage of allowing customers to choose the product
they want. Financial markets agree that the era of near zero interest rates will last
for a long time as US Federal Reserve announced to keep rates near zero through
2023 in order to control the risks in the market caused by the aftermath of COVID-
19. Under such circumstances, ELS is attracting more investors for higher gains
than the interest on deposit even at heightened risks.

The more number of underlying assets with lower correlations and higher volatil-

ity, the higher yields ELS can generally provide. Therefore, issuers can increase

Received by the editors April 28, 2021. Accepted August 23, 2021.

2010 Mathematics Subject Classification. 656M06, 91G60, 91G80.

Key words and phrases. four underlying asset ELS, equity-linked securities, Black-Scholes equa-
tion, finite difference scheme.

*Corresponding author.

(© 2021 Korean Soc. Math. Educ.
329



330 H. Hwang, Y. CHo1, S. Kwak, Y. Hwang, S. Kiv & J. Kim

the number of underlying assets t in order to structure ELS medium-risk with high
stable coupons, even if it could increase the risk of knock-in. In the past, most of
ELSs were used to be issued based on two underlying assets, but currently, ELSs
issued based on three underlying assets are dominating. Especially the number of
ELSs issued based on four underlying assets has also increased.

Finite difference method (FDM) is one of the most important evaluation tools in
quantitative finance, and unlike Monte-Carlo Simulation (MCS), the result is stable.
Therefore, FDM is one of the preferred methods for calculating the Greeks required
for hedging ELS, which has become a popular instrument in the Korean capital
market. In addition, there are various researches of numerical studies of ELS using
FDM [7, 8, 10, 14, 21, 22, 23]. Fazlollah Soleymani [19] suggested that three high
order semi-discretization techniques can be used to deal with European and Amer-
ican style options to address the computational performance of multi asset option
pricing problems. Wen Chen and Song Wang [1] have developed the Crank—Nicolson
alternating direction implicit (ADI) method to solve 2D fractional BS equation. Fa-
zlollah Soleymani and Ali Akgul [20] have found the calculation method with the
application of the Krylov method to resolve multi-asset option pricing problem which
led the reduction the elapsed time and effort. In addition, there are various option
pricing studies using FDM [2, 15, 13, 6, 4].

We consider an accurate and efficient FDM for the four underlying asset ELS. The
numerical method is based on the operator splitting method with non-uniform grids
for the underlying assets. Even though the numerical scheme is implicit, we solve the
system of discrete equations in explicit manner using the Thomas algorithm for the
tri-diagonal matrix resulting from the system of discrete equations. Therefore, we
can use a relatively large time step and the computation of the ELS option pricing
is fast. We perform characteristic computational test. The numerical test confirms
the usefulness of the proposed scheme for pricing the four underlying asset ELS.

The outline of this article is as follows. In Section 2, the four underlying as-
set equity-linked securities is described. In Section 3, the four-dimensional Black—
Scholes equation is given. We provide a numerical solution algorithm in Section 4.
Characteristic numerical experiments are performed in Section 5. Finally, conclusion

is given in Section 6.
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2. Four AsseT ELS

Let K1, Ko, K3, K4, K5, Kg be strike prices, where K; > K;y; fori=1,...,5.
Let c1, ¢a, c3, c4, c5, cg be coupon rates at times 11, T, T3, Ty, T5, 1§, respectively,
where ¢; < ¢;41 and T; < T;41 for ¢ = 1,...,5. Let us define the scaled underlying
assets: x(t) = 100S51(t)/S1(0), y(t) = 100S2(t)/S2(0), z(t) = 100S5(¢t)/S3(0), w(t) =
100S54(t)/S4(0), where Si(t) is the k-th underlying asset value at time ¢ for k = 1,2, 3,
and 4. Let us define the worst performer (/W P(t)) among four asset paths:

(2.1) WP(t) = min(a(t), y(t), 2(), w()).

While k£ = 1,2,3,4,5, if WP(1) > Ky at t = Ty, then (1 4 ¢)F is paid, where
F is the face value. Otherwise, the contract will be continued. At t = Tg, if
WP(Ts) > Kg, then (14 cg)F' is paid. Otherwise, if ming<;<7, WP(t) < D, then

W P(Ts)F/100 is paid. Otherwise, the payment is (1 4+ d)F, where d is a dummy
rate. Figure 1 illustrates the four underlying asset step-down ELS option payoff.

A
100¢5% |- @ Ty - Payoff A
100¢6%
10004% |-+t @ T, - €670 ' ’
% 100c3% 0— Ts—
100976 |- e Ty ; R
H i Underlying asset ) K
100¢; % |- Q— T -
K; K, K; K, K, " (100 — Kg) To [ ;‘;‘O
Underlying asset 7
(a) (b)

Figure 1. Schematic illustration of the payoff structures of the four
underlying asset step-down ELS at times (a) ¢t = Ty, Ta, T3, Ty, T5
and (b) t = T.

3. FOUR-DIMENSIONAL BLACK-SCHOLES EQUATION
The evaluation of options on multi-underlying assets is important in the finan-

cial industry [16, 17]. The option price u(z,y, z,w,t) follows the multi-dimensional

Black-Scholes equation:
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1 1
ut(:an? Z,U),t) = _5012:$2uxx($7y7zawvt) - §0§y2uyy($7y7zawat)

féag,ZQUZZ(:L“,y, z,w,t) — %inQwa(x,y, z,w,t)
—Pay OOy LYy (T, Y, 2, W, t) — Pr20,0,22Ug (2, Y, 2, W, 1)
—PrwT 20w T WUy (X, Y, 2, W, 1) — Pyz0y0 Y2y (T, Y, 2, w, t)
— Pyw Oy TwY Wiy (T, Y, 2, W, 1) — Par02002Wy (T, Y, 2, W, T)

—rzuy (T, Yy, 2, w, t) — ryuy(x,y, 2, w, t) — rzu(x,y, z, w,t)

(3.1) —rwiy (T, y, z,w,t) + ru(x,y, z,w, t)

with u(z,y, z,w,T) = ®(z,y, z,w), where ® is the payoff function [18], oy, 0y, 0,
oy are volatilities, pry, Pzzy Prws Pyzs Pyw, Pzw are correlation values, and r is interest

rate. Let 7 =T —t, then we have the following equations:

1 1,

21'2“:1::13(1;’ Yy, z,w, 7-) + 50

uT(xayazava) = io-x 9 yy2uyy(x7yazawa7-)

1 1
+50322uzz(m, Y, 2, W, T) + §Jiw2uww(ac, Y, 2, W, T)

+P2y0aOyTY Uy (T, Y, 2, W, T) + Pr2030,22Us, (2, Y, 2, W, T)

+ P20 20w T WUy (T, Y, 2, W, T) + Pyz0y0.Y2y. (T, Y, 2, W, T)

Py Oy O YWy (T, Y, 2, W, T) + P00 2Wkyz (T, Y, 2, W, T)

reug(x,y, 2, w, T) + ryuy(x,y, 2, w, T) + rzuL (T, y, 2, w, T)
(3.2) +rwuy (e, y, z,w, 7) — ru(z,y, z, w, T),

u(z,y, z,w,0) = ®(z,y,2z,w).

4. COMPUTATIONAL METHOD

Let 2 = [0, L] x [0, M] x [0, N] x [0, O] be the numerical domain with space steps
hi | =z — xi—1, h?_l =y —Yj-1, hj_; = zr — z1—1, and h;f’_l = Wp — Wp—1.
Here, 20 = yo = 20 = wo = 0, on, = L, yn, = M, zy, = N, and wy, = O.
Let AT = T/N; be the temporal step size. The numbers of grid points in the z-,
y-, z-, w- and 7-directions are denoted by N,, Ny, N., N, and N, respectively.
Figure 2 shows the non-uniform mesh on z-axis, y-axis, z-axis, and w-axis, from top
to bottom row, respectively. In addition, we define the extra points xn,+1, Yn,+1,
ZN.+1, and Wy, 41 as TN, +hY g, YN, + h?vy—lv zn. + hi,_y, and wy,, + A% 4,

respectively.
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Figure 2. Schematic representation of the non-equidistant grid on
r-axis, y-axis, z-axis, and w-axis, from top to bottom row, respec-

tively.
Let uy, = u(wi,yj, 25, wp,nAT), where i = 0,...,Ng, j = 0,...,Ny, k =
0,...,N,, p=20,...,Ny, and n = 0,..., N;. We use the homogeneous Dirichlet

boundary condltlons at left end points and the linear boundary conditions at right

end points. Now, we apply operator splitting method (OSM) [3, 9] to numerically

solve Eq. (3.2). We extend the three dimensional scheme [12] to four dimensional

scheme and consider

ntl

ijkp
AT

U —ul

ik n+ +2 n+ 1
2P = ( %Su)zjkp (’C%Su):;k; ( ZBSu)zjkp +( ES )Zﬂ’;p’

where L%, EBS, L%g,and LEg are defined by

2
nti (0’ .’L') n+; +1
(LBsWijrp = LDmumkp + 12Dy z]kp

n
ijkp 2 + Uxaypzyxzijxyuijkp

n n
+Uxaszz$iZkazuijk;p + Uxo'wpxwxiwpDa:wuijkp

n n
+Uy0zpyzijkDyzuijkp + Uyawpywyiwprw“z‘jkp

n—i—*
—f—O’ZO'wpszkwpDzwu?jkp zykp )
2
2 7 :
y oy o), e e
(Chswiu' = 5~ Dwtijig + 78 Dytisiy,
2
ntd _ (022) nt3 nt
(LBst)jry = TDzzuwkp +rzRDatlyjy,
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( )n-i-l (wap)QD ntl 4 Doyt
BSu ijkp T 2 wwuzgkp rwp wuijkp'
Here, we use
K h* —hE z
Dmui' _ 2 Ui . +¥U“ + i Ui )
jkp T x 2\ Yi—1,jkp T z  ijkp T(hx z\ Lit1,jkps
hi y(hiy +hi) i1hi hi(hi_y + h{)
2
Daatiijip he (he _i_h'x)ui—l,jkp A hqguijkp"i‘ ne (he _'_h,;)uiﬂ,jkp,
11— K 1
uHM+Mm_Uzm+Mm_UHM um+ung1@
Dayuijrp =

h“hy + hi hy hxhy _1 +hi h

Then, OSM consists of the following four discrete equations

n+4 um
z]kp - Yijkp n+
un—l—% un—s—%
ijkp — Yijkp o n—+
(42) AT - (LBSu)zjk; )
un—l—% un—s—% 5
ijkp — Yijkp n+3
(43) AT = (LosWijp -
un«gl - ”‘;;%
1jkp ijkp +1
(44) = (e
Next, given ujy . Eq. (4.1) is rewritten as follows:
+l n+; ,
(4.5) o, 4 - Biu ”kp + Vil 1 ]k’p = fijip for i =1, , Ny,
where
(Ufch) hi
o; = “+rx;
hi_y(hi_y + h{) Tk +hY)
2 h¥ — h¥ 1
Oz _
B = (7 l)x ro;————1 AT
i1hi hi_1hi T
N o= — (Uxxi)z . i1
7 - 1
hi (hi_y + hi) hg(hi_y + h)’
fijk:p = Jnypxy.%'iijgcyulnjkp+Umazpa:z-1'iszmzu?jkp

n n
+020wPzwTiWp DawUiip, + 0y02py=y;i 2k Dy,

n n n
—i-cryawpywijprwuijkp + azawpzwzkwpDzwuijkp + —ATuijkp.
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For fixed index j, k and p, the soluti for ™A M T
or fixed index j, k and p, the solution vector u; 5! ;.. = [uljkp Usgjpp uszkp]
can be obtained by solving the tridiagonal system
nti; o _
Azul:szjkp = fl:Nz,jkpa

where A, is a tridiagonal matrix constructed from Eq. (4.5) with the zero Dirichlet
n+i . ntg n+i n+i
(ugjp, = 0 at @ = 0) and linear boundary (uy, {4 5, = 2upy, f, — Uy, 21 jip at © = L)

conditions, i.e.,

i m 0 .- 0 0

ay PBa 2 - 0 0

0 Qa3 ,33 ce 0 0

o o0 0 - BN, -1 VYN, —1

0 0 0 - an,—7N, BN, +27n,

Similarly, Eqgs. (4.2), (4.3), and (4.4) are solved. For more details about the solution

algorithm, see references [10, 9, 12].

5. NUMERICAL EXPERIMENTS

To confirm the performance of the proposed scheme, we consider a convergence
test with Monte Carlo simulation for pricing four underlying asset step-down ELS.
We perform all simulations on MATLAB version R2020a on an Intel(R) Core(TM)
i5-7400 CPU @ 3.00GHz 3.00 GHz PC with 12.0 GB RAM. Figure 3(a) and (b)
show payoff functions at (a) maturity and (b) early redemption for four underlying
asset step-down ELS.

Let D be the knock-in barrier level and d be a dummy. Let u(z,y, z,w,7) and
v(x,y, z,w,7) be the numerical approximations with and without knock-in event,

respectively. Let ming,,,, = min(z,y, z, w). The initial conditions are defined as

Fming,.,, /100 if ming,.., < Kg,

(5.1)  u(z,y,z,w,7=0) = {

(1+c)F otherwise.
(1+ce)F if ming, .., > K,
(5.2)  v(zr,y,z,w,T=0) = (1+ad)F if D < mingy., < K,

F ming,.,, /100  otherwise.

First, we update v and v by solving Eqgs. (4.1)—(4.4) with Egs. (5.1) and (5.2).

1,1 s (s .
We redefine v by u as vj;;., = u;;, for (@i, Y5, 2k, wp) € Qi = {(@i, Y5, 21, wp)| T3 <

D,y; < D,z, < D,w, < D}. In addition, Vgikp = Uiy fOT (@i, Y5, 26, wp) € Qg
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Figure 3. Pay-off functions at (a) maturity and (b) early redemption
for four underlying asset step-down ELS.

and n=1,..., Ny Let Q,, = {(z,y,z,w)|x > K,y > K,z > Kppyw > K} At

71 = T'/6, we reset values of u and v as w; , = viy, = (1+c5)F for (i, y;, 2k, wp) €
Q5. Similarly, we define “Z‘qkp = v;ﬁp = (14 c6—q)F for (z;,y;, 2k, wp) € Qg—q for

q =2, 3, 4 and 5. The parameters are listed in Table 1.

Observation date (years) | Exercise price | Return rate
T1=1T/6 K1=90 0120.1
T2=2T/6 K2=90 0220.2
T3:3T/6 K3:85 03:0.3
T4 = 4T/6 K4 =85 Cq4 = 0.4
T5:5T/6 K5:80 C5:0.5
T6:6T/6 KGISO 66:0.6

Table 1. Parameters of four underlying asset step-down ELS.

We use the following parameters: strike prices K3 = 90, Ky = 90, K3 = 85,
K4 = 85, K5 = 80, K¢ = 80, knock-in barrier D = 60, the interest rate r = 0.01,
coupon rates ¢ = 0.1, cg = 0.2, ¢3 = 0.3, ¢4 = 0.4, ¢5 = 0.5, ¢g = 0.6, the volatil-
ities of the underlying assets o, = 0.2, 0, = 0.3, 0, = 0.25, 0, = 0.24 and the
correlation pzy = 0.7, pp. = 0.48, ppw = 0.27, py. = 0.45, pyy = 0.3, pzy = 0.5.
ELS option prices using MCS are computed with a temporal step size AT = 1/360
and 16 x 102, 8 x 102, 4 x 10%, 2 x 10°, and 10° samples. We give MCS algorithm
in Appendix. In FDM, a non-uniform mesh [0 30 59:1:61 70 79:1:81 84:1:86 89:1:91
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99:1:102 110 120 130 140 160 180] is used with each A7 =1/10, 1/20, 1/50, 1/70
until 7 = 3. In Fig. 4, the open circles are the results of «(100, 100, 100, 100, 3) from
MCS with varying number of samples. For each number of samples, we plot the
results obtained from 15 trials. In the legend in Fig. 4, A7 = 1/10, 1/20, 1/50, 1/70
from FDM on a non-uniform grid [0 30 59:1:61 70 79:1:81 84:1:86 89:1:91 99:1:102 110
120 130 140 160 180]. The CPU times of FDM (A7 = 1/70) and MCS (10° sample)
are about 70s and 100s, respectively. This simulation result indicates that FDM

converges to the analytic solution faster than MCS does with the same computational

cost.
9750 ;
---------- AT =1/10
----- Ar=1/20
9700 1 o - - -AT=1/50|
e} At =1/70
© ° o MCS
S 9650 )
g 8 g
(%)) [e]
0 9600 F=L=———pg==——f==-—= é————if
= .0 -
1)
8 9550 8 8
< & ot
9500F o
o
9450 ‘ ‘ ‘ ‘ ‘
16*10° 8*10° 4*10* 2¥10° 10°

Number of sample

Figure 4. Results from MCS (open circles), and FDM (line) at
(z,y,z,w) = (100,100, 100, 100) at T = 3.

6. CONCLUSIONS

In this article, we proposed an efficient and accurate FDM for the four underlying
asset ELS. The numerical scheme is based on the operator splitting method with
non-uniform grids for the underlying assets. Even though the numerical scheme
is implicit, we solve the system of discrete equations in explicit manner using the
Thomas algorithm for the tri-diagonal matrix resulting from the system of discrete
equations. Therefore, we can use a relatively large time step and obtain the fast
computational result of the ELS option pricing. We performed characteristic com-
putational test and the numerical results confirmed the usefulness of the proposed

method for pricing the four underlying asset ELS.
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Figure 5. (a) and (b) ar
respectively. (c), (d),
z=w = 100, z = w = 100, y = z = 100, and = = y = 100,
respectively. Here, 7 = 3.

e payoff functions of 4 and v at z = w = 100,
(e), and (f) are the final solutions of v at
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APPENDIX

For completeness of exposition, let us consider the computational algorithm of
MCS for the four underlying asset ELS. Let

L pay  Paz Paw
(6.1) A | P 1 Py Py
Prz Pyz 1 paw

Pzw Pyw Pzw 1

be the correlation coefficient matrix between ¢ and j underlying assets. We can

decompose the matrix A using the Cholesky factorization [5] as follows:
(6.2) A=LL",

where L is a lower triangular matrix. We generate correlated random numbers Z7,
Z5, Z3, and Zj from a standard multivariate normal distribution Z;, Z, Z3, and

Z, using
(6.3) (z7 75 73 Z)T = L(Z) Zy Z3 7).

We make the following four correlated asset paths:

Xi(tig1) = Xy(t;)elr—050D)AtHo VALZ;,
Xo(tis1) = Xo(t;)e(r—0508)AttorVALZ,
X3(tis1) = Xs(t;)er—0508)AttosVALZ,
Xi(tis1) = Xa(t;)er—050DAttosVALZy;

Let WP(t;) be the worst performer among four asset paths:
(6.4) WP(t;) = min(Xq(¢;), Xa(t;), X3(t:), Xa(ts)).

We make stock prices at Ty, 1o, T3, Ty, T5, Ts. That is,
(6.5) WP(T;), i=0,...,6,

where WP(Tp) = 100 and Ty = 0. If the early redemptions and the maturity con-
ditions are not satisfied and min{WP(T1), WP(Ts), WP(T3), WP(Ty), WP(T5),
WP(Ts)} < D, then the payoft is WP (Ts)F/100. If min{W P(Ty), W P(T5), W P(T3),
WP(Ty), WP(Ts), WP(Ts)} > D, then if min)<;<q; /a¢ WP(t;) < D, then the re-
turn is WP(Ts)F/100. Otherwise, it is (1 + d)F, where d is a dummy rate. For
more detail about MCS for multi-asset ELS, please see [7].
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