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A WEIERSTRASS SEMIGROUP AT A GENERALIZED FLEX
ON A PLANE CURVE

SEON JEONG KiM? AND EuNJu KANG P *

ABSTRACT. We consider a Weierstrass semigroup at a generalized flex on a smooth
plane curve. We find the candidates of a Weierstrass semigroup at a 2-flex of higher
multiplicity on a smooth plane curve of degree d > 5, and give some examples to
show the existence of them.

1. INTRODUCTION AND PRELIMINARIES

Let C' be a smooth complex projective plane curve of degree d > 4. Let P be
a point on C. We divide the lines on the plane into three types according to the
intersection multiplicity at P:
(1) I(C Ny, P) = 0;
(2) I(CNt,P)=1;
(3) I(C'Nty, P) =2
where I(C' N ¢, P) means the intersection multiplicity of C' and ¢ at P. We call ¢,
the tangent line to C' at P and denote it by TpC. If I(CNTpC, P) > 2, then we call
P the inflection point or a flex on C. One can generalize the notion of this concept
by replacing the lines by curves of some given degree m. At each point P, for each
natural number m < d, there exists a curve Fy, of degree m which have the highest
order of contact with C'. We call such a curve F;, as an osculating curve of degree
m at P to C. Note that an osculating curve Fj, need not be irreducible. We are
interested in the case that F), is irreducible. The point P on C'is called an m-flex
if F,, is irreducible and I(C' N F,,, P) > M where F},, is an osculating curve of
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m(m+3)
2

degree m. Obviously, a 1-flex means a flex in our notation.

degree m. Note that the number is the dimension of the system of curves of
In this paper, we consider a Weierstrass semigroup at 2-flexes, which is also known

as sextactic points.

The following are well known;

Lemma 1.1. On a smooth plane curve of degree d > 4, the canonical series is cut

out by the system of all curves of degree d — 3.

Lemma 1.2 ([5], Bertini’s theorem). The generic element of a linear system is

smooth away from the base locus of the system.

Lemma 1.3 ([2], Bezout’s theorem). Let Cy, and C,, be plane curves of degree m
and n, respectively. If they have no common component, then we have
Z I1(C,, N Cy) = mn.
PeC""/mO"L
Lemma 1.4 ([4], Namba’s lemma). Let Ci, Cy and C be three plane curves, and

let P be a smooth point on C. If I(C' N C1,P) > m and I(C N Cy, P) > m, then
I(ClmCQ,P) >m.

Corollary 1.5. Let C be a plane curve and P a smooth point on C. Let C1 and
Cy be plane curves defined by the polynomial hy and hs, respectively. If min{I(C N
C1,P),I1(CNCq P)} > (deghy)(deg ha) and hg is irreducible, then hy is a multiple
of hs.

Proof. By Namba’s lemma, I(Cy N Co, P) > min{I(C N Cy,P),I(C N Cq, P)} >
(deg hi)(deg h2). By Bezout’s theorem, €7 and Cy have a common component.

Since Cj is irreducible, C5 is the common component of them. O

For a point P on a smooth curve C' of genus g, P is a Weierstrass point if the gap
sequence Gp = {n € Ny | there exists a canonical divisor K with I(C' N K, P) =
n — 1} is different from {1,2 — g}([1]). We call the sequence {I(C N K, P) |
K is a canonical divisor of C'} as an order sequence of canonical divisors at P. Thus
P is a Weierstrass point if the order sequence of canonical divisors at P is not
{0,1 — g — 1}. Recall that there are only finite number of Weierstrass points on
C, which means that the order sequence of canonical divisors at a point is exactly

{0,1 — g — 1} except for a finite number of points, i.e., Weierstrass points. For a
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smooth plane curve C' of degree d, by Lemma 1.1, the order sequence of canonical
divisors at P is the set {I(C'N fq—3, P) | fa—3 is a polynomial of degree d — 3}.

2. A 2-FLEX WHICH IS A WEIERSTRASS POINT

Let C' be a smooth plane curve of degree d > 4. For each natural number
1 <k <d—1, the number iy, := ix(P) means the number I(C N F}, P) where F}, is
the osculating curve of degree k at P to C.

Lemma 2.1. Let C be a smooth plane curve of degree d > 4 and P a 2-flex on C.
Then i1 = 2 and 19 > 5.

Proof. Since P is a 2-flex, the osculating conic F» at P to C' is irreducible and
io = I(C'NFy, P) > 5. Let {3 be the tangent line to C at P. Then I(C'N ¥y, P) > 2.
If I(C Ny, P) > 3, then I(Fy N ¥y, P) > 3 > (degFy)(degls), Fy contains (o
as a component, which is a contradiction since F5 is an irreducible conic. Thus
i1 =I1(C Nty P)=2. O

We are interested in a 2-flex point P which is a Weierstrass point.

If d = 4, then the genus of C' is 3 and the lines cut out the canonical series whose
order sequence at P is {0,1,2}. Thus P is not a Weierstrass point. Thus we consider
only d > 5.

Remark 2.2. If d > 5 and m = 2 then Fj is unique. If Fy and Gy are two
different osculating conics to C' at P then min{I(C N Fy, P),I(C N Ga,P)} > 5 so
I(F>; N Ge, P) > 5 by Nambs’s lemma. But I(F> N Ga, P) < 4 by Bertini’s theorem,

which is a contradiction.

Theorem 2.3. Let C' be a smooth plane curve of degree d > 5 and P a 2-flex on
C. Ifiy(P) = I(CNFy,P) > 2|%] + 2 for an irreducible conic I, then P is a
Weierstrass point of C.

Proof. Tt suffices to show that there exists a polynomial f; 3 such that I(C' N

fa—3,P)>g= W.

When d is odd, we let d = 2k + 1, k > 2. Since d — 3 = 2(k — 1), the degree of
szfl is a polynomial of degree d — 3. We have

KNP P 2 (-1l +2) = T ) 2 g
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When d is even, we let d = 2k, k > 3. Since d — 3 = 2(k — 2) + 1, the degree of
F2k*2€2 is a polynomial of degree d — 3, where ¢5 is the tangent line to C' at P. We

have
I(CNES™205,P) > (k — 2)(2ng +2)+2= (g —2)(d+2)+2>g,

since d > 6 for even d.

Thus P is a Weierstrass point in both cases. O

In next theorem, we give the order sequence at P when iy(P) is a high value, i.e.,
i2(P) >2(d—3)+ 1.

Theorem 2.4. Let C' be a smooth plane curve of degree d > 5 and P a 2-flex point
on C. Ifigy(P) > 2(d — 3) + 1, then the order sequences at P is
U {aiyg — aiz +2(d — 2o — 3)}.
0<a< 43
Moreover, such a curve C' and a point P € C exist, indeed the following curve and

the point P satisfy the conditions.
Ca: M(y—a2) +da(y — 22) (@2 + 9972 + Agy? + )\4mi2_2Li72JyL%2J and P = (0,0).

Proof. Note that the canonical series is cut out by the curves of degree d — 3. First,
we obtain the orders at P using polynomials of the form Ff‘égoﬁflﬁ’gQ with 2a +
Bo + P1 + B2 = d — 3. Here {5 is the tangent line at P to C, £y is any line not
passing through P, and ¢; is any line, distinct from fo, passing through P. We have
I(Ff‘fgoéflﬁgg NC, P) = ais + 1 + 2P2. For fixed a, 0 < o < %, we obtain
{I(F§"500 052 N C P) | o+ 1+ B2 = d—3—2a} = {aiy — aig+2(d—3—2a)}.
Since i2(P) > 2(d — 3) + 1, we can check that
U {aig — aizg +2(d — 3 —2a)}
0<a<4z®

is the disjoint union. Hence the cardinality of it is

Z (2(d—3—2a)+1):(d_1)2<d_2):g

0<a<4z3
where ¢ is the genus of C'. Thus it is exactly the order sequence of the point P.
Since the order sequence is completely determined by the values ¢; = 2 and
io > 2(d—3)+1, it suffices to find a smooth curve of degree d admitting such values.

In fact, by the Bertini’s theorem, Cj; is smooth for general nonzero \;’s. If we let
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Fy =y — 22, then F is the osculating conic and I(Fy N Cy, P) = iy. Thus Oy is a

desired curve. OJ

3. AT A 2-FLEX OF ORDER OF CONTACT 2(d — 3)

In the Theorem 2.4, if ia(P) < 2(d — 3), then we check that UOS&S%{O@ —
aig +2(d —2a— 3)} is not a disjoint union, by counting the elements of sets. So the
number of orders at P appeared in the union is less than the genus g of C'. Then
we must find more orders at P not appeared in the union.

In this section, we consider the case iz(P) = 2(d—3). In this case, the cardinality
of the union is exactly g — 1 because the last element 2(d — 3) of the first set and the
first element 75 in the second set are coincide. Thus we must find one more order at
P.

For d =5, 2(d — 3) = 4 can not be iy since iy > 5.

For d = 6, we have io = 2(d — 3) = 6. From [3], we obtain the order sequences
{0 — 8} U {r} with r € {10 — 16} U {18}. Here r = i3. Moreover, they proved
that 73 can not be 17.

So we deal with the cases for d = 7,8 and 9 in this section.

3.1. On a curve of degree 7 Let d = 7 and iy = 2(d — 3) = 8. In this case the

orders determined by lines and the power of osculating conic are
{0 — 8} U {8 — 12} U {16} = {0 — 12} U {16}
and its cardinality is ¢ — 1 = 14. Hence we need to find one more order.

Lemma 3.1. We have 11 = 2, i3 = 10, and i4 > 16.

Proof. By Lemma 2.1, i1 = 2.

Let /5 be the tangent line to C' at P. Since I(C' N Fyly, P) = 10, we have i3 > 10.
Suppose that i3 > 10 and let f3 be a cubic such that I(C N f3, P) = i3 > 10.
By Corollary 1.5, f3 = Fy¢ for some line ¢. Then I(C N f3,P) < 10 which is a
contradiction. Thus i3 = 10.

Since I(C'N F§, P) = 16, we have i4 > 16. O

Remark 3.2. Let f4 be a quartic such that iy = I(C'N fy4, P). By Namba’s lemma,
we have I(fy N Fy, P) = 8 = (deg f1)(deg F3). Here we can not apply Corollary 1.5,

i.e., we can not say that Fb is a component of fy.
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Lemma 3.3. The order sequence at P is {0 — 12} U {16} U {r} for some r €
{13,14,15}U{17 — 28}. Moreover, such r is attained by an irreducible polynomial
of degree 4.

Proof. Since the degree of canonical divisor is 2g — 2 = 28, any order of canonical
divisor at P is in the set {0 — 28}. Thus one more order r is an element in the set
{13,14,15} U {17 — 28}. Let the divisor P be cut out by a curve f. If deg f < 3,
then I(f N C,P) = r > 10. Namba’s lemma implies that I(f N Fy, P) > 8, which
is bigger than (deg f)(deg F») < 6. By Bezout’s theorem, and that f is a multiple
of Fy, say f = Fyh with degh < 1. Then I(hNC,P) = r — 8 > 5, which is a
contradiction. Thus the degree of f is 4 since any canonical divisor is cut out by a
curve of degree 4. We can also prove that f is irreducible. Indeed, if f is reducible,
then f is factored into polynomials of lower degree than 4. If f is factored into four
lines, then 0 < I(C'N f,P) < 8. If f is factored into one line and a cubic, then
I(CNf,P) <12. If f is factored into two lines and a conic, then I(C' N f, P) < 12.
If f is factored into two conics, then I(C' N f, P) = 16 for the case f = FZ, and
I(Cn f,P) <12 for the case f = Fyfs, where fa is a conic different from F». Note
that I(C N f2, P) < 4 because I(Fy N f2, P) < 4 = (deg Fy)(deg f2) by Bezout’s

theorem. O

Lemma 3.4. There is no smooth plane curve of degree 7 with a point at which the
order sequence is {0 — 12} U {16} U {r} with 27 < r < 28.

Proof. Suppose that such a curve exists. Then the Weierstrass gap sequence G(P) =
{1 — 13}u{17}u{r+1} and H(P) = {0}U{14,15,16} U{18 —} —{r+1}. Since
14 and 15 are elements in H(P) and H(P) is a semigroup, 28 and 29 are elements
of H(P). Thus r + 1 # 28,29, which contradicts the assumption. O

Lemma 3.5. There exists a smooth plane curve of degree 7 with a point at which
the order sequence is {0 — 12} U {16} U {r} with 24 <r < 26.

Proof. Let P = (0,0) and
fo = y—a°
fi = Afot Xz fo+ Asy!
fro= i+ pafa@® +07) + ps(fo)Par 2L Y ST

and let C% be the curve with the equation f7.

Then, for general nonzero A;’s and u;’s we can check the following;:
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(1) C7 is a smooth curve of degree 7, since the base locus of the system is only
one point {(0,0,1)} at which a generic member is smooth. By Bertini’s

theorem, C7 is smooth.

(2) I(fg ﬂC7,P) = 8, since I(fgﬂC7,P) = I(fgﬂf4,P) = I(fgﬁy4,P).
(3) I(Tp07 N C7,P) = 2, since I(TPCO C7,P) = I(y N C7,P).
(4) I(f1NCr, P) =r, since
[(fsNCr, P) = I(fan(fo)%2" 27250y 50))
=81(an f2P) + (r— 22" B DI P+ (P DI(an g, P)
=120 fP) + 22T o T
Thus the C7 is a desired curve. O

Lemma 3.6. There exists a smooth plane curve of degree 7 with a point at which
the order sequence is {0 — 12} U {16} U {r} with 17 < r < 22.

Proof. Let P = (0,0) and
fo = y—2a°
fi = AMfo4 dox?fo + Ayt
fr = ufi+pefa(a® +y*) +M3(f2)2907_16_2LT_216JyL%J,

and let C'7 be the curve with the equation f7.

Then, for general nonzero A;’s and u;’s we can check the following;:

(1) C7 is a smooth curve of degree 7.
(2) I(fanC7,P) =8.
(3) I(TpC7 N C7,P) =2.
(4) I(fyNC7, P) =r.
Thus the C7 is a desired curve. ]

Lemma 3.7. There exists a smooth plane curve of degree 7 with a point at which
the order sequence is {0 — 12} U {16} U {r} with 13 <r < 15.

Proof. Let P = (0,0) and

f2 = Yy— .562
fa = Mfatdoz®fo+ )\3y4
o= mfut pefaa® +9P) + pp(fo)a” B LR,
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and let C'7 be the curve with the equation f7.

Then, for general nonzero A;’s and p;’s we can check the following;:

(1) C7 is a smooth curve of degree 7.
(2) I(f21 Cr, P) = 8.

(3) I(TpC7 N Cq, P) = 2.

(4) I(f4 N Cr, P) =r.

Thus the C7 is a desired curve. ]

Theorem 3.8. Let P be a 2-flex of order of contact 8 on a smooth plane curve
of degree 7. Then the order sequence at P is one of {0 — 12} U {16} U {r} for
r € {13 — 15} U {17 — 26}.

Also there exists a smooth plane curve of degree 7 with a 2-flex point P at which
the order sequence is {0 — 12} U {16} U {r} for r € {13 — 15} U {17 —
22} U {24 —» 26}.

Remark 3.9. In the set {13, 14,15} U{17 — 28} of all candidates for r, we proved
or disproved the existence of a smooth curve of degree 7 corresponding to each

integer except for the number 23.

3.2. On a curve of degree 8 In this case the orders determined by lines and the

power of osculating conic are
{0 — 10} U {10 — 16} U {20 — 22} = {0 — 16} U {20 — 22}

and its cardinality is ¢ — 1 = 20. Hence we need to find one more order.

Using Bezout’s theorem and Namba’s Lemma, we have i1 = 2, i5 = 10, i3 = 12,
14 = 20, and i5 > 22.

Since the degree of canonical divisor is 2g — 2 = 40, any order of canonical divisor
at P is in the set {0 — 40}. Thus one more order r is an element in the set
{17,18,19} U {23 — 40}. Let the divisor rP be cut out by a curve f. If deg f < 4,
then I(fNC,P) =r > 17. Namba’s lemma implies that I(f N F», P) > 10, which is
bigger than (deg f)(deg F») < 8. By Bezout’s theorem, and that f is a multiple of
Fy, say f = Foh with degh < 2. Then I(hNC,P) =1r —10 > 7 and hence h = F3
and r = 20 by Bezout’s theorem, which is a contradiction to the choice of r. Thus
the degree of f is 5 since any canonical divisor is cut out by a curve of degree 5. We

can also prove that f is irreducible in a similar way.
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Lemma 3.10. There exists a smooth plane curve of degree 8 with a point at which
the order sequence is {0 — 16} U {20 — 22} U {40}, i.e., r = 40.

Proof. Let P = (0,0) and
fo = y—a?
f5 = My =)+ xaaz’(y — 2%) + Asy”
fo = mfs+pafs(@® +9°) + pa(fa),
and let Cg be the curve defined by the equation fg.

Then, for general nonzero A;’s and p;’s we can check the following;:

(1) Cg is a smooth curve of degree 8.
(2) I(f2nCs, P) = 10.
(3) I(TpCs N Cs, P) = 2.
(4) I(f5s N Cs, P) = 40.
Thus the Cyg is a desired curve. O

Lemma 3.11. There is no smooth plane curve of degree 8 with a point at which the
order sequence is {0 — 16} U {20 — 22} U {r} for 35 <r < 39.

Proof. Suppose that such a curve exists. Then the Weierstrass gap sequence G(P) =
{1 —17}U{21 — 23}U{r+1} and H(P) = {0}U{18,19,20}U{24 —} —{r+1}.
Since 18, 19 and 20 are elements in H(P) and H(P) is a semigroup, every integers
from 36 to 40 are elements of H(P). However, since the number r 4+ 1 belongs to

this set, it is a contradiction. ]

Lemma 3.12. There exists a smooth plane curve of degree 8 with a point at which
the order sequence is {0 — 16} U {20 — 22} U {r} for 30 < r < 34.

Proof. Let P = (0,0) and

fo = y—a?
f5 = My —a®) + daa’(y — 2) + Agy®
fs = mfs+ pafs(@® + %) + pa(fo) e 02y SR,

and let Cg be the curve with the equation fs.
Then, for general nonzero A;’s and u;’s we can check the following:

(1) Cg is a smooth curve of degree 8.
(2) 1(f21 Cs, P) = 10,
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(3) I(TP08 N Cs, P) = 2.
(4) I(fsN Cs, P) = 1.
Thus the Cyg is a desired curve. O

Lemma 3.13. There exists a smooth plane curve of degree 8 with a point at which
the order sequence is {0 — 16} U {20 — 22} U {r} for 23 <r < 28.

Proof. Let P = (0,0) and

fo = y—2a?
Fs o = My —2%) + 2’y — o) + Asy’
fs = pfs+ pafs(x® +y*) + /L3(f2)2x7’_20_2V}20JyL%J’

and let Cg be the curve with the equation fg.

Then, for general nonzero A;’s and p;’s we can check the following;:

(1) Cs is a smooth curve of degree 8.
(2) I(f2nCs, P) = 10.

(3) I(TpCs N Cs, P) = 2.

(4) I(fs N Cg, P) =r.

Thus the Cg is a desired curve. ]

Lemma 3.14. There exists a smooth plane curve of degree 8 with a point at which
the order sequence is {0 — 16} U {20 — 22} U {r} for 17 <r < 19.

Proof. Let P = (0,0) and

fo = y—a?
s = My-— x2) + )\QxS(y — x2) + A3y°
fs = wfs + pafs@®+y?) +M3f2($r_10_2t%wjyt%h7

and let Cy be the curve with the equation fs.
Then, for general nonzero A;’s and p;’s we can check the following;:
(1) Cs is a smooth curve of degree 8.
(2) I(f2nCs, P) = 10.
(3) I(TpCsN Cg, P) = 2.
(4) I(fs N Cs. P) = r.
Thus the Cy is a desired curve. ]
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Theorem 3.15. Let P be a 2-flex of order of contact 10 on a smooth plane curve
of degree 8. Then the order sequence at P is one of {0 — 16} U {20 — 22} U {r}
forr e {17 — 19} U {23 — 34} U {40}.

Also there exists a smooth plane curve of degree 8 with a 2-flex point P at which
the order sequence is {0 — 16} U {20 — 22} U {r} forr € {17 — 19} U {23 —
28} U {30 — 34} U {40}.

Remark 3.16. In the set {17,18,19} U {23 — 40} of all candidates for r, we
proved or disproved the existence of a smooth curve of degree 8 corresponding to

each integer except for the number 29.

3.3. On a curve of degree 9 In this case the orders determined by lines and the

power of osculating conic are
{0 — 12} U {12 — 20} U {24 — 28} U {36}
={0 — 20} U {24 — 28} U {36}

and its cardinality is ¢ — 1 = 27. Hence we need to find one more order.
Using Bezout’s theorem and Namba’s Lemma, we have iy = 2, i3 = 12, i3 = 14,
i4 = 24, i5 == 26, and iﬁ > 36.

One more order 7 is an element in the set
{21,22,23} U {29 — 35} U {37 — 54}.

Let the divisor 7P be cut out by a curve f. If deg f <5, then I(fNC, P) =r > 21.
Namba’s lemma implies that I(f N Fy, P) > 12, and that f is a multiple of Fy by
Bezout’s theorem. Let f = hFb, degh < 3. Then we have I(hNC,P) =r—12 > 9.
By Namba’s theorem again, we conclude that h is multiple of Fy. Thus f = F3
or f = F2¢ where £ is a line. Hence I(f N C,P) = 24, 25 or 26. Then this is a
contradiction. Thus the degree of f is 6. We can also prove that f is irreducible in

a similar way.

Lemma 3.17. There is no smooth plane curve of degree 9 with a point at which the
order sequence is {0 — 20} U{24 — 28}U{36}U{r} forr € {43 — 47}U{51 —
54}.

Proof. Suppose that such a curve exists. Then the Weierstrass gap sequence G(P) =
{1 —21}U{25 — 29} U{37}U{r+ 1} and H(P) = {0} U {22,23,24} U {30 —
36} U{38 —} —{r+1}. Since {22,23,24,30 — 36} is a subset of H(P) and H (P)
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is a semigroup, {44 — 48,52 — 55} is a subset of H(P). However, since the gap

r + 1 belongs to this set, it is a contradiction. U

Lemma 3.18. There exists a smooth plane curve of degree 9 with a point at which
the order sequence is {0 — 20} U {24 — 28} U {36} U {r} for r € {21 —
23} U {29 — 34} U {37 — 42} U {48 — 50}.

Proof. Let P = (0,0) and

fo = y—2a?

fo = My —a%) + Ao’ (y — 2°) + Asy®
fo = pifs+ pafe(@® +y°) + ps(f)*
vifo + v2(fo

r—48

218215 0 if 48 < < 50
23021 )i 37 < < 42
x
‘s

)4
for = v1 fo + va(f2)?
T r—24 r—24
’ 1 fo + vo(fo) 22" 22U g 97 if 29 < < 34
r—12
(f2)

U fo + va(fo)z" 1272052 Iy 52 ip 91 < p < 23

and let Cg, be the curve with the equation fy,..

Then, for general nonzero \;’s, u;’s and v;’s we can check the following:

(1) Cy, is a smooth curve of degree 9.
() 1(f21 Cop P) = 12

(3) I(TpCy, NCy,, P) = 2.

(4) I(fs N Cy,y, P) =

Thus the Cy, is a desired curve. O

Theorem 3.19. Let P be a 2-flex of order of contact 12 on a smooth plane curve
of degree 10. Then the order sequence at P is one of {0 — 20} U {24 — 28} U
{36} U{r} forr e {21 — 23} U {29 — 35} U {37 — 42} U {48 — 50}.

Also there exists a smooth plane curve of degree 10 with a 2-flex point P at which
the order sequence is {0 — 20} U {24 — 28} U {36} U {r} for r € {21 —
23} U {29 — 34} U {37 — 42} U {48 — 50}.

Remark 3.20. In the set {21, 22,23}U{29 — 35}U{37 — 54} of all candidates for
r, we proved or disproved the existence of a smooth curve of degree 9 corresponding

to each integer except for the number 35.
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