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ON GRADED RADICALLY PRINCIPAL IDEALS

RASHID ABU-DAWWAS

ABSTRACT. Let R be a commutative G-graded ring with a nonzero unity.
In this article, we introduce the concept of graded radically principal
ideals. A graded ideal I of R is said to be graded radically principal if
Grad(I) = Grad({c)) for some homogeneous ¢ € R, where Grad(I) is
the graded radical of I. The graded ring R is said to be graded rad-
ically principal if every graded ideal of R is graded radically principal.
We study graded radically principal rings. We prove an analogue of the
Cohen theorem, in the graded case, precisely, a graded ring is graded rad-
ically principal if and only if every graded prime ideal is graded radically
principal. Finally we study the graded radically principal property for
the polynomial ring R[X].

1. Introduction

Throughout this article, all rings are commutative with a nonzero unity 1.
Let G be a group with identity e. Then a ring R is said to be G-graded if
R = @,cq Ry with RgR;, C Ry for all g,h € G, where R, is an additive
subgroup of R for all g € G. The elements of R, are called homogeneous of
degree g. If x € R, then z can be written uniquely as deG Zg4, where x4
is the component of x in R,. The set of all homogeneous elements of R is
h(R) = U,eq Ry Moreover, it has been proved in [6] that R is a subring of
R and 1 € R.. Let I be an ideal of a graded ring R. Then [ is said to be a
graded ideal if I (I N Ry), ie, for x € I, . = 3 x4, where zg € [
for all g € G. An ideal of a graded ring need not be graded (see [6]). If I is a
graded ideal of R, then R/I is a graded ring with (R/I), = (R, + I)/I for all
g € G. For more details, one can look in ([5,8]).

Let I be a proper graded ideal of R. Then the graded radical of I is

Grad(I) = {x =Y 4ecTg € R:forall g € G, there exists ny € N such that
x4’ € I'}. Note that Grad(I) is always a graded ideal of R (see [9]).

Proposition 1.1 ([4]). Let R be a G-graded ring.
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(1) If I and J are graded ideals of R, then I+ J, I.J and I(\J are graded
ideals of R.
(2) If a € h(R), then {(a) is a graded ideal of R.

The concept of graded principal ideals has been introduced by Ashby in
[2]. A graded ideal I of R is said to be graded principal if I = (c¢) for some
¢ € h(R). The graded ring R is said to be graded principal if every graded ideal
of R is graded principal. In this article, we follow [1] to introduce the concept
of graded radically principal ideals. A graded ideal I of R is said to be graded
radically principal if Grad(I) = Grad({c)) for some ¢ € h(R). The graded ring
R is said to be graded radically principal if every graded ideal of R is graded
radically principal. We study graded rings with this property. Clearly, every
graded principal ring is graded radically principal, we prove that the converse
is not true in general.

Graded prime ideals have been introduced and studied by Refai, Hailat and
Obiedat in [9]. A proper graded ideal P of R is said to be graded prime if
whenever z,y € h(R) such that xy € P, then either z € P or y € P. We
prove the Cohen-type theorem for graded radically principal property, that is,
a graded ring R is graded radically principal if and only if every graded prime
ideal is graded radically principal.

Atani and Tekir in [3] introduced the avoidance graded prime theorem, that
is, if PC Py - Pn, where P and P;’s are graded prime ideals, then P C P,
for some i, this property does not hold for infinite set of graded ideals P;’s. We
characterize graded rings with avoidance property for infinite set of graded
prime ideals. Finally we study the graded radically principal property for the
polynomial ring R[X].

2. Graded radically principal ideals
In this section, we introduce and study graded radically principal ideals.

Definition. Let R be a graded ring and I be a graded ideal of R. Then I is
said to be graded radically principal if Grad(I) = Grad({c)) for some ¢ € h(R).
The graded ring R is said to be graded radically principal if every graded ideal
of R is graded radically principal.

Clearly, every graded principal ring is graded radically principal. However,
the next example shows that the converse is not true in general.

Example 2.1. Let K be a field, S = K[X,Y] and G = Z. Then S is G-
graded by S, = @, j_. >0 Kz'y’ with deg(z) = deg(y) = 1. Then I =
(X?,XY,Y?) is a graded ideal of S. Suppose that R = S/I = K[X,Y]/I =
K[z,y] where z = X and y = Y. Then R is G-graded by R,, = (S/I),, = (Sn+
I)/1. Note that, if P is a graded prime ideal of R, then 22 = 4> = 0 € P, and
then z,y € P, and hence (z,y) C P. Since (x,y) is a graded maximal ideal of R,
P = (z,y). Thus, the only graded prime ideal of R is P = (x,y) = Grad((0)).
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Now, let I be a graded ideal of R. Then either I = R = Grad({1)) or I C P,
and in this case, Grad(I) = P = Grad({0)). Hence, R is graded radically
principal. On the other hand, R is not graded principal since the graded ideal
P = (z,y) is not graded principal.

Proposition 2.2. Let R be a graded ring and I be a graded radically principal
ideal of R. Then there exists ¢ € I[\h(R) such that I = Grad({(c)).

Proof. Since I is graded radically principal, there exists a € h(R) such that

Grad(I) = Grad({a)), and then a € {(a) C Grad({a)) = Grad(I), which implies

that " € I for some positive integer n. Now, a € h(R), so a € R, for

some g € G, and then a" = ga---a € RgRy--- Ry C Rgn C h(R). Thus,
n-times ﬁt/_/

¢ = a" € INh(R) such that I C Grad(I) = Grad({a)) = Grad({a™)) =

Grad({c)) C I. O

Proposition 2.3. Let R be a graded ring. Suppose that I and J are two graded
radically principal ideals of R. Then IJ and I J are graded radically principal
ideals of R.

Proof. By Proposition 1.1, IJ and I()J are graded ideals of R. Also, by
Proposition 2.2, Grad(I) = Grad({z)) and Grad(J) = Grad({(y)) for some
x € INA(R) and y € Jh(R). So, zy € h(R) such that Grad(IJ) =
Grad(INJ) = Grad(I)(Grad(J) = Grad({x)) (N Grad({y)) = Grad({zy)).
Hence, IJ and I()J are graded radically principal ideals of R. O

Proposition 2.4. Let R be a graded radically principal ring. Then R/I is a
graded radically principal ring for every graded ideal I of R.

Proof. Let J/I be a graded ideal of R/I. Then J is a graded ideal of R, and
then J = Grad({c})) for some ¢ € h(R). So, ¢ € h (R/I) such that Grad (J/I) =
Grad((c)). Hence, R/I is a graded radically principal ring. O

The next theorem gives an analogue of the Cohen-type theorem for graded
radically principal rings.

Theorem 2.5. Let R be a graded ring. Then R is graded radically principal if
and only if every graded prime ideal of R is graded radically principal.

Proof. Suppose that every graded prime ideal of R is a graded radically princi-
pal ideal. Assume that X is the set of all graded ideals of R that are not
graded radically principal. We show that X = (. Suppose that X # (.
Let Iy € I € --- C I, C --- be an increasing chain in X. Suppose that
I =, ;. Then I is a graded ideal of R. If I is graded radically principal, then
Grad(I) = Grad({c)) for some ¢ € h(R). Since ¢ € Grad(I), c* € I for some
positive integer k, and then c* € I; for some j, which implies that ¢ € Grad(I;),
and hence Grad(I;) = Grad({c)), which is a contradiction. Thus, I € X and
clearly, I; C I for all . By Zorn’s lemma, X has a maximal element, say P.
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We show that P is graded prime. Let z,y € h(R) such that zy € P. Suppose
that z,y ¢ P, and let P, = P+ (x) and P, = P 4 (y). Since P is maximal in
X with PG Py and P G P, P, and P, are graded radically principal ideals
of R, and then by Proposition 2.3, P; P, is a graded radically principal ideal
of R, but Grad(P,P,) = Grad(P) since PP, C P and P? C P, P,. This gives
a contradiction. Hence, P is a graded prime ideal of R which is not graded
radically principal, that is a contradiction. Thus, X = (. The converse is
clear. O

Let S C h(R) be a multiplicative set. Then S™!'R is a graded ring with
(S7'R)g={%,a € Ry, s € SN Ryy-1}.

Corollary 2.6. Let R be a graded radically principal ring. If S is a multiplica-
tive subset of h(R), then S™'R is a graded radically principal ring.

Proof. Let P be a graded prime ideal of ST'R. Then P = S~'K for some
graded prime ideal of R. Since R is graded radically principal, K = Grad({c))
for some ¢ € h(R), and since Grad(P)=S"1K =S"1Grad((c))=Grad(S~{c)),
we have that P is a graded radically principal ideal of S~'R. Hence, by Theo-
rem 2.5, ST'R is a graded radically principal ring. (I

Let R; and Ry be two G-graded rings. Then R; X Ry is a G-graded ring by
(Rl X RQ)g = (Rl)g X (Rg)g for all g < G.

Corollary 2.7. Let R, R, ..., R, be G-graded rings and R = R; X Ry X - - - X
R,. Then R is graded radically principal if and only if R; is graded radically
principal for all 1 < i <n.

Proof. Suppose that R is graded radically principal. Then by Proposition 2.4,
R;, = R/Iz‘, where I; = Ry X Ry X -+ X R;_1 X {0} X Ri+1 X oo X Rn, is
graded radically principal for all 1 < ¢ < n. Conversely, let P be a graded
prime ideal of R. Then there exists a graded prime ideal K; of R; for some
j such that P = Ry x --- x Kj X --- X R,,. Since R; is graded radically
principal, there exists ¢; € K;(h(R;) such that K; = Grad((c;)), and then
c=(1,...,¢,...,1) € h(R) such that Grad(P) = Grad({c)). So, P is a
graded radically principal ideal of R, and hence by Theorem 2.5, R is a graded
radically principal ring. O

Theorem 2.8. Let R be a graded ring. Then R is a graded radically principal
ring if and only if for every graded prime ideal P of R, we have P ¢ UP;(_K K.

Proof. Suppose that R is a graded radically principal ring. Let P be a graded
prime ideal of R. Then P = Grad({c)) for some ¢ € h(R). If K is a graded
prime ideal of R such that P ¢ K, then ¢ ¢ K, and then ¢ ¢ UP;(_K K.

Hence, P ¢ |J PeK K. Conversely, let P be a graded prime ideal of R. Since
P¢ UP(,;K K, there exists ¢ € P such that ¢ ¢ K whenever P ¢ K, and then
cg ¢ K for some g € G. Note that ¢, € P as P is a graded ideal, and clearly,
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Grad((cy)) € P. If K is a graded prime ideal of R containing ¢,, then P C K.
Thus, P C ﬂcgeK K = Grad({cy)). Hence, P = Grad({c,)). By Theorem 2.5,

R is graded radically principal. (I

For a graded ring R, it is well known that if P is a graded prime ideal of
R such that P C |J;ca Pi, where P;’s are graded prime ideals of R and A is
finite, then P C P; for some i € A. This result does not hold for an infinite set
A. The following result characterizes graded rings with this property, and the
proof is immediate from Theorem 2.8.

Corollary 2.9. Let R be a graded ring. Then R is a graded radically principal
ring if and only if R has the graded avoidance property, that is, if P C J;ca Pi,
where P and P;’s are graded prime ideals of R, then P C P; for some i € A.

Corollary 2.10. Let R be a graded ring. If R has finitely many graded prime
ideals, then R is a graded radically principal ring.

Proof. If R has finitely many graded prime ideals, then the graded avoidance
property holds, and then by Corollary 2.9, it follows that R is graded radically
principal. O

A graded commutative ring R with unity is said to be a graded integral
domain if R has no homogeneous zero divisors. A graded commutative ring R
with unity is said to be a graded field if every nonzero homogeneous element
of R is unit. The next example shows that a graded field need not be a field.

Example 2.11. Let R be a field and suppose that F'= {x—l—uy:x, yER, u?= 1}.
If G = Zo, then F is G-graded by Fy = R and F; = uR. Let a € h(F) such
that a # 0. If a € Fp, then a € R and since R is a field, we have a is a unit
element. Suppose that a € Fy. Then a = uy for some y € R. Since a # 0, we
have y # 0, and since R is a field, we have y is a unit element, that is zy = 1
for some z € R. Thus, uz € Fy such that (uz)a = uz(uy) = v?(zy) =1-1=1,
which implies that a is a unit element. Hence, F' is a graded field. On the
other hand, F is not a field since 1 +u € F — {0} is not a unit element since
(I4+u)(1—u)=0.

Proposition 2.12. Let R be a graded integral domain. Then R is a graded
field if and only if R[X] is a graded radically principal ring.

Proof. Suppose that R is a graded field. Then R[X] is a graded principal
domain, which implies that R is a graded radically principal ring. Conversely,
let a € h(R) — {0}. Suppose that I is the graded ideal of R[X] generated by
a and X. Since R[X] is graded radically principal, Grad(I) = Grad({f)) for
some homogeneous f € I. Since a € I, a € Grad((f)), and then there exists a
positive integer n such that a™ = gf for some g € R[X]. Since R is a graded
integral domain, 0 = deg(a™) = deg(g) + deg(f), which implies that f is a
nonzero constant. Also, since X € I, X € Grad((f)), and then there exists a
positive integer m such that X™ = hf for some h € R[X]. Since f is constant,
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1 = b,, f, where b,, is the coefficient of X in h, which implies that f is a unit
element, and then I = R[X], so there exist s,t € R[X] such that 1 = sa +tX,
and then 1 = s(0)a, where s(0) € R C h(R[X]). Hence, a is a unit element.
So, R is a graded field. O

Example 2.13. Let K be a field, R = K[X] and G = Z. Then R is G-graded
by R; = KX for j > 0, and R; = 0 otherwise. Since K is a field, K is a
graded field, and then K[X] is graded radically principal by Proposition 2.12.

Example 2.14. Let K be a field, R = K[X] and G = Z3. Then R is G-graded
by Ry = (1,23,25,...), Ry = (z,2*,27,...) and Ry = (22,2°28,...). By
Proposition 2.12, K[X] is graded radically principal.

First strongly graded rings have been introduced and studied in [7], a G-
graded ring R is said to be first strong if 1 € RyR, -1 for all g € supp(R,G),
where supp(R,G) = {g € G : Ry # {0}}. In fact, it has been proved that R
is first strongly G-graded if and only if supp(R,G) is a subgroup of G and
RyRy, = Ry, for all g, h € supp(R, G). We introduce the following:

Proposition 2.15. FEvery G-graded field is first strongly graded.

Proof. Let R be a G-graded field. Suppose that g € supp(R,G). Then R, #
{0}, and then there exists 0 # = € R,. Since R is a graded field, we conclude
that there exists y € h(R) such that zy = 1. Since y € h(R), y € Ry, for some
h € G, and then 1 = zy € RyRy, C Rgp. So, 0 # 1 € Ryp () Re, which implies
that gh = e, that is h = g~!. Hence, 1 = zy € RyRg-1, and thus R is first
strongly graded. (I

Corollary 2.16. Let R be a graded integral domain. If R[X] is a graded
radically principal ring, then R is first strongly graded.

Proof. Apply Proposition 2.12 and Proposition 2.15. (]

Theorem 2.17. Let R be a graded ring. If R[X] is graded radically principal,
then R is graded radically principal and every graded prime ideal of R is graded
mazimal.

Proof. Since R[X] is graded radically principal, by Proposition 2.4, R[X]/(X)
is graded radically principal, and then R is graded radically principal. Let P
be a graded prime ideal of R. Then since (R/P)[X] = R[X]/P[X] is graded
radically principal by Proposition 2.4, and then R/ P is a graded field by Propo-
sition 2.12. Hence, P is a graded maximal ideal of R. ]
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