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PERELMAN TYPE ENTROPY FORMULAE AND

DIFFERENTIAL HARNACK ESTIMATES FOR WEIGHTED

DOUBLY NONLINEAR DIFFUSION EQUATIONS UNDER

CURVATURE DIMENSION CONDITION

Yu-Zhao Wang

Abstract. We prove Perelman type W-entropy formulae and differen-

tial Harnack estimates for positive solutions to weighed doubly nonlinear

diffusion equation on weighted Riemannian manifolds with CD(−K,m)
condition for some K ≥ 0 and m ≥ n, which are also new for the non-

weighted case. As applications, we derive some Harnack inequalities.

1. Introduction and main results

A weighted Riemannian manifold (M, g, dµ) is an n-dimensional Riemannian
manifold (M, g) with a smooth measure dµ := e−f dV , where f is a smooth
function on M , dV is the volume measure of M . The weighted Riemannian
manifold carries a natural analogous Ricci curvature, that is, the m-Bakry-
Émery Ricci curvature, which is defined by

(1.1) Ricmf := Ric +∇∇f − ∇f ⊗∇f
m− n

.

In particular, when m = ∞, Ric∞f = Ricf := Ric + ∇∇f is the classical

Bakry-Émery Ricci curvature, which is introduced in the study of diffusion
processes and functional inequalities (see [1] and also [2] for a comprehensive
introduction), and then it is extensively investigated in the theory of the Ricci
flow and optimal transport theory, when m = n if and only if f is a constant
function. There is also a natural analogous Laplacian, namely, the so-called
weighted Laplacian (also called the f -Laplacian, drifting Laplacian or Witten
Laplacian in the literature), denoted by ∆f = ∆−∇f ·∇, which is a self-adjoint
operator in L2(M,dµ).
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There is an enhanced Bochner formula with respect to ∆f (see p. 383 in
Villani’s book [27]):

1

2
∆f |∇ψ|2 −∇ψ · ∇∆fψ

= |∇∇ψ|2 + Ricf (∇ψ,∇ψ)

=
(∆fψ)2

m
+ Ricmf (∇ψ,∇ψ) +

∣∣∣∣∇∇ψ − (∆ψ

n

)
g

∣∣∣∣2
+

(
1

n
− 1

m

)(
∆ψ +

n

m− n
∇f · ∇ψ

)2

.

(1.2)

For convenience, one can reformulate the Bochner formula in terms of the
Bakry-Émery’s Γ2 formalism. For a given operator ∆f , define the associated
Γ operator by

Γ(ϕ,ψ) :=
1

2
[∆f (ϕψ)− ϕ∆fψ − ψ∆fϕ] = ∇ϕ · ∇ψ.

The Γ2 operator is defined by

Γ2(ϕ,ψ) :=
1

2
[∆fΓ(ϕ,ψ)− Γ(ϕ,∆fψ)− Γ(ψ,∆fϕ)].

In particular,

Γ2(ψ) := Γ2(ψ,ψ) =
1

2
∆f |∇ψ|2 −∇ψ · ∇∆fψ.

By (1.2), when Ricmf ≥ −Kg and m > n or m < 0, we have

(1.3) Γ2(ψ) ≥ (∆fψ)2

m
−K|∇ψ|2.

If (1.3) is valid, we say that (M, g, dµ) satisfies the curvature-dimensional con-
dition CD(−K,m), which is equivalent to the m-Bakry-Emery Ricci curvature
bounded below by −K.

In recent years, people study geometric analysis problems on the weighted
Riemannian manifolds, for instance, gradient estimates and Liouville theorems
for symmetric diffusion operators ∆f [10], some comparison geometry for the

Bakry-Émery Ricci tensor [32], eigenvalue estimates [5] and splitting theorems
[4] etc.. In his 2002 seminal paper [24], Perelman introduced the W-entropy

W(g, f, τ) :=

∫
M

(
τ(R+ |∇f |2) + f − n

)
u dV

and proved its monotonicity

(1.4)
d

dt
W(g, f, τ) = 2τ

∫
M

∣∣∣Rij +∇i∇jf −
1

2τ
gij

∣∣∣2u dV ≥ 0,

where u = (4πτ)−
n
2 e−f satisfies the conjugate heat equation coupled with Ricci

flow,

∂tg = −2Ric, ∂tf = −∆f + |∇f |2 −R+
n

2τ
, ∂tτ = −1.
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Later L. Ni [22,23] obtained theW-entropy monotonicity formula for the linear
heat equation on Riemannian manifolds with nonnegative Ricci curvature.

(1.5)
d

dt
W(f, t) = −2t

∫
M

(∣∣∣∇i∇jf − 1

2t
gij

∣∣∣2 +Rijfifj

)
u dV,

where u = (4πt)−
n
2 e−f is a positive solution to the heat equation ∂tu = ∆u

with
∫
M
u dV = 1 and W(f, t) is defined by

W(f, t) :=

∫
M

(
t|∇f |2 + f − n

)
u dV.

In [11], X.-D. Li established a Perelman typeW-entropy formula for the weight-
ed linear heat equation on the weighted Riemannian manifolds with CD(0,m)
condition.

Theorem A (Li [11]). Let (Mn, g, dµ) be a weighted Riemannian manifold
and u be a positive solution to the weighted heat equation ∂tu = ∆fu and∫
M
udµ = 1. Define the weighted W-entorpy

Wf (v, t) :=

∫
M

(
t|∇v|2 + v −m

)
u dµ, u =

e−v

(4πt)m/2
,

then we have

d

dt
Wf (v, t) = − 2t

∫
M

(∣∣∣∇i∇jv − 1

2t
gij

∣∣∣2 + Ricmf (∇v,∇v)

)
u dµ(1.6)

− 2t

m− n

∫
M

(
∇f · ∇v +

m− n
2t

)2

u dµ.

In particular, if CD(0,m) condtion holds, thenWf (v, t) is monotone decreasing
along the weighed heat equation. When m = n, f = const., (1.6) reduces to
(1.5).

In [12, 13], when n ≤ m ∈ N, S. Li and X.-D. Li gave a direct proof and
natural geometric interpretation of the W-entropy formula (1.6) by using the
warped product approach. Moveover, they extend the W-entropy formula to
the weighted heat equation on the weighted compact Riemannian manifolds
with time dependent metrics and potentials. More recently, in [18], they in-
troduced Perelman’s W-entropy along geodesic flow on the Wasserstein space
over Riemannian manifolds. For further related study, see [14–17].

It is natural to study the entropy formulae for nonlinear equations, the au-
thors obtained the Perelman type entropy formulae for p-heat equation [9] and
porous medium equation [21] on Riemannian manifold with nonnegative Ricci
curvature. Combining the analogous methods in [9], [21] and [11], Wang-Yang-
Chen [31] and Huang-Li [8] proved the entropy formulae for the weighted p-
Laplacian heat equation and weighted porous medium equation with CD(0,m)
condition, respectively. In [30], the authors got the W-entropy formula for
positive solutions to the doubly nonlinear diffusion equation on the closed Rie-
mannian manifold with nonnegative Ricci curvature.
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Theorem B (Wang-Chen [30]). Let (Mn, g) be a closed Riemannian manifold
and u be a positive solution to the doubly nonlinear diffusion equation

(1.7) ∂tu = ∆p(u
γ).

Set v = γ
b u

b and define Perelman-type W-entropy

Wp(v, t) := ta+1

∫
M

(
(b+ 1)

|∇v|p

v
− a+ 1

t

)
vu dV.

Then we have

d

dt
Wp(v, t) = − pbta+1

∫
M

(∣∣∣w p
2−1∇i∇jv +

a

nbt
aij

∣∣∣2
A

+ wp−2Rijvivj

)
vu dV

− pta+1

∫
M

(
b∆pv +

a

t

)2

vu dV,(1.8)

where b = γ − 1
p−1 , a = nb

nb(p−1)+p , w = |∇v|2, Aij = gij + (p− 2)v
ivj

w and aij

is the inverse of Aij.

In this paper, we focus on the weighted doubly nonlinear diffusion equation
(WDNE for short)

(1.9) ∂tu = ∆p,f (uγ) := divf
(
|∇uγ |p−2∇uγ

)
,

where γ > 0, p > 1, f ∈ C∞(M), ∆p,f and divf := efdiv(e−f ·) denote the
weighted p-Laplacian operator and weighted divergence operator, respectively.
WDNE has the rich physical background and appears in several models, in-
cluding non-Newtonian fluids, glaciology and turbulent flows in porous media.
From a mathematical point of view such as in [26], it can be viewed as a gen-
eralization of the weighted heat equation (p = 2, γ = 1), the weighted porous
medium equation (p = 2, γ > 1), fast diffusion equation (p = 2, γ < 1) and
the weighted parabolic p-Laplacian equation (γ = 1). Taking the pressure
transform

(1.10) v(u) :=
γ

b
ub, b = γ − 1

p− 1
,

then the equation (1.9) satisfies

(1.11) ∂tv = bv∆p,fv + |∇v|p.
Inspired by the previous work [8,9,11,21,28,30,31], the first result in this pa-

per is the Perelman typeW-entropy formula for the weighted doubly nonlinear
diffusion equation on closed weighted Riemannian manifolds with CD(−K,m)
condition for K ≥ 0 and m ≥ n.

Theorem 1.1. Let (M, g, dµ) be a closed weighted Riemannian manifold with
CD(−K,m) condition for K > 0 and m > n. Let u be a positive solution to
(1.9) and v satisfy (1.11). Define the weighted Perelman-type W-entropy
(1.12)

WK(v, t) := σKβK

∫
M

[
(b+1)

|∇v|p

v
−
(

1

βK
+
σ̇K
σK

)]
vu dµ, b = γ − 1

p− 1
> 0.
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Then we have

d

dt
WK(v, t)

(1.13)

≤ − pbσKβK
∫
M

[∣∣∣|∇v|p−2∇i∇jv +
ηK
mb

aij

∣∣∣2
A

+ |∇v|2p−4(Ricmf +Kg)(∇v,∇v)

]
vu dµ

− pσKβK
∫
M

[
(b∆p,fv + ηK)

2
+

b

m− n

(
|∇v|p−2∇v · ∇f − (m− n)

ηK
mb

)2
]
vu dµ,

where ā = mb
mb(p−1)+p and Aij = gij + (p − 2) v

ivj

|∇v|2 is the inverse matrix of

aij, D = K
b+1 , K = pbK

2 supM×[0,T )(|∇v|p−2v), σK = (eDt sinh(Dt))ā, βK =
sinh(2Dt)

2D and ηK = 2āD
1−e−2Dt . Moreover, if CD(−K,m) holds, then WK(v, t) is

monotone decreasing along WDNE (1.9).

Corollary 1.2. Let K = 0, σ0 = tā, β0 = t, η0 = ā
t , and

(1.14) W0(v, t) = tā+1

∫
M

(
(b+ 1)

|∇v|p

v
− ā+ 1

t

)
vu dµ.

Then we get

d

dt
W0(v, t)

(1.15)

= − pbtā+1
∫
M

[∣∣∣∇v|p−2∇i∇jv +
ā

mbt
aij

∣∣∣2
A

+ |∇v|2p−4Ricmf (∇v,∇v)

]
vu dµ

− ptā+1
∫
M

[(
b∆p,fv +

ā

t

)2

+
b

m− n

(
|∇v|p−2∇v · ∇f − (m− n)

ā

mbt

)2
]
vu dµ.

Remark 1.3. When K > 0, m = n and f = const.,W-entropy formula (1.13) is
new even for doubly nonlinear diffusion equation (1.7) on the closed Riemannian
manifold. When K = 0, m = n and f = const., W-entropy (1.15) is just (1.8).

Theorem 1.4. Let (Mn, g) be a closed n-dimensional Riemannian manifold
with Ricci curvature bounded below, i.e., Ric ≥ −Kg, K ≥ 0. Let u be a smooth
positive solution to (1.7) and v = γ

b u
b. For any b = γ − 1

p−1 > 0, define the

Perelman-type W-entropy

(1.16) WK(v, t) := σKβK

∫
M

[
(b+ 1)

|∇v|p

v
−
(

1

βK
+
σ̇K
σK

)]
vu dV.

Then we have

d

dt
WK(v, t) ≤ − pbσKβK

∫
M

∣∣∣|∇v|p−2∇i∇jv +
ηK
nb
aij

∣∣∣2
A
vu dV

− pσKβK
∫
M

(
b|∇v|2p−4(Ric +Kg)(∇v,∇v) + (b∆pv + ηK

)2
vu dV ,(1.17)
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where a = nb
nb(p−1)+p , D = K

b+1 , K = pbK
2 supM×[0,T ) |∇v|p−2v,

σK = (eDt sinh(Dt))a, βK = sinh(2Dt)
2D and ηK = 2aD

1−e−2Dt . Moreover, if

Ric ≥ −K for K ≥ 0, then WK(v, t) is monotone decreasing along the doubly
nonlinear diffusion equation (1.7).

Remark 1.5. When K > 0 and γ = 1, our results are even new for the weighted
parabolic p-Laplacian equation on the weighted Riemannian manifolds. See
details in Corollary 3.2. When K > 0 and p = 2, W-entropy formulae have
been obtained by the author in [29].

In the second part of this paper, we study the differential Harnack inequality
for WDNE on wighted Riemannian manifold. In the classic paper [20], Li-Yau
proved differential Harnack inequality (Li-Yau estimate) for positive solution
to the heat equation on an n-dimensional complete Riemannian manifold with
Ric ≥ −Kg, where K is a positive constant, that is, for all α > 1

|∇u|2

u2
− αut

u
≤ α2

2(α− 1)
nK + α2 n

2t
.

In 1993, Hamilton [6] derived another gradient estimate

|∇u|2

u2
− e2Ktut

u
≤ e4Kt n

2t
.

In 2011, Li-Xu [19] generalized Li-Yau type estimate,

|∇u|2

u2
−
(

1 +
sinh(Kt) cosh(Kt)−Kt

sinh2(Kt)

)
ut
u
≤nK

2

(
1 + coth(Kt)

)
.

Recently, B. Qian [25] extended Li-Yau and Hamilton type estimates under
some proper assumptions of α(t) and ϕ(t).

|∇u|2

u2
− α(t)

ut
u
≤ ϕ(t).(1.18)

It is natural to prove differential Harnack esimtates for nonlinear equations.
In [7, 21], various differential Harnack estimates for porous medium equation
on Riemannian manifolds with Ricci curvature bounded below are derived. In
[30], the author obtained a sharp Li-Yau estimate for doubly nonlinear diffu-
sion equation (1.7) on compact Riemannian manifold with nonnegative Ricci
curvature,

(1.19)
|∇v|p

v
− vt
v
≤ a

t
,

where v = γ
b u

b, b = γ − 1
p−1 > 0 and a = nb

nb(p−1)+p . In recent papers [3]

and [33], the authors got Li-Yau type and elliptic gradient estimates for doubly
nonlinear equations on Riemannian manifold with Ricci curvature bounded
below, respectively.
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Motivated by previous works, especially in [25] by B. Qian, we obtain various
global differential Harnack estimates for WDNE on closed weighted Riemanian
manifolds with curvature dimensional condition CD(−K,m).

Now we make two assumptions on any positive function σ(t) ∈ C1(M) (see
[25]).

(A1) For any t > 0, σ(t) > 0, σ′(t) > 0, lim
t→0

σ(t) = 0 and lim
t→0

σ(t)
σ′(t) = 0;

(A2) For any T > 0, (σ′)2

σ is continuous and integrable on the interval [0, T ).

Theorem 1.6. Let (Mn, g, dµ) be a closed weighted Riemannian manifold with
CD(−K,m) condition for K ≥ 0. Let v(x, t) be a positive solution to equation
(1.11). For any b > 0, we have

(1.20)
|∇v|p

v
− α(t)

vt
v
≤ ϕ(t).

Here

α(t) = 1 +
2K

σ

∫ t

0

σ(s)ds,

ϕ(t) = Kā+
K

2
ā

σ

∫ t

0

σ(s)ds+
ā

4σ

∫ t

0

(σ′(s))2

σ(s)
ds,

(1.21)

and σ(t) is any function satisfying the assumptions (A1) and (A2),

ā = mb
mb(p−1)+p , K = pbK

2 sup
M×(0,T ]

(v|∇v|p−2).

By choosing different σ(t), we can obtain various differential Harnack in-
equalities, which are also new for the weighted doubly nonlinear diffusion equa-
tion.

Corollary 1.7. Let (M, g, dµ) be a closed weighted Riemannian manifold with
CD(−K,m) condition. Let v be a smooth positive solution to (1.11). Then we
have the following estimates:

(1) Linearized Li-Xu-Qian type: σ(t) = tβ for β > 1,

|∇v|p

v
−
(

1 +
2Kt

β + 1

)
vt
v
≤ ā

( β2

4(β − 1)

1

t
+K +

K
2
t

β + 1

)
.(1.22)

In particular, β = 2, σ(t) = t2,

|∇v|p

v
−
(

1 +
2

3
Kt

)
vt
v
≤ ā

(1

t
+K +

1

3
K

2
t
)
.(1.23)

(2) Li-Xu type: σ(t) = sinh2(Kt)

|∇v|p

v
−
(

1 +
sinh(Kt) cosh(Kt)−Kt

sinh2(Kt)

)
vt
v
≤ āK

(
1 + coth(Kt)

)
.(1.24)
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(3) Baudoin-Vatamanelu-Qian type: σ(t) = e−
2Kt
β+1 (1−e−

2Kt
β+1 )β with β > 1,

|∇v|p

v
− e

2Kt
β+1

vt
v
≤ β2Kā

2(β2 − 1)

e
4Kt
β+1

e
2Kt
β+1 − 1

.(1.25)

In particular, β = 2, σ(t) = e−
2Kt

3 (1− e− 2Kt
3 )2

|∇v|p

v
− e 2Kt

3
vt
v
≤ 2Kā

3

e
4Kt

3

e
2Kt

3 − 1
.(1.26)

Remark 1.8. (1) When p = 2, γ = 1 and f = const., the results in Theorem
1.6 and Corollary 1.7 reduce to the linear case in [19,25].

(2) When p = 2 and γ > 1, the estimate (1.20) reduces the case of the
weighted porous medium equation, which has been proved in [29] by the author.

(3) Theorem 1.6 is new for non-weighted case. In [3], the authors obtained
Li-Xu type estimates for the doubly nonlinear diffusion equation, but when
K = 0, their estimates are not optimal.

Theorem 1.9 (Hamilton type estimate). Let (Mn, g, dµ) be a closed weighted
Riemannian manifold satisfying CD(−K,m) condition for K > 0. Let v(x, t)
be a positive solution to equation (1.11), for any b > 0, we have

(1.27)
|∇v|p

v
− e2Kt vt

v
≤ e4Kt ā

t
,

where K = pbK
2 supM×[0,T )(v|∇v|p−2).

Integrating on minimizing path for estimates in Theorem 1.6 and Corollary
1.7, we can prove the Harnack inequalities for positive solutions to WDNE.

Corollary 1.10. For any (x1, t1) and (x2, t2) with 0 < t1 ≤ t2 < T , we have

v(x1, t1)− v(x2, t2)(1.28)

≤ vmax

∫ t2

t1

ϕ(t)

α(t)
dt+

p− 1

pp∗
d(x2, x1)p

∗

(t2 − t1)p∗

∫ t2

t1

α
1
p−1 (t)dt

and

v(x1, t1)

v(x2, t2)
(1.29)

≤ exp

(∫ t2

t1

ϕ(t)

α(t)
dt+

p− 1

pp∗
1

vmax

d(x2, x1)p
∗

(t2 − t1)p∗

∫ t2

t1

α
1
p−1 (t)dt

)
,

where p∗ = p
p−1 and vmax = supM×[0,T ) v.

When (M, g, dµ) has nonnegative m-Bakry-Emery Ricci curvature, i.e.,
CD(0,m)-condition, we can prove an optimal Li-Yau type estimates, which
is a generalization for the case m = n in [30].
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Theorem 1.11 (Optimal Li-Yau type estimate). Let (M, g, dµ) be a closed
weighted Riemannian manifold with CD(0,m)-condition. Let v be a smooth
solution to (1.11). Then we have

(1) for any (p− 1)γ > 1,

(1.30)
|∇v|p

v
− vt
v
≤ ā

t
;

(2) for any 1− p
m < (p− 1)γ < 1,

(1.31)
|∇v|p

v
− vt
v
≥ ā

t
.

Moreover, these estimates are optimal, i.e., when u is a fundamental solution
to (1.9) on Rm, equality holds in (1.30) and (1.31).

This paper is organized as follows. In Section 2, we derive some useful
evolution equations by the weighted p-Bochner formula. In Section 3 we prove
theW-entropy monotonicity formula, i.e., Theorem 1.1. In Section 4, we obtain
Qian type, Hamilton type and optimal Li-Yau type estimates, i.e., Theorem
1.6, Theorem 1.9 and Theorem 1.11. Finally, Harnack inequalities are derived
as applications.

2. Nonlinear Bochner formulae and evolution equations

Let (M, g, dµ) be a closed weighted Riemannian manifold. Suppose u is a
smooth positive solution to (1.9) and v = γ

b u
b satisfies (1.11). Assume that

w := |∇v|2 > 0 on a region of M and define the linearized operator of weighted
p-Laplacian at point v

(2.1) Lf (ψ) := divf (w
p
2−1A(∇ψ))

and its parabolic operator

(2.2) �f := ∂t − bvLf ,
where A is a tensor and defined by

A = g + (p− 2)
∇v ⊗∇v

w
.

Thus,

(2.3) �fv = |∇v|p − (p− 2)bv∆p,fv.

Lemma 2.1. Let β be a constant. Then we have the following evolution
equations:

�fvt = bvt∆p,fv + pw
p
2−1〈∇v,∇vt〉,(2.4)

�fv
β = β

(
1− b(p− 1)(β − 1)

)
vβ−1w

p
2 − βb(p− 2)vβ∆p,fv,(2.5)

�fw = pw
p
2−1〈∇v,∇w〉+ 2bw∆p,fv − (

p

2
− 1)bvw

p
2−2|∇w|2(2.6)
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− 2bvw
p
2−1
(
|∇∇v|2 + Ricf (∇v,∇v)

)
,

�f (w
p
2 ) = pw

p
2−1〈∇v,∇w

p
2 〉 − pbvwp−2

(
|∇∇v|2A + Ricf (∇v,∇v)

)
(2.7)

+ pbw
p
2 ∆p,fv.

Proof. By the definition of Lf and �f in (2.1) and (2.2), a direct calculation
implies that

∂

∂t
(∆p,fv) = divf

((
w
p
2−1∇vt + (

p

2
− 1)w

p
2−2wt∇v

))
= divf

(
w
p
2−1
(
∇vt + (p− 2)

〈∇v,∇vt〉
w

∇v
))

= divf (|∇v|p−2A(∇vt)) = Lf (vt),

then
�fvt = ∂tvt − bvLf (vt)

= ∂tvt − ∂t(bv∆p,fv) + bvt∆p,fv

= pw
p
2−1〈∇v,∇vt〉+ bvt∆p,fv.

There exists a nonlinear Bochner formula for Lf (see [31]),

Lfw = 2w
p
2−1
(
|∇∇v|2 + Ricf (∇v,∇v)

)
+ 2〈∇v,∇∆p,fv〉(2.8)

+ (
p

2
− 1)w

p
2−2|∇w|2.

Hence,

�fw = wt − bvLf (w)

= 2∇v · ∇
(
bv∆p,fv + w

p
2

)
− 2bvw

p
2−1(|∇∇v|2 + Ricf (∇v,∇v))

− bv
(

2〈∇v,∇∆p,fv〉+ (
p

2
− 1)|∇w|2w

p
2−2
)

= 2bw∆p,fv + pw
p
2−1〈∇v,∇w〉 − (

p

2
− 1)bv|∇w|2w

p
2−2

− 2bvw
p
2−1
(
|∇∇v|2 + Ricf (∇v,∇v)

)
and

�f (w
p
2 ) = ∂tw

p
2 − bvLf (w

p
2 )

=
p

2
w
p
2−1wt −

p

2
bvefdiv

(
e−f (w

p
2−1)w

p
2−1A(∇w)

)
=
p

2
w
p
2−1�fw −

p

2
(
p

2
− 1)bvwp−3∇w ·A(∇w)

=
p

2
w
p
2−1
(

2bw∆p,fv + pw
p
2−1〈∇v,∇w〉 − (

p

2
− 1)bv|∇w|2w

p
2−2
)

− pbvwp−2
(
|∇∇v|2 + Ricf (∇v,∇v)

)
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− p

2
(
p

2
− 1)bvwp−3

(
|∇w|2 + (p− 2)

|∇v · ∇w|2

w

)
= pbw

p
2 ∆p,fv + pw

p
2−1〈∇v,∇w

p
2 〉

− pbvwp−2
(
|∇∇v|2A + Ricf (∇v,∇v)

)
,

where |∇∇v|2A = |∇∇v|2 + p−2
2
|∇w|2
w + (p−2)2

4
|∇v·∇w|2

w2 . �

Proposition 2.2. For a constant α, let y = |∇v|p
v , z = vt

v and define

Fα := α
vt
v
− |∇v|

p

v
= αz − y.

Then we have

�fFα = δw
p
2−1 〈∇v,∇Fα〉+ pbwp−2

(
|∇∇v|2A + Ricf (∇v,∇v)

)
(2.9)

+ (p− 1)
(
F 2

1 + (α− 1)
(vt
v

)2)
,

where δ = 2γ(p− 1) + (p− 2). In particular, when α = 1,

F1 =
vt
v
− |∇v|

p

v
= b∆p,fv

and

�f (F1) = δw
p
2−1 〈∇v,∇F1〉+ pbwp−2

(
|∇∇v|2A + Ricf (∇v,∇v)

)
(2.10)

+ (p− 1)F 2
1 .

Proof. Following the proof in [30], a useful formula for operator �f is

(2.11) �f

(
h

g

)
=

�fh
g
− h�fg

g2
+ 2bvw

p
2−1

〈
A
(
∇
(f
g

))
,∇ log g

〉
.

Applying (2.11) and Lemma 2.1, we have

�f

(
|∇v|p

v

)
(2.12)

=
1

v

(
(2p− 2)w

p
2F1 + pw

p
2−1〈∇v,∇w

p
2 〉
)

− pbwp−2
(
|∇∇v|2A + Ricf (∇v,∇v)

)
− wp

v2
+ 2bvw

p
2−1
〈
A
(
∇
(w p

2

v

))
,∇ log v

〉
,

and

�f
(vt
v

)
=

1

v

(
(p− 1)F1vt + pw

p
2−1〈∇v,∇vt〉

)
− vt
v

wp/2

v
(2.13)

+ 2bvw
p
2−1

〈
A
(
∇
(vt
v

))
,∇ log v

〉
.
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Combining (2.12) and (2.13), we get

�fFα = 2bvw
p
2−1 〈∇ log v,A(∇Fα)〉+ pbwp−2

(
|∇∇v|2A + Ricf (∇v,∇v)

)
+ (p− 1)F1

(
α
vt
v
− pw

p
2

v

)
+
wp

v2
− αvt

v

wp/2

v

+ pw
p
2−1

〈
∇ log v,∇(αvt − w

p
2 )
〉
.

A direct calculation implies that

〈∇ log v,∇(vFα)〉 = 〈∇v,∇Fα〉+ Fα
|∇v|2

v

then we have

�fFα = w
p
2−1

〈
∇v,

(
2bA(∇Fα) + p∇Fα

)〉
+ pbwp−2

(
|∇∇v|2A + Ricf (∇v,∇v)

)
+ (p− 1)F1

(
α
vt
v
− 2w

p
2

v

)
+
wp

v2
− αvt

v

w
p
2

v
+
pw

p
2

v
Fα.

Now we rewrite the last five terms as

(p− 1)(z− y)(αz− 2y) + y2−αyz+ py(αz− y) = (p− 1)
(
(y− z)2 + (α− 1)z2

)
.

Which gives the desired formula (2.9). When α = 1, (2.10) is a direct result of
(2.9). �

3. Entropy formulae

Applying the weighted nonlinear Bochner-type formula in Lemma 2.1, we
get the following integral formulae.

Lemma 3.1. Let u and v be positive solutions to (1.9) and (1.11). Then we
have

(3.1)
d

dt

∫
M

vu dµ =

∫
M

bv(∆p,fv)u dµ = −(b+ 1)

∫
M

|∇v|pu dµ

and

(3.2)
d2

dt2

∫
M

vu dµ = p

∫
M

(
bwp−2

(
|∇∇v|2A+Ricf (∇v,∇v)

)
+(b∆p,fv)2

)
vu dµ.

Proof. Note that ∇v = γub−1∇u. Then

(3.3) ∇uγ = ∇vu
1
p−1 , u∇v = bv∇u.
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Combining (3.3), (1.9) and (1.11), we have

d

dt

∫
M

vu dµ =

∫
M

[(bv(∆p,fv) + |∇v|p)u+ v(∆p,fu
γ)] dµ

=

∫
M

bv(∆p,fv)u dµ+

∫
M

|∇v|pu dµ−
∫
M

∇v · ∇uγ |∇uγ |p−2 dµ

=

∫
M

bv(∆p,fv)u dµ.

Integration by parts yields that∫
M

bv(∆p,fv)u dµ = γ

∫
M

(∆p,fv)ub+1 dµ = −γ
∫
M

∇v · ∇ub+1|∇v|p−2 dµ

= −(b+ 1)

∫
M

|∇v|pu dµ.

Applying (1.9), (1.11) and ∂t = �f + bvLf , we have

d

dt

∫
M

bv(∆p,fv)u dµ =

∫
M

∂

∂t

(
b∆p,fv

)
vu dµ+

∫
M

∂

∂t
(vu)b∆p,fv dµ

=

∫
M

(
�f (b∆p,fv) + bvLf (b∆p,fv)

)
vu dµ

+

∫
M

b∆p,fv
(

(∆p,fu
γ)v + (bv∆p,fv + |∇v|p)u

)
dµ.

By using (2.10), we have

d

dt

∫
M

bv(∆p,fv)u dµ

=

∫
M

p
[
bwp−2

(
|∇∇v|2A + Ricf (∇v,∇v)

)
+ (b∆p,fv)2

]
vu dµ

+ (2γ(p− 1) + (p− 2))b

∫
M

w
p
2−1 〈∇v,∇∆p,fv〉 vu dµ

+ b2
∫
M

Lf (∆p,fv)v2u dµ+ b

∫
M

∆p,fv
(

(∆p,fu
γ)v + |∇v|pu

)
dµ.

Note that b∇(v2u) = (2b+ 1)uv∇v and integration by parts,

b2
∫
M

Lf (∆p,fv)v2u dµ =− b2
∫
M

〈∇(v2u), A(∇∆p,fv)〉|∇v|p−2 dµ

=− (2b+ 1)(p− 1)b

∫
M

〈∇v,∇∆p,fv〉|∇v|p−2vu dµ.
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Finally, (3.3) and integration by parts again imply that

b

∫
M

v∆p,fv(∆p,fu
γ) dµ

= − b
∫
M

〈∇(v∆p,fv),∇uγ〉|∇uγ |p−2 dµ

= − b
∫
M

∆p,fv|∇v|pu dµ− b
∫
M

〈∇v,∇∆p,fv〉|∇v|p−2vu dµ.

Putting these equalities together, we get the desired formula (3.2). �

Proof of Theorem 1.1. Define the Shannon type entropy

NK(t) := −σK(t)

∫
M

vu dµ,

where σK(t) is a function of t, then by the integral formula (3.1), we have

d

dt
NK(t) =− σ̇K

∫
M

vu dµ− σK
∫
M

b(∆p,fv)vu dµ(3.4)

=− σK
∫
M

(b∆p,fv + (log σK)′) vu dµ,

where · and ′ denote the time derivative.
By the formulae (3.2), (3.4) and the definition of

K =
pbK

2
sup

M×[0,T )

|∇v|p−2v,

we have

d2

dt2
NK(t) = − σK

d2

dt2

∫
M

vu dµ− 2σ̇K
d

dt

∫
M

vu dµ− σ̈K
∫
M

vu dµ

= − σK
∫
M

p
(
bwp−2

(
|∇∇v|2A + Ricf (∇v,∇v)

)
+ (b∆p,fv)2

)
vu dµ

+
2σ̇K
σK

d

dt
NK +

(
σ̈K
σK
− 2σ̇2

K

σ2
K

)
NK .(3.5)

When b > 0, v > 0, we have K > 0, then

d2

dt2
NK(t)(3.6)

≤ − σK
∫
M

p
(
bwp−2

(
|∇∇v|2A+(Ricf+Kg)(∇v,∇v)

)
+(b∆p,fv)2

)
vu dµ

+ 2

(
σ̇K
σK

+
K

b+ 1

)
d

dt
NK +

(
σ̈K
σK
− 2σ̇2

K

σ2
K

− 2K

b+ 1

σ̇K
σK

)
NK .

Define the Perelman type W-entropy

WK(t) :=
1

α̇K(t)

d

dt
(αK(t)NK(t)) = NK + βK(t)

d

dt
NK(3.7)
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= − σK
∫
M

(
βK(b∆p,fv) +

(
1 + (log σK)′βK

))
vu dµ,

= σKβK

∫
M

[
(b+ 1)

|∇v|p

v
−
(

1

βK
+
σ̇K
σK

)]
vu dµ,

where βK(t) = αK
α̇K

, then

d

dt
WK(t) = βK

(
d2

dt2
NK +

1 + β̇K
βK

d

dt
NK

)
.

Combining (3.4) and (3.6), we have

d

dt
WK(t)(3.8)

≤ − σKβK
∫
M

p
(
bwp−2

(
|∇∇v|2A + (Ricf +Kg)(∇v,∇v)

)
+ (b∆p,fv)2

)
vu dµ

+2βK

(
σ̇K
σK

+
1 + β̇K

2βK
+

K

b+ 1

)
d

dt
NK + βK

(
σ̈K
σK
− 2σ̇2

K

σ2
K

− 2K

b+ 1

σ̇K
σK

)
NK .

Using the identity,

b

∣∣∣∣w p
2−1∇i∇jv +

ηK(t)

mb
aij

∣∣∣∣2
A

(3.9)

= bwp−2|∇∇v|2A +
2ηK
m

w
p
2−1trA(∇∇v) +

nη2
K

m2b

= bwp−2|∇∇v|2A +
2ηK
m

(
∆p,fv + w

p
2−1〈∇f,∇v〉

)
+
nη2

K

m2b

and putting (3.9) into (3.8), we get

d

dt
WK(t)

(3.10)

≤ −σKβK
∫
M

pb

(∣∣∣w p
2−1∇i∇jv +

ηK
mb

aij

∣∣∣2
A

+ wp−2(Ricmf +Kg)(∇v,∇v)

)
vu dµ

−σKβK
∫
M

(
p(b∆p,fv)2 + 2

(
(log σK)′ +

1 + β̇K
2βK

+
K

b+ 1
− pηK

mb

)
(b∆p,fv)

)
vu dµ

−σKβK
∫
M

(
(log σK)′′ +

1 + β̇K
βK

(log σK)′ + ((log σK)′)2 − pη2
K

mb

)
vu dµ

−σKβK
∫
M

pb

m− n

(
w
p
2−1〈∇v,∇f〉 − ηK

mb
(m− n)

)2

vu dµ.

In order to get a complete square formula in the second and third line in (3.10),
we choose a proper function ηK(t) such that

(3.11)

{
pηK = λ+ 1+β̇K

2βK
+ K

b+1 −
p
mbηK ,

pη2
K = λ′ + λ2 + 1+β̇K

βK
λ− p

mbη
2
K ,
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where λ = (log σK)′, which is equivalent to

0 = η2
K − 2ληK +

ā

ā+ 1

(
λ2 − λ′ + 2Dλ

)
= (ηK − λ)2 − 1

ā+ 1

(
λ2 + ā (λ′ − 2Dλ)

)
,

(3.12)

where D = K
b+1 . Thus, a special solution of the equation (3.12) is

ηK = λ =
2āD

1− e−2Dt
.

Inserting this back to system (3.11), we get

βK =
sinh(2Dt)

2D
, αK = D tanh(Dt), σK = (eDt sinh(Dt))ā =

(
e2Dt − 1

2

)ā
.

Thus, from (3.10), we get the Perelma type W -entropy formula,

d

dt
WK(t)

(3.13)

≤ −σKβK
∫
M

pb

(∣∣∣w p
2−1∇i∇jv +

ηK
mb

aij

∣∣∣2
A

+ wp−2(Ricmf +Kg)(∇v,∇v)

)
vudµ

−σKβK
∫
M

p

(
(b∆p,fv + ηK)

2
+

b

m− n

(
w
p
2−1〈∇v,∇f〉 − (m− n)

ηK
mb

)2
)
vudµ.

Therefore, W -entropy (3.7) is monotone decreasing along the weighted doubly
nonlinear diffusion equation with CD(−K,m) condition. �

Proof of Corollary 1.2. In particular, when K = 0, σ0(t) = tā, β0(t) = t and
η0(t) = ā

t , all of the inequalities become equalities in the proof of Theorem
1.1. Then we have entropy monotonicity formula for WDNE with CD(0,m)
condition,

(3.14)
d

dt
Np,f (u, t) = −tā

∫
M

(
b∆p,fv +

ā

t

)
vu dµ

and

d

dt
Wp,f (v, t)

(3.15)

= − pbtā+1

∫
M

[∣∣∣w p
2−1∇i∇jv +

ā

mbt
aij

∣∣∣2
A

+ wp−2Ricmf (∇v,∇v)

]
vu dµ

− ptā+1

∫
M

[
b

m− n

(
w
p
2−1∇v · ∇f − ā(m− n)

mbt

)2

+
(
b∆p,fv +

ā

t

)2
]
vu dµ,

where the Shannon-type entropy and Perelman-type entropy are defined by

N0(t) = Np,f (v, t) := −tā
∫
M

vu dµ
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and

(3.16) W0(t) =Wp,f (v, t) := tā+1

∫
M

(
(b+ 1)

|∇v|p

v
− ā+ 1

t

)
vu dµ.

�

Corollary 3.2. Let (M, g, dµ) be a weighted Riemannian manifold and u be a
smooth positive solution to the weighted parabolic p-Laplacian equation

(3.17) ∂tu = ∆p,f (u) := divf
(
|∇u|p−2∇u

)
.

W-entropy is defined by

WK(v, t) := σKβK

∫
M

[
p− 2

p− 1

|∇v|p

v
−
(

1

βK
+
σ̇K
σK

)]
vu dµ.

Then we have

d

dt
WK(v, t)

(3.18)

≤ −σKβK
∫
M

pb

(∣∣∣|∇v|p−2∇i∇jv +
ηK
mb

aij

∣∣∣2
A

+ |∇v|2p−4(Ricmf +Kg)(∇v,∇v)

)
vu dµ

−σKβK
∫
M

p

((
b∆p,fv + ηK

)2

+
b

m− n

(
|∇v|p−2∇v · ∇f − (m− n)

ηK
mb

)2
)
vu dµ,

where ā = (p−2)m
(p−1)((p−2)m+p) , v = p−1

p−2u
p−2
p−1 is the pressure, and

D = p(p−2)
2p−3 K sup

M×[0,T )

v, σK = (eDt sinh(Dt))ā, βK = sinh(2Dt)
2D , ηK = 2āD

1−e−2Dt .

Moreover, if CD(−K,m) holds for K ≥ 0, then WK(v, t) is monotone decreas-
ing along the weighted parabolic p-Laplacian equation (3.17).

4. Differential Harnack estimates and applications

In this section, we prove various differential Harnack estimates for WDNE
on the weighed manifolds with CD(−K,m) condtion, including sharp Li-Yau
type estimate, Hamilton type estimate and Li-Xu type estimate, etc.. As ap-
plications, Harnack inequalities are derived.

Proposition 4.1. Let u be a smooth positive solution to (1.9) and v satisfies
(1.11). Define

F := α(t)
vt
v
− |∇v|

p

v
+ ϕ(t),

where α(t), ϕ(t) are defined in (1.21). If σ(t) is a function of t and satisfies
the assumption (A1) and (A2), then we have

�fF ≥ δw
p
2−1 〈∇v,∇F 〉+ ā

(
b2

ā
∆p,fv +

σ′

2σ
+K

)2

− σ′

σ
F(4.1)

+ (p− 1)(α− 1)
(vt
v

)2

,
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and

�f (σF ) ≥ δσw
p
2−1 〈∇v,∇F 〉+ āσ

(
b2

ā
∆p,fv +

σ′

2σ
+K

)2

(4.2)

+ (p− 1)(α− 1)σ
(vt
v

)2

,

where b = γ− 1
p−1 > 0, ā = mb

mb(p−1)+p , δ = 2γ(p− 1) + (p− 2), w = |∇v|2 and

K = pbK
2 sup

M×(0,T ]

(v|∇v|p−2).

Proof. Applying (2.9), we have

�fF = δw
p
2−1 〈∇v,∇F 〉+ pbwp−2

(
|∇∇v|2A + Ricf (∇v,∇v)

)
(4.3)

+ (p− 1)
(

(b∆p,fv)2 + (α− 1)
(vt
v

)2)
+ α′

(vt
v

)
+ ϕ′.

The elementary inequality

(a+ b)2 ≥ a2

1 + ε
− b2

ε
, ∀ ε > 0

implies that

wp−2
(
|∇∇v|2A + Ricf (∇v,∇v)

)
(4.4)

≥ 1

n

(
w
p
2−1trA(∇∇v)

)2

+ wp−2Ricf (∇v,∇v)

=
1

n
(∆p,fv + w

p
2−1〈∇v,∇f〉)2 + wp−2

(
Ricmf (∇v,∇v) +

〈∇v,∇f〉2

m− n

)
≥ 1

m
(∆p,fv)2 + wp−2Ricmf (∇v,∇v),

where ε = m
n − 1. Combining (4.3), (4.4) and Ricmf ≥ −K, we get

�fF ≥ δw
p
2−1 〈∇v,∇F 〉+

1

ā
(b∆p,fv)2 − pbKwp−1(4.5)

+ (p− 1)(α− 1)
(vt
v

)2

+ α′
(vt
v

)
+ ϕ′.

Note that trA(w
p
2−1vij) = ∆pv and pbK

2 (v|∇v|p−2) ≤ K , one has

�fF − δw
p
2−1 〈∇v,∇F 〉(4.6)

≥ b2

ā
(∆p,fv + η)2 − 2b2

ā
η∆p,fv −

b2

ā
η2 − pbKwp−1

+ (p− 1)(α− 1)
(vt
v

)2

+ α′
(vt
v

)
+ ϕ′

≥ b2

ā
(∆p,fv + η)2 +

(
α′ − 2b

ā
η
)vt
v
−
(

2K − 2b

ā
η
)w p

2

v
− b2

ā
η2
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+ (p− 1)(α− 1)
(vt
v

)2

+ ϕ′

=
b2

ā
(∆p,fv + η)2 + 2

(
K − b

ā
η
)( α′ − 2b

ā η

2K − 2b
ā η

vt
v
− w

p
2

v
+ ϕ

)

+ (p− 1)(α− 1)
(vt
v

)2

+ ϕ′ − 2
(
K − b

ā
η
)
ϕ− b2

ā
η2.

Now we choose the proper functions σ(t) and η(t) such that α(t) and ϕ(t)
satisfy the following system

(4.7)


σ′

σ = 2( bāη −K),

α =
α′− 2b

ā η

2(K− bāη)
,

η2 = ā
b2

(
ϕ′ − 2

(
K − b

āη
)
ϕ
)
.

Plugging (4.7) into (4.6), we have

(4.8) �fF ≥ δw
p
2−1 〈∇v,∇F 〉+ b2

ā
(∆p,fv+η)2− σ

′

σ
F + (p−1)(α−1)

(vt
v

)2

.

By (4.1) and

�fG = �f (σF ) = σ�fF + σ′F,

we can easily get (4.2). In fact, the first equation in (4.7) is equivalent to

η(t) =
ā

2b

(σ′
σ

+ 2K
)
.

Inserting this into the last two equations in (4.7), we have

(σα)′ = σ′ + 2Kσ and (σϕ)′ =
āσ

4

(σ′
σ

+ 2K
)2

.

Integrating above identities on [0, t], we can obtain the exact expressions of
α(t) and ϕ(t) in (1.21). �

Proof of Theorem 1.6. Since b > 0, ā > 0, p > 1, applying the parabolic
maximum principle in (4.2), it is easy to get F ≥ 0, that is (1.20) in Theorem
1.6. �

Remark 4.2. Integrating the differential Harnack estimate (1.20) yields

0 ≤
∫
M

Fvu dµ =

∫
M

(
α(t)

vt
v
− |∇v|

p

v
+ ϕ(t)

)
vu dµ

=

∫
M

(
α(b∆p,fv) + (α− 1)

|∇v|p

v
+ ϕ(t)

)
vu dµ

=

∫
M

(αb+ 1

b+ 1
(b∆p,fv) + ϕ(t)

)
vu dµ.(4.9)

Set

(4.10) (log σK)′ =
b+ 1

αb+ 1
ϕ(t),
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we have

(4.11)
d

dt
NK(t) ≤ 0,

that is Shannon type entropy NK(t) is monotone decreasing along WDNE. In

particular, when α(t) = 1 + 2
3Kt and ϕ(t) = ā

(
1
t + K + 1

3K
2
t
)

, by solving

ODE (4.10), we have

(4.12) σK(t) = e
(b+1)āKt

2b

(
1 +

2

3

b

b+ 1
Kt

)−( 1
4 + 3

4b2

)
ā

tā.

Proof of Theorem 1.9. Define

G := α−1F =
vt
v
− α−1 |∇v|p

v
+ α−1ϕ.

By (4.5) and K = pbK
2 supM×[0,T ) v|∇v|p−2, we have

�fG = (α−1)′F + α−1�fF(4.13)

≥ δw
p
2−1 〈∇v,∇G〉+

α−1

ā
(b∆p,fv)2 + (p− 1)(1− α−1)

(vt
v

)2

+ α′α−1 vt
v
− 2Kα−1w

p
2

v
+ α−1ϕ′ + (α−1)′F

= δw
p
2−1 〈∇v,∇G〉+

α−1

ā
(b∆p,fv)2 + (p− 1)(1− α−1)

(vt
v

)2

+ (logα)′
(vt
v
− 2K[(logα)′]−1α−1w

p
2

v
+ α−1ϕ

)
+ (α−1)′F − α′α−2ϕ+ α−1ϕ′

≥ δw
p
2−1 〈∇v,∇G〉+

e−2Kt

ā
(b∆p,fv)2 + (p− 1)(1− α−1)

(vt
v

)2

+
2Kāe2Kt

t
− āe2Kt

t2

≥ δw
p
2−1 〈∇v,∇G〉+

e−2Kt

ā
(b∆p,fv)2 − āe2Kt

t2
,

where α(t) = e2Kt and ϕ(t) = ā
t e

4Kt. Now we show that G ≥ 0 on M × [0, T ).
Since M is closed, assume that G attains its minimum at point (x0, t0) and
G(x0, t0) < 0. Then at (x0, t0),

�fG ≤ 0, ∇G = 0.

On the other hand, at this point,

0 ≤ āe2Kt

t
< e−2Kt |∇v|p

v
− vt
v
≤ |∇v|

p

v
− vt
v

= −b∆p,fv.
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Put this inequality into (4.13), we have

�fG > 0.

This is a contradiction. Thus we have finished the proof of Theorem 1.9. �

Proof of Corollary 1.10. Let ς(t) be a constant speed geodesic connected ς(t1)

= x1 and ς(t2) = x2 with |ς̇(t)| = d(x2,x1)
t2−t1 . Applying the differential Harnack

estimate (1.20) and Young’s inequality, we have

v(x2, t2)− v(x1, t1)

=

∫ t2

t1

vt + 〈∇v, ς̇(t)〉dt

≥
∫ t2

t1

(
1

α(t)
|∇v|p − ϕ(t)

α(t)
v − 1

α(t)
|∇v|p − p− 1

pp∗
α

1
p−1 (t)|ς̇(t)|p

∗
)
dt

≥ − vmax
∫ t2

t1

ϕ(t)

α(t)
dt− p− 1

pp∗
d(x2, x1)p

∗

(t2 − t1)p∗

∫ t2

t1

α
1
p−1 (t)dt

and

log
v(x2, t2)

v(x1, t1)

=

∫ t2

t1

(
d

dt
log v(x, t) +∇ log v · ς̇(t)

)
dt

≥
∫ t2

t1

(
1

α(t)

(
|∇v|p − ϕ(t)

)
− 1

α(t)
|∇v|p − p− 1

pp∗
|ς̇(t)|p∗

vmax
α

1
p−1 (t)

)
dt

≥ −
∫ t2

t1

ϕ(t)

α(t)
dt− p− 1

pp∗
1

vmax

d(x2, x1)p
∗

(t2 − t1)p∗

∫ t2

t1

α
1
p−1 (t)dt.

Here p∗ = p
p−1 . This finishes the proof of Corollary 1.10. �

Proof of Theorem 1.11. Estimate (1.30) is a direct result when we take K = 0
in (1.22), (1.24) or (1.27). In fact, we can also give a direct proof for (1.30).
Using (2.10) and (4.4), for any b > 0 and Ricmf ≥ 0, we get

�f (F1) ≥ δw
p
2−1 〈∇v,∇F1〉+

pb

m
(∆p,fv)2 + (p− 1)F 2

1

= δw
p
2−1 〈∇v,∇F1〉+

1

ā
F 2

1 ,

where ā = mb
(p−1)mb+p . Since M is closed, the standard parabolic maximum

principle implies the estimate (1.30). Moreover, if we take the Barenblatt-type
solution of WDNE (1.9) on Rm,

(4.14) u(x, t) = t−
ā
b F (t−

ā
mbx), F (ξ) = (C − κ|ξ|

p
p−1 )

1
b
+,
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where ā = mb
(p−1)mb+p , κ = (p−1)b

p ( ā
mb )

1
p−1 , C is any positive constant, then

equality holds in (1.30), i.e., the differential Harnack estimate (1.30) is sharp.
The similar argument holds for (1.31). �
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