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GLOBAL LARGE SOLUTIONS FOR THE COMPRESSIBLE

MAGNETOHYDRODYNAMIC SYSTEM

Jinlu Li, Yanghai Yu, and Weipeng Zhu

Abstract. In this paper we consider the global well-posedness of com-

pressible magnetohydrodynamic system in Rd with d ≥ 2, in the frame-
work of the critical Besov spaces. We can show that if the initial data, the

shear viscosity and the magnetic diffusion coefficient are small comparing

with the volume viscosity, then the compressible magnetohydrodynamic
system has a unique global solution. Our result improves the previous

one by Danchin and Mucha [10] who considered the compressible Navier-
Stokes equations.

1. Introduction

The present paper is devoted to the equations of magnetohydrodynamics
(MHD) which describe the motion of electrically conducting fluids in the pres-
ence of a magnetic field. The barotropic compressible magnetohydrodynamic
system can be written as

∂tρ+ div(ρu) = 0, in R+ × Rd
∂t(ρu) + div(ρu⊗ u) +∇P (ρ) = b · ∇b− 1

2∇(|b|2)
+ µ∆u+∇

(
(µ+ λ)divu

)
, in R+ × Rd

∂tb+ (divu)b+ u · ∇b− b · ∇u− ν∆b = 0, in R+ × Rd
divb = 0, in R+ × Rd,

(1)

where ρ = ρ(t, x) ∈ R+ denotes the density, u = u(t, x) ∈ Rd and b =
b(t, x) ∈ Rd stand for the velocity field and the magnetic field, respectively.
The barotropic assumption means that the pressure P = P (ρ) is given and
assumed to be strictly increasing. The constant ν > 0 is the resistivity acting
as the magnetic diffusion coefficient of the magnetic field. The shear and vol-
ume viscosity coefficients µ and λ are constant and fulfill the standard strong
parabolicity assumption:

µ > 0 and κ = λ+ 2µ > 0.
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To complete the system (1), the initial data are supplemented by

(u, b, ρ)(t, x)|t=0 = (u0(x), b0(x), ρ0(x))(2)

and also, as the space variable tends to infinity, we assume

lim
|x|→∞

(
u0(x), b0(x), ρ0(x)

)
= (0, 0, 1).(3)

The system of MHD involves various topics such as the evolution and dynam-
ics of astrophysical objects, thermonuclear fusion, metallurgy and semiconduc-
tor crystal growth, see for example [2,18]. Roughly speaking, the system (1) is a
coupling between the compressible Navier-Stokes equations with the magnetic
equations (heat equations). When b ≡ 0, the system (1) reduces to the usual
compressible Navier-Stokes system for baratropic fluids. We should mentioned
that the system (1) contains much richer structures than the Navier-Stokes sys-
tem and offer us new opportunities. Due to its physical importance, complexity,
rich phenomena and mathematical challenges, there have been huge literatures
on the study of the compressible MHD problem (1) by many physicists and
mathematicians, see for example, [3, 4, 11–26] and the references therein.

Now, we briefly recall some results concerned with the multi-dimensional
compressible MHD equations in the absence of vacuum, which are more rel-
atively with our problem. Kawashima [17] established the local and global
well-posedness of the solutions to the compressible MHD equations as the ini-
tial density is strictly positive, see also Strohmer [21] and Vol’pert–Khudiaev
[23] for the local existence results. To catch the scaling invariance property,
Danchin firstly introduced in his series papers [5–9] the “Critical Besov Spaces”
which were inspired by those efforts on the incompressible Navier-Stokes. Li–
Mu–Wang [19] obtained the local well-posedness of the system (1) in the frame-
work of critical Besov spaces under the assumption that the initial density is
bounded away from 0. Danchin and Mucha [10] proved that the compressible
Navier-Stokes system convergence to the homogeneous incompressible case for
the large volume viscosity. Motivated by these works, our main goal of the
present paper is devoted to extend the compressible Navier-Stokes system to
the MHD system. Since there is no global well-posedness theory for general
initial data, we will prove the global existence of strong solutions to (1) for a
class of large initial data.

We notice that if κ tends to +∞, then velocity field and magnetic field shall
satisfy the incompressible MHD system:

(4)


∂tU + U · ∇U − µ∆U +∇Π−B · ∇B − 1

2∇(|B|2) = 0,

∂tB + U · ∇B −B · ∇U − ν∆B = 0,

divU = divB = 0,

(U,B)|t=0 = (Pu0, b0),

where P is the Leray project operator.
Our main result can be stated as follows:
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Theorem 1.1. Let d ≥ 2, (u0, b0) ∈ Ḃ
d
2−1
2,1 (Rd)×Ḃ

d
2−1
2,1 (Rd) and a0 := ρ0−1 ∈

Ḃ
d
2−1
2,1 (Rd) ∩ Ḃ

d
2
2,1(Rd). Suppose that (4) generates a unique global solution

(U,B) ∈ C(R+; Ḃ
d
2−1
2,1 (Rd)). Let C be a large universal constant and denote

M := ‖U,B‖
L∞(R+;Ḃ

d
2
−1

2,1 )
+ ‖Ut, Bt, µ∇2U, ν∇2B‖

L1(R+;Ḃ
d
2
−1

2,1 )
,

D0 := C exp
(
C(1 + µ−1 + ν−1)(M + 1)2

)(
‖a0,Qv0‖

Ḃ
d
2
−1

2,1

+ κ‖a0‖
Ḃ

d
2
2,1

+ 1
)
,

δ0 := C exp
(
2C(1 + µ−2 + ν−2)(M + 1)2

)(
κ−1D2

0 + κ−
1
2D0

)
.

Assume that κ is large enough and ‖a0‖
Ḃ

d
2
2,1

is small enough such that

κ−1D0 � 1 and δ0
(
µ−1 + ν−1 + 1

)
≤ 1

2
.

Then the system (1)–(3) has a unique global-in-time solution (ρ, u, b) which
satisfies

u, b ∈ C(R+; Ḃ
d
2−1
2,1 ) ∩ L1(R+; Ḃ

d
2+1
2,1 ),

a := ρ− 1 ∈ C(R+; Ḃ
d
2−1
2,1 ∩ Ḃ

d
2
2,1) ∩ L2(R+; Ḃ

d
2
2,1).

Remark 1.2. For d = 2, according to Proposition 2.3, we can set

M := C‖U0, B0‖Ḃ0
2,1

exp
(
C
(
µ−4 + ν−4

)
‖U0, B0‖4L2

)
.

From Theorem 1.1, we deduce that the system (1)–(3) has a unique global-
in-time solution without any smallness condition on the initial velocity and
magnetic: the volume viscosity λ just has to be sufficiently large.

2. Preliminaries

In this section, we recall basic notations and some useful properties involved
the homogeneous Besov spaces which will be used throughout this paper.

• The symbol A . B means that there is a uniform positive constant C
independent of A and B such that A ≤ CB. We write A ≈ B to denote
that A . B and B . A.

• For any k,m ∈ Z+, we also use the simplified notations if there is no
ambiguity

‖f1, . . . , fk‖mX := ‖f1‖mX + · · ·+ ‖fk‖mX .

• The projectors P and Q are defined by

P := Id + (−∆)−1∇div and Q := −(−∆)−1∇div.

Now, let us recall the definition of the homogenous Besov space (see [1]).
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Definition. Let s ∈ R and (p, r) ∈ [1,∞]2. The homogeneous Besov space

Ḃsp,r is defined by

Ḃsp,r =
{
f ∈ S ′h(Rd) : ‖f‖Ḃs

p,r
:=
∥∥∥(2js‖∆̇jf‖Lp)j

∥∥∥
`r
< +∞

}
.

Next, we give the important product acts on homogenous Besov spaces by
collecting some useful lemmas from [1].

Lemma 2.1. Let s1, s2 ≤ d
2 , s1 + s2 > 0 and (f, g) ∈ Ḃs12,1(Rd) × Ḃs22,1(Rd).

Then we have

‖fg‖
Ḃ

s1+s2−
d
2

2,1

≤ C‖f‖Ḃs1
2,1
‖g‖Ḃs2

2,1
.

Lemma 2.2. Let s > 0. Assume that F ∈ W [s]+2,∞
loc (R) with F (0) = 0. Then

for any f ∈ L∞(Rd) ∩ Ḃs2,1(Rd), we have

‖F (f)‖Ḃs
2,1
≤ C(‖f‖L∞)‖f‖Ḃs

2,1
.

Proposition 2.3. Assume that U0, B0 ∈ Ḃ0
2,1(R2) with divU0 = divB0 = 0.

Then there exists a unique solution to (4) such that

U,B ∈ C(R+; Ḃ0
2,1(R2)) ∩ L1(R+; Ḃ2

2,1(R2)).

Furthermore, there exists some universal constant C, one has for all T > 0,

‖U,B‖L∞T (Ḃ0
2,1)

+ ‖Ut, Bt, µ∇2U, ν∇2B‖L1
T (Ḃ0

2,1)

≤ C‖U0, B0‖Ḃ0
2,1

exp
(
C
(
µ−4 + ν−4

)
‖U0, B0‖4L2

)
.

Proof. For any t ∈ [0, T ], the standard energy balance reads:

‖U(t), B(t)‖2L2 + 2µ

∫ t

0

‖∇U‖2L2dt+ 2ν

∫ t

0

‖∇B‖2L2dt = ‖U0‖2L2 + ‖B0‖2L2 ,

which implies for all T > 0,

µ
1
4 ‖U‖

L4
T (Ḃ

1
2
2,1)

+ ν
1
4 ‖B‖

L4
T (Ḃ

1
2
2,1)
≤ C‖U0, B0‖L2 .(5)

From the estimates of the Stokes system in homogeneous Besov spaces, we have

‖U,B‖L∞T (Ḃ0
2,1)

+ ‖Ut, Bt, µ∇2U, ν∇2B‖L1
T (Ḃ0

2,1)
(6)

≤ C
(
‖U0, B0‖Ḃ0

2,1
+‖U · ∇U−B · ∇B‖L1

T (Ḃ0
2,1)

+‖B · ∇U−U · ∇B‖L1
T (Ḃ0

2,1)

)
.

In view of the interpolation inequality and Young inequality, we deduce that

‖U · ∇U‖L1
T (Ḃ0

2,1)
≤ C

∫ T

0

‖U‖
Ḃ

1
2
2,1

‖∇U‖
Ḃ

1
2
2,1

dt

≤ C
∫ T

0

‖U‖
Ḃ

1
2
2,1

‖∇U‖
1
4

Ḃ−1
2,1

‖∇U‖
3
4

Ḃ1
2,1

dt
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≤ C

ε3µ3

∫ T

0

‖U‖4
Ḃ

1
2
2,1

‖U‖Ḃ0
2,1

dt+ εµ‖∇2U‖L1
T (Ḃ0

2,1)
.(7)

Similar argument as in (7), we obtain

‖B · ∇B‖L1
T (Ḃ0

2,1)
≤ C

ε3ν3

∫ T

0

‖B‖4
Ḃ

1
2
2,1

‖B‖Ḃ0
2,1

dt+ εν‖∇2B‖L1
T (Ḃ0

2,1)
,(8)

‖U · ∇B‖L1
T (Ḃ0

2,1)
≤ C

ε3ν3

∫ T

0

‖U‖4
Ḃ

1
2
2,1

‖B‖Ḃ0
2,1

dt+ εν‖∇2B‖L1
T (Ḃ0

2,1)
,(9)

‖B · ∇U‖L1
T (Ḃ0

2,1)
≤ C

ε3µ3

∫ T

0

‖B‖4
Ḃ

1
2
2,1

‖U‖Ḃ0
2,1

dt+ εµ‖∇2U‖L1
T (Ḃ0

2,1)
.(10)

Therefore, combing (6)–(10) and choosing ε small enough, we find that

‖U,B‖L∞T (Ḃ0
2,1)

+ ‖Ut, Bt, µ∇2U, ν∇2B‖L1
T (Ḃ0

2,1)

≤ C
(
‖U0, B0‖Ḃ0

2,1
+
(
µ−3 + ν−3

) ∫ T

0

‖U,B‖4
Ḃ

1
2
2,1

‖U,B‖Ḃ0
2,1

dt
)
.

It follows from the Gronwall inequality and (5) that the desired result of Propo-
sition 2.3. �

3. Global a priori estimates

The section is devoted to deduce the global a priori estimates which are
crucial to prove our main result.

Setting a = ρ− 1, we infer from (1) that

(11)



∂ta+ div(au) + divu = 0,

∂tu+ u · ∇u+ P ′(1 + a)∇a− b · ∇b+ 1
2∇(|b|2)− µ∆u

−∇((µ+ λ)divu) = −a(ut + u · ∇u),

∂tb+ (divu)b+ u · ∇b− b · ∇u− ν∆b = 0,

divb = 0,

(u, b, a)(t, x)|t=0 = (u0(x), b0(x), a0(x)).

Before we move on, we recall the following local well-posedness of system
(11).

Theorem 3.1 (See [19]). Assume that the initial data (a0 := ρ − 1, u0, b0)
satisfy divb0 = 0 and

(a0, u0, b0) ∈ Ḃ
d
2
2,1 × Ḃ

d
2−1
2,1 × Ḃ

d
2−1
2,1 .

In addition, inf
x∈Rd

a0(x) > −1, then there exists some time T > 0 such that the

system (11) has a local unique solution (a, u, b) on [0, T ]×Rd which belongs to
the function space

ET := C̃([0, T ]; Ḃ
d
2
2,1)× (C̃([0, T ]; Ḃ

d
2−1
2,1 ) ∩ L1

T Ḃ
d
2+1
2,1 )2d,
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where C̃([0, T ]; Ḃsq,1) := C([0, T ]; Ḃsq,1) ∩ L̃∞([0, T ]; Ḃsq,1) with s ∈ R and 1 ≤
q ≤ ∞.

Introducing the following new quantities

v = u− U and c = b−B,
we shall treat the potential Qv and divergence-free Pv parts of v, respectively.

Applying the operator Q to (11)2 and noticing that Qv = Qu, one has

∂t(Qv) +Q((v + U) · ∇Qv)− κ∆Qv +∇a = −Q(aUt + avt)−QR1,(12)

here we denote k(a) = P ′(1 + a) − 1 (here we assume that P ′(1) = 1 for
notational simplicity) and

R1 = (1 + a)(v + U) · ∇Pv + (1 + a)(v + U) · ∇U + a(v + U) · ∇Qv

+ k(a)∇a− (B + c) · ∇(B + c) +
1

2
∇(|B + c|2).

In view of equation (11)1, then using u = Qv+Pv+U , we find that a satisfies

∂ta+ (v + U) · ∇a+ divQv = −adivQv.(13)

Note that PU = U and P(Qv · ∇Qv) = P(a∇a) = 0, applying the operator P
to (11)2, we have

∂t(Pv) + P((v + U) · ∇Pv)− µ∆Pv = −P(aUt + avt + a∇a)− PR2,(14)

where

R2 = (1 + a)(v + U) · ∇Qv + (1 + a)v · ∇U + a(v + U) · ∇Pv
+ aU · ∇U − (B + c) · ∇c− c · ∇B

= (1 + a)Pv · ∇(U +Qv) + (1 + a)U · ∇Qv + (1 + a)Qv · ∇U
+ a(v + U) · ∇Pv + aU · ∇U + aQv · ∇Qv − (B + c) · ∇c− c · ∇B.

According to the magnetic equation of (11), we can show that c satisfies

∂tc+ (v + U) · ∇c− ν∆c = −R3 with c|t=0 = 0,(15)

where

R3 = (divQv)B + (divQv)c+ v · ∇B − (B + c) · ∇v − c · ∇U.

In the sequel, we denote a` and ah the low and high frequencies parts of a
as

a` =
∑

2jκ≤1

∆̇ja and ah =
∑

2jκ>1

∆̇ja(16)

and set

Xd(T ) = ‖Qv, a, κ∇a‖
L∞T (Ḃ

d
2
−1

2,1 )
+ ‖Qvt +∇a, κ∇2Qv, κ∇2a`,∇ah‖

L1
T (Ḃ

d
2
−1

2,1 )
,

Yd(T ) = Yd,1(T ) + Yd,2(T )

= ‖Pv, c‖
L∞T (Ḃ

d
2
−1

2,1 )
+ ‖Pvt, ct, µ∇2Pv, ν∇2c‖

L1
T (Ḃ

d
2
−1

2,1 )
,
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Zd(T ) = ‖U,B‖
L∞T (Ḃ

d
2
−1

2,1 )
+ ‖Ut, Bt, µ∇2U, ν∇2B‖

L1
T (Ḃ

d
2
−1

2,1 )
,

Xd(0) = ‖a0,Qv0‖
Ḃ

d
2
−1

2,1

+ κ‖a0‖
Ḃ

d
2
2,1

.

It is easy to show that

Zd(T ) ≤M for all T > 0.(17)

We concentrate our attention on the proof of global in time a priori estimates,
as the local well-posedness issue has been ensured by Theorem 3.1. We claim
that if κ is large enough then one may find some (large) D and (small) δ so
that there holds for all T < T ∗,{

Xd(T ) ≤ D, Yd(T ) ≤ δ, κ−1D � 1,

δ
(
µ−1 + ν−1 + 1

)
≤ 1, D ≥ (M + 1), ‖a(t, ·)‖L∞ ≤ 1

2 .
(18)

Next, our aim is to establish the global a priori estimates. We will divide it
into three steps.

Step 1. Estimate on the terms Pv and c.
We first consider the estimates for Pv. Applying ∆̇j to (14), taking the L2

inner product with ∆̇jPv then using that P2 = P, we deduce that

1

2

d

dt
‖∆̇jPv‖2L2 + µ‖∇∆̇jPv‖2L2(19)

=

∫
Rd

([v + U, ∆̇j ] · ∇Pv) · ∆̇jPvdx

−
∫
Rd

∆̇j(aUt + avt + a∇a+R2) · ∆̇jPvdx− 1

2

∫
Rd

|∆̇jPv|2divvdx.

According to the commutator estimates of Lemma 2.100 in [1], we have

2j(
d
2−1)‖[v + U, ∆̇j ] · ∇Pv‖L2 ≤ Ccj‖∇(v + U)‖

Ḃ
d
2
2,1

‖Pv‖
Ḃ

d
2
−1

2,1

,(20)

where ‖cj‖`1 = 1.

Multiplying both sides of (19) by 2j(
d
2−1) and summing up over j ∈ Z, then

using Lemma 2.1 and (20), we obtain that

‖Pv‖
L∞T (Ḃ

d
2
−1

2,1 )
+ µ‖∇2Pv‖

L1
T (Ḃ

d
2
−1

2,1 )
(21)

.
∫ T

0

‖∇(v + U)‖
Ḃ

d
2
2,1

‖Pv‖
Ḃ

d
2
−1

2,1

dt

+ ‖a(Ut + Pvt + (Qvt +∇a))‖
L1

T (Ḃ
d
2
−1

2,1 )
+ ‖R2‖

L1
T (Ḃ

d
2
−1

2,1 )
.

In order to bound ‖Pvt‖
L1

T (Ḃ
d
2
−1

2,1 )
, we infer from (14) and (21) that

‖Pv‖
L∞T (Ḃ

d
2
−1

2,1 )
+ ‖Pvt, µ∇2Pv‖

L1
T (Ḃ

d
2
−1

2,1 )
(22)
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.
∫ T

0

‖∇(v + U)‖
Ḃ

d
2
2,1

‖Pv‖
Ḃ

d
2
−1

2,1

dt+

∫ T

0

‖(v + U) · ∇Pv‖
Ḃ

d
2
−1

2,1

dt

+

∫ T

0

‖a(Ut + Pvt + (Qvt +∇a))‖
Ḃ

d
2
−1

2,1

dt+

∫ T

0

‖R2‖
Ḃ

d
2
−1

2,1

dt.

For the second term of RHS for (22), we can infer from Lemma 2.1 that

‖(v + U) · ∇Pv‖
L1

T (Ḃ
d
2
−1

2,1 )
(23)

.
∫ T

0

‖Pv‖
Ḃ

d
2
−1

2,1

‖Pv‖
Ḃ

d
2
+1

2,1

dt+

∫ T

0

‖Qv + U‖
Ḃ

d
2
2,1

‖Pv‖
Ḃ

d
2
2,1

dt

.
∫ T

0

‖Pv‖
Ḃ

d
2
−1

2,1

‖Pv‖
Ḃ

d
2
+1

2,1

dt+
1

εµ

∫ T

0

‖(Qv, U)‖2
Ḃ

d
2
2,1

‖Pv‖
Ḃ

d
2
−1

2,1

dt

+ ε‖µ∇2Pv‖
L1

T (Ḃ
d
2
−1

2,1 )
.

For the third term of RHS for (22), from Lemma 2.1, one has∫ T

0

‖a(Ut + Pvt + (Qvt +∇a))‖
Ḃ

d
2
−1

2,1

dt(24)

. ‖a‖
L∞T (Ḃ

d
2
2,1)

(
‖Ut‖

L1
T (Ḃ

d
2
−1

2,1 )

+ ‖Pvt‖
L1

T (Ḃ
d
2
−1

2,1 )
+ ‖Qvt +∇a‖

L1
T (Ḃ

d
2
−1

2,1 )

)
. κ−1Xd(T )

(
Xd(T ) + Yd(T ) + Zd(T )

)
.

For the last term of RHS for (22), by Lemma 2.1, we can estimate them as
follows

‖(1 + a)Pv · ∇(U +Qv)‖
L1

T (Ḃ
d
2
−1

2,1 )
(25)

.
∫ T

0

(1 + ‖a‖
Ḃ

d
2
2,1

)‖U +Qv‖
Ḃ

d
2
+1

2,1

‖Pv‖
Ḃ

d
2
−1

2,1

dt,

‖(1 + a)(Qv · ∇U + U · ∇Qv)‖
L1

T (Ḃ
d
2
−1

2,1 )
(26)

. (1 + ‖a‖
L∞T (Ḃ

d
2
2,1)

)‖Qv‖
L2

T (Ḃ
d
2
2,1)
‖U‖

L2
T (Ḃ

d
2
2,1)

.
(
1 + κ−1Xd(T )

)
κ−

1
2µ−

1
2Xd(T )Zd(T ),

‖a(v + U) · ∇Pv‖
L1

T (Ḃ
d
2
−1

2,1 )
(27)

. ‖a‖
L∞T (Ḃ

d
2
2,1)
‖v + U‖

L∞T (Ḃ
d
2
−1

2,1 )
‖Pv‖

L1
T (Ḃ

d
2
+1

2,1 )

. κ−1µ−1Xd(T )Yd(T )
(
Xd(T ) + Yd(T ) + Zd(T )

)
,
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‖aU · ∇U + aQv · ∇Qv‖
L1

T (Ḃ
d
2
−1

2,1 )
(28)

. ‖a‖
L∞T (Ḃ

d
2
2,1)

(
‖U‖

L∞T (Ḃ
d
2
−1

2,1 )
‖U‖

L1
T (Ḃ

d
2
+1

2,1 )

+ ‖Qv‖
L∞T (Ḃ

d
2
−1

2,1 )
‖Qv‖

L1
T (Ḃ

d
2
+1

2,1 )

)
. κ−1Xd(T )

(
µ−1Z2

d(T ) + κ−1X2
d(T )

)
,

‖(B + c) · ∇c+ c · ∇B‖
L1

T (Ḃ
d
2
−1

2,1 )
(29)

.
∫ T

0

‖c‖
Ḃ

d
2
−1

2,1

‖c‖
Ḃ

d
2
+1

2,1

dt+

∫ T

0

‖B‖
Ḃ

d
2
2,1

‖c‖
Ḃ

d
2
2,1

dt

.
∫ T

0

‖c‖
Ḃ

d
2
−1

2,1

‖c‖
Ḃ

d
2
+1

2,1

dt+
1

εν

∫ T

0

‖B‖2
Ḃ

d
2
2,1

‖c‖
Ḃ

d
2
−1

2,1

dt

+ ε‖ν∇2c‖
L1

T (Ḃ
d
2
−1

2,1 )
.

Therefore, summing up (22)–(29), we obtain

‖Pv‖
L∞T (Ḃ

d
2
−1

2,1 )
+ ‖Pvt, µ∇2Pv‖

L1
T (Ḃ

d
2
−1

2,1 )
(30)

. κ−1Xd(T )
(
Xd(T ) + Yd(T ) + Zd(T )

)
+
(
1 + κ−1Xd(T )

)
κ−

1
2µ−

1
2Xd(T )Zd(T )

+ κ−1Xd(T )
(
µ−1Z2

d(T ) + κ−1X2
d(T )

)
+ κ−1µ−1Xd(T )Yd(T )

(
Xd(T ) + Yd(T ) + Zd(T )

)
+

∫ T

0

(
(1+‖a‖

Ḃ
d
2
2,1

)‖Pv,Qv, U, c‖
Ḃ

d
2
+1

2,1

+ 1
εµ‖Qv, U‖

2

Ḃ
d
2
2,1

+ 1
εν ‖B‖

2

Ḃ
d
2
2,1

)
Yd,1dt

+ εYd(T ).

Similar argument as in (22) and (23), we infer from (15) that

‖c‖
L∞T (Ḃ

d
2
−1

2,1 )
+ ‖ct, ν∇2c‖

L1
T (Ḃ

d
2
−1

2,1 )
(31)

.
∫ T

0

‖Pv,Qv, U‖
Ḃ

d
2
+1

2,1

‖c‖
Ḃ

d
2
−1

2,1

dt+‖(v + U) · ∇c‖
L1

T (Ḃ
d
2
−1

2,1 )
+‖R3‖

L1
T (Ḃ

d
2
−1

2,1 )
.

For the last two terms of RHS for (31), due to Lemma 2.1, we can tackle with
them as follows:

‖(v + U) · ∇c‖
L1

T (Ḃ
d
2
−1

2,1 )
(32)

.
∫ T

0

‖Pv‖
Ḃ

d
2
−1

2,1

‖c‖
Ḃ

d
2
+1

2,1

dt+

∫ T

0

‖Qv + U‖
Ḃ

d
2
2,1

‖c‖
Ḃ

d
2
2,1

dt
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.
∫ T

0

‖Pv‖
Ḃ

d
2
−1

2,1

‖c‖
Ḃ

d
2
+1

2,1

dt+
1

εν

∫ T

0

‖Qv, U‖2
Ḃ

d
2
2,1

‖c‖
Ḃ

d
2
−1

2,1

dt

+ ε‖ν∇2c‖
L1

T (Ḃ
d
2
−1

2,1 )
,

‖(divQv)c− c · ∇v − c · ∇U‖
L1

T (Ḃ
d
2
−1

2,1 )
(33)

.
∫ T

0

‖U,Pv,Qv‖
Ḃ

d
2
+1

2,1

‖c‖
Ḃ

d
2
−1

2,1

dt,

‖(divQv)B + v · ∇B −B · ∇v‖
L1

T (Ḃ
d
2
−1

2,1 )
(34)

.
∫ T

0

‖Qv‖
B

d
2
2,1

‖B‖
B

d
2
2,1

dt+

∫ T

0

‖Pv‖
Ḃ

d
2
2,1

‖B‖
Ḃ

d
2
2,1

dt

.
∫ T

0

‖Qv‖
B

d
2
2,1

‖B‖
B

d
2
2,1

dt+
1

εµ

∫ T

0

‖Pv‖
Ḃ

d
2
−1

2,1

‖B‖2
Ḃ

d
2
2,1

dt

+ ε‖µ∇2Pv‖
L1

T (Ḃ
d
2
−1

2,1 )

. κ−
1
2 ν−

1
2Xd(T )Zd(T ) +

1

εµ

∫ T

0

‖Pv‖
Ḃ

d
2
−1

2,1

‖B‖2
Ḃ

d
2
2,1

dt

+ ε‖µ∇2Pv‖
L1

T (Ḃ
d
2
−1

2,1 )
.

Hence, collecting the estimates (31)–(34), we get

‖c‖
L∞T (Ḃ

d
2
−1

2,1 )
+ ‖ct, ν∇2c‖

L1
T (Ḃ

d
2
−1

2,1 )
(35)

. ν−1Y 2
d (T ) + εYd(T ) + κ−

1
2 ν−

1
2Xd(T )Zd(T )

+

∫ T

0

(
‖Pv,Qv, U, c‖

Ḃ
d
2
+1

2,1

+ ε−1
(
µ−1 + ν−1

)
‖Qv, U,B‖2

Ḃ
d
2
2,1

)
Yddt.

Combining (30) and (35), choosing ε small enough and using Gronwall’s in-
equality, we have

Yd(T )(36)

≤ C exp
(
C‖Pv,Qv, U, c‖

L1
T (Ḃ

d
2
+1

2,1 )
+ C

(
µ−1 + ν−1

)
‖Qv, U,B‖2

L1
T (Ḃ

d
2
2,1)

)
×
{
κ−1Xd(T )

(
Xd(T ) + Yd(T ) + Zd(T )

)
+
(
1 + κ−1Xd(T )

)
κ−

1
2µ−

1
2Xd(T )Zd(T )

+ κ−1Xd(T )
(
µ−1Z2

d(T ) + κ−1X2
d(T )

)
+ κ−

1
2 ν−

1
2Xd(T )Zd(T )

+ κ−1µ−1Xd(T )Yd(T )
(
Xd(T ) + Yd(T ) + Zd(T )

)}
.

Step 2. Estimate on the terms Qv and a.
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Now, applying ∆̇j to (11) and (12) yields that{
∂taj + (v + U) · ∇aj + divQvj = gj ,

∂tQvj +Q((v + U) · ∇Qvj)− κ∆Qvj +∇aj = fj ,
(37)

where

aj = ∆̇ja, Qvj = ∆̇jQv, gj = −∆̇j(adivQv)− [∆̇j , (v + U)] · ∇a,

fj = −∆̇jQ(aUt + avt)− ∆̇jQR1 −Q[∆̇j , (v + U)] · ∇Qv.

Taking the L2 inner product of (37)1 with aj and (37)2 with Qvj yields
1
2

d
dt‖aj‖

2
L2 + (aj ,divQvj) = 1

2 (divv, a2j ) + (gj , aj),
1
2

d
dt‖Qvj‖

2
L2 + κ‖∇Qvj‖2L2 − (aj ,divQvj)

= 1
2 (divv, |Qvj |2) + (fj ,Qvj).

(38)

We next want to estimate for ‖∇aj‖2L2 . From (37)1, we have

∂t∇aj + (v + U) · ∇∇aj +∇divQvj = ∇gj −∇(v + U) · ∇aj .(39)

From (39) and (37)2, by simple calculations, we obtain
1
2

d
dt‖∇aj‖

2
L2 + ((v + U) · ∇∇aj ,∇aj) + (∇divQvj ,∇aj)

= (∇gj −∇(v + U) · ∇aj ,∇aj),
d
dt (Qvj ,∇aj) + (v + U,∇(Qvj · ∇aj))− κ(∆Qvj ,∇aj) + ‖∇aj‖2L2

+(∇divQvj ,Qvj) = (∇gj −∇(v + U) · ∇aj ,Qvj) + (fj ,∇aj).

(40)

Notice that (∇divQvj ,∇aj) = (∆Qvj ,∇aj) and ∆Qvj = ∇divQvj , we get

1

2

d

dt
(κ‖∇aj‖2L2 + 2(Qvj · ∇aj)) + (‖∇aj‖2L2 − ‖∇Qvj‖2L2)(41)

= (
1

2
κ|∇aj |2 +Qvj · ∇aj ,divv) + κ(∇gj −∇(v + U) · ∇aj ,∇aj)

+ (∇gj −∇(v + U) · ∇aj ,Qvj) + (fj ,∇aj).

Multiplying (41) by κ and adding up twice (38) yield

1

2

d

dt
L2
j + κ(‖∇Qvj‖2L2 + ‖∇aj‖2L2)(42)

=

∫
Rd

(2gjaj + 2fj · Qvj + κ2∇gj · ∇aj + κ∇gj · Qvj + κfj · ∇aj)dx

+
1

2

∫
Rd

(2a2j + 2|Qvj |2 + 2κQvj · ∇aj + |κ∇aj |2)divvdx

− κ
∫
Rd

(∇(v + U) · ∇aj) · (κ∇aj +Qvj)dx with

L2
j =

∫
Rd

(2a2j + 2|Qvj |2 + 2κQvj · ∇aj + |κ∇aj |2)dx(43)
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=

∫
Rd

(2a2j + |Qvj |2 + |Qvj + κ∇aj |2)dx ≈ ‖(Qvj , aj , κ∇aj)‖2L2 .

By (43), we obtain

κ
(
‖∇Qvj‖2L2 + ‖∇aj‖2L2

)
≥ cmin

(
κ22j , κ−1

)
L2
j ,

which along with (42) yields

1

2

d

dt
L2
j + cmin(κ22j , κ−1)L2

j(44)

≤
(1

2
‖divv‖L∞ + C‖∇(v + U)‖L∞

)
L2
j + C‖gj , fj , κ∇gj‖L2Lj .

Multiplying both sides of (44) by 2j(
d
2−1) and summing up over j ∈ Z, we have

‖a, κ∇a,Qv‖
L∞T (Ḃ

d
2
−1

2,1 )
+ ‖κ∇2Qv, κ∇2a`,∇ah‖

L1
T (Ḃ

d
2
−1

2,1 )
(45)

. ‖(a, κ∇a,Qv)(0)‖
Ḃ

d
2
−1

2,1

+

∫ T

0

‖v, U‖
Ḃ

d
2
+1

2,1

‖a, κ∇a,Qv‖
Ḃ

d
2
−1

2,1

dt

+

∫ T

0

∑
j∈Z

2j(
d
2−1)‖gj , fj , κ∇gj‖L2dt,

where the notations a` and ah have been defined in (16).
Combining the estimates

‖adivQv, κ∇(adivQv)‖
L1

T (Ḃ
d
2
−1

2,1 )
.
∫ T

0

‖divQv‖
Ḃ

d
2
2,1

‖a, κ∇a‖
Ḃ

d
2
−1

2,1

dt

and ∫ T

0

∑
j∈Z

2j(
d
2−1)‖[∆̇j , (v + U)]∇a, κ∇([∆̇j , (v + U)]∇a)‖L2dt

.
∫ T

0

‖∇(v + U)‖
Ḃ

d
2
2,1

‖a, κ∇a‖
Ḃ

d
2
−1

2,1

dt,

we have ∫ T

0

∑
j∈Z

2j(
d
2−1)‖gj , κ∇gj‖L2dt .

∫ T

0

‖v, U‖
Ḃ

d
2
+1

2,1

‖a, κ∇a‖
Ḃ

d
2
−1

2,1

dt.(46)

Next, we will estimate the last term
∫ T
0

∑
j∈Z 2j(

d
2−1)‖fj‖L2dt.

According to Lemmas 2.1-2.2 and the commutator estimates of Lemma 2.100
in [1], we have

‖(1 + a)(v + U) · ∇(Pv + U)‖
L1

T (Ḃ
d
2
−1

2,1 )
(47)

.
(
1 + ‖a‖

L∞T (Ḃ
d
2
2,1)

)
‖Pv, U‖

L∞T (Ḃ
d
2
−1

2,1 )
‖∇Pv,∇U‖

L1
T (Ḃ

d
2
2,1)
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+

∫ T

0

(1 + ‖a‖
Ḃ

d
2
2,1

)‖∇Pv,∇U‖
Ḃ

d
2
2,1

‖Qv‖
Ḃ

d
2
−1

2,1

dt

.
(
1 + κ−1Xd(T )

)
µ−1

(
Y 2
d (T ) + Z2

d(T )
)

+

∫ T

0

(1 + ‖a‖
Ḃ

d
2
2,1

)‖∇Pv,∇U‖
Ḃ

d
2
2,1

‖Qv‖
Ḃ

d
2
−1

2,1

dt,

‖a(v + U) · ∇Qv‖
L1

T (Ḃ
d
2
−1

2,1 )
(48)

. ‖a‖
L∞T (Ḃ

d
2
2,1)
‖v, U‖

L∞T (Ḃ
d
2
−1

2,1 )
‖∇Qv‖

L1
T (Ḃ

d
2
2,1)

. κ−2X2
d(T )

(
Xd(T ) + Yd(T ) + Zd(T )

)
,

‖k(a)∇a‖
L1

T (Ḃ
d
2
−1

2,1 )
. ‖a‖2

L2
T (Ḃ

d
2
2,1)
.
∫ T

0

‖a`, ah‖2
Ḃ

d
2
2,1

dt(49)

.
∫ T

0

(
‖a`‖

Ḃ
d
2
−1

2,1

‖a`‖
Ḃ

d
2
+1

2,1

+ ‖ah‖2
Ḃ

d
2
2,1

)
dt

. κ−1X2
d(T ),∫ T

0

∑
j∈Z

2j(
d
2−1)‖[∆̇j , v + U ]∇Qv‖L2dt(50)

.
∫ T

0

‖∇(v + U)‖
Ḃ

d
2
2,1

‖Qv‖
Ḃ

d
2
−1

2,1

dt,

‖aUt‖
L1

T (Ḃ
d
2
−1

2,1 )
+ ‖avt‖

L1
T (Ḃ

d
2
−1

2,1 )
(51)

. ‖Ut,Pvt,Qvt +∇a‖
L1

T (Ḃ
d
2
−1

2,1 )
‖a‖

L∞T (Ḃ
d
2
2,1)

+ ‖a‖2
L2

T (Ḃ
d
2
2,1)

. κ−1Xd(T )
(
Xd(T ) + Yd(T ) + Zd(T )

)
,∥∥∥1

2
∇(|B + c|2)− (B + c) · ∇(B + c)

∥∥∥
L1

T (Ḃ
d
2
−1

2,1 )
(52)

. ‖B, c‖
L∞T (Ḃ

d
2
−1

2,1 )
‖B, c‖

L1
T (Ḃ

d
2
+1

2,1 )

. ν−1
(
Z2
d(T ) + Y 2

d (T )
)
.

Therefore, collecting (45)–(52), we have

Xd(T ) ≤ C exp
(
C(1 + ‖a‖

L∞T (Ḃ
d
2
2,1)

)‖Pv,Qv, U‖
L1

T (Ḃ
d
2
+1

2,1 )

)
(53)

×
{
Xd(0) + C

(
1 + κ−1Xd(T )

)
(µ−1 + ν−1)

(
Y 2
d (T ) + Z2

d(T )
)

+ C
(
κ−2X2

d(T ) + κ−1Xd(T )
)(
Xd(T ) + Yd(T ) + Zd(T )

)}
.
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Step 3. Closure of the a priori estimates.
By (17) and (18), we can deduce that

(1 + ‖a‖
L∞T (Ḃ

d
2
2,1)

)‖Pv,Qv, U, c‖
L1

T (Ḃ
d
2
+1

2,1 )
(54)

≤ (1 + κ−1D)(κ−1D + µ−1M + µ−1δ + ν−1δ)

≤ 2(1 + µ−1 + ν−1)(M + 1)

and

(µ−1 + ν−1)‖Qv, U,B‖2
L1

T (Ḃ
d
2
2,1)

(55)

≤ (µ−1 + ν−1)
(
κ−1D2 + (µ−1 + ν−1)M2

)
≤ (1 + µ−2 + ν−2)(M + 1)2.

Using (18), (36), (53)–(55), for a suitable large (universal) constant C, we have

Yd(T ) ≤ C exp
(
C(1 + µ−2 + ν−2)(M + 1)2

)
(56)

×
(
κ−1D2+κ−

1
2 (µ−

1
2 +ν−

1
2 )DM+κ−1µ−1DM2+κ−1µ−1D2δ

)
≤ C exp

(
C(1 + µ−2 + ν−2)(M + 1)2

)(
κ−1D2 + κ−

1
2D
)

and

Xd(T ) ≤ C exp
(
C(1 + µ−1 + ν−1)(M + 1)

)
(57)

×
(
Xd(0) + (µ−1 + ν−1)(1 +M2) +M + 1

)
≤ C exp

(
C(1 + µ−1 + ν−1)(M + 1)2

)(
Xd(0) + 1

)
.

So it is natural to take first

D := C exp
(
C(1 + µ−2 + ν−2)(M + 1)2

)(
Xd(0) + 1

)
(58)

and then to set

δ := C exp
(
2C(1 + µ−2 + ν−2)(M + 1)2

)(
κ−1D2 + κ−

1
2D
)

(59)

for a suitable large (universal) constant C.
It is easy to prove that ‖a(t, ·)‖L∞ ≤ Cκ−1D.
Therefore, if we make the assumption that κ is large enough such that

κ−1D � 1 and δ
(
µ−1 + ν−1 + 1

)
≤ 1

2
,

then we deduce from (56)–(59) that the desired result (18).

4. Proof of Theorem 1.1

Theorem 3.1 implies that there exists a unique maximal solution (a, u, b) to

(11) which belongs to C̃([0, T ]; Ḃ
d
2
2,1) × (C̃([0, T ]; Ḃ

d
2−1
2,1 ) ∩ L1

T Ḃ
d
2+1
2,1 )2d on some

time interval [0, T ∗). With the a priori estimates (17) and (18) at our hand,
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one can conclude that T ∗ = +∞. In fact, let us assume (by contradiction) that
T ∗ <∞. Applying (17) and (18) for all t < T ∗ yields

‖a‖
L∞

T∗ (Ḃ
d
2
2,1)

+ ‖u, b‖
L∞

T∗ (Ḃ
d
2
−1

2,1 )
≤ C <∞.(60)

Then, for all t0 ∈ [0, T ∗), one can solve (11) starting with data (a0, u0, b0)
at time t = t0 and get a solution according to Theorem 3.1 on the interval
[t0, T + t0] with T independent of t0. Choosing t0 > T ∗ − T thus shows that
the solution can be continued beyond T ∗, a contradiction.
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