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a b s t r a c t

Simulation-based hull form optimization is a typical HEB (high-dimensional, expensive computationally,
black-box) problem. Conventional optimization algorithms easily fall into the “curse of dimensionality”
when dealing with HEB problems. A recently proposed Cross-Entropy (CE) optimization algorithm is an
advanced stochastic optimization algorithm based on a probability model, which has the potential to
deal with high-dimensional optimization problems. Currently, the CE algorithm is still in the theoretical
research stage and rarely applied to actual engineering optimization. One reason is that the Monte Carlo
(MC) method is used to estimate the high-dimensional integrals in parameter update, leading to a large
sample size. This paper proposes an improved CE algorithm based on quasi-Monte Carlo (QMC) esti-
mation using high-dimensional truncated Sobol subsequence, referred to as the QMC-CE algorithm. The
optimization performance of the proposed algorithm is better than that of the original CE algorithm.
With a set of identical control parameters, the tests on six standard test functions and a hull form
optimization problem show that the proposed algorithm not only has faster convergence but can also
apply to complex simulation optimization problems.
© 2021 The Society of Naval Architects of Korea. Production and hosting by Elsevier B.V. This is an open

access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Hull form optimization approach based on simulation design is
a research hotspot in the field of ship engineering. The approach
performs the hull form optimization driven by an optimization
algorithm to obtain the optimal design that satisfies all constraints.
Hull form modification technology is used to quickly generate new
designs, and Computational Fluid Dynamics (CFD) simulation code
is used to evaluate the hull form performance. However, the large
number of design variables that control the hull form, long simu-
lation time, and unknown performance space make hull form
optimization a typical HEB (high-dimensional, expensive compu-
tationally, black-box) problem (Shan and Wang, 2010). The
gradient-based algorithms make the optimization easily fall into a
local optimal solution; population-based intelligent optimization
algorithms have slower convergence speeds. Therefore, research on
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optimization algorithms with good global convergence promotes
the development of hull form optimization technology.

Yang et al. (2014) applied an enhanced multi-objective hydro-
dynamic optimization tool to the TriSWACH drag reduction by
optimizing the side hulls only. Chen et al. (2015) applied a deter-
ministic Particle Swarm Optimization (PSO) to the hull form opti-
mization for resistance reduction of the high-speed Delft
catamaran. Serani et al. (2016) presented a hybrid algorithm of
DIRECT (DIviding RECTangles) and DPSO (Deterministic Particle
Swarm Optimization) to solve the hull form optimization of the
DTMB 5415 model for the calm-water resistance reduction at
Fr ¼ 0.25. Huang et al. (2016) proposed a new solution search
equation to improve the performance of the Artificial Bee Colony
(ABC) algorithm, and applied it to hull form resistance performance
optimization. Bonfiglio et al. (2018) employed multi-fidelity
Gaussian process regression and Bayesian optimization to build
probabilistic surrogate models and minimized the wave-induced
motions and accelerations by exploring the design space of hull
shapes. Pellegrini et al. (2018; 2020) presented a multi-objective
derivative-free and deterministic global/local hybrid algorithm,
and applied it to multiple Simulation-Based Design Optimization
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(SBDO) problems for hull-form design. Ni et al. (2020) adopted a
Multi-Objective Particle Swarm Optimization (MOPSO) algorithm
to exploring the design space of a SWATH.

The Cross-Entropy (CE) algorithm is a stochastic optimization
algorithm based on the probability model proposed by Rubinstein
(1999; Rubinstein and Kroese, 2013) inspired by rare event esti-
mation. In addition to the same characteristics as the population-
based optimization algorithm, the CE algorithm has a statistical
theoretical foundation, which helps explain the ability to solve
high-dimensional problems. Its effectiveness depends on the con-
struction of the probability model and parameter updating. In the
original CE algorithm, the Monte Carlo (MC) method is used to
estimate the high-dimensional integrals in the parameter update,
so that a large number of samples are needed to ensure the esti-
mation accuracy. In general, compared to the MC method, the
quasi-Monte Carlo (QMC) method requires fewer samples to ach-
ieve the same estimation accuracy. We propose an algorithm called
QMC-CE algorithm, which estimates the high-dimensional integral
in the parameter update based on truncating consecutive sub-
sequences of the Sobol sequence. The contribution of this paper is
to derive the parameter update form of the QMC-CE algorithm and
successfully apply it to solve a complex hull form optimization
problem. Compared with the CE algorithm, the QMC-CE algorithm
has faster convergence and avoids repeated trials.

The rest of the paper is structured as follows. In Section 2, we
review the original CE optimization algorithm and then derive the
optimization iterative expressions of the QMC-CE algorithm. In
Section 3, we develop the QMC-CE algorithm code and recommend
some methods to determine the optimization parameter values to
be suitable for solving engineering problems. In Section 4, six
standard numerical test functions and a hull form optimization
problem are tested. Concluding remarks are given in Section 5.
Fig. 1. Optimization iteration diagram for the CE algorithm.
2. Principles of the QMC-CE algorithm

2.1. Review of the CE algorithm

The CE algorithm usually consists of two basic steps: 1)
extracting a set of candidate samples from a probability model, and
2) updating the feature parameters of the probability model to
improve the performance of the next generation. In the final
probability model, the probability density is concentrated near the
optimal solution.

We consider the optimization problem

X* 2 argmax
X2c

HðXÞ;c4Rn; (1)

where solution space c is a nonempty set in Rn, HðXÞ is a deter-
ministic function, and X* is the optimal solution of HðXÞ in c. As-
sume that Eq. (1) has one and only one global optimal solution such
that HðXÞ<HðX*Þ;cXsX*;X2c.

The CE algorithm used in this paper is based on the Cross En-
tropy with Stochastic Approximation (CE-SA) algorithm proposed
byHu et al. (2012). The basic framework of the algorithm for solving
Eq. (1) is given below:

Step 1: Determine the expressions of the sampling distribution
fqk and the reference distribution gk, where qk is a parameter vector
at the kth iteration of the algorithm.

Step 2: Set the parameter vector qk. Extract N candidate samples
X1
k ;…;XN

k from sampling distribution fqk , where N is a constant and
represents the number of the candidate samples.

Step 3: Update the parameter vector qk by minimizing the
Kullback-Leibler (K-L) divergence:
116
qkþ1 ¼ argmin
q2Q

D
�
gkþ1; fqk

�
; (2)

where Dðgkþ1; fqk Þ ¼ R
c
lnðgkþ1ðXÞ =fqkðXÞÞgkþ1ðXÞvðdXÞ, v is the Leb-

esgue measure on c, and Q is the parameter space.
Step 4: If the algorithm satisfies a stopping criterion, then return

qkþ1 and terminate; otherwise, set k ¼ kþ 1 and go to Step 2.
Since it is very difficult to sample directly from the reference

distribution gk. The sampling distribution fqk is used as an agent
distribution of the reference distribution gk. fqk is often represented
by a natural index family that can be directly sampled. gk is only
used to guide the updating of the characteristic parameters of fqk .

Fig. 1 is a schematic diagram of the optimization iterative pro-
cess using the CE algorithm, where HðXÞ is the objective function,
and f ðxÞ is the sampling distribution. The update process of f ðxÞ is
1-2-3-4, and finally converges to the degenerate distribution and
finds the optimal solution X*.
2.2. Iterative form of the QMC-CE algorithm

The reference distribution has several expressions, such as
proportional selection, Boltzmann distribution, importance sam-
pling, etc. The QMC-CE algorithm takes the proportional selection
as its reference distribution,

gkðXÞ¼
HðXÞgk�1ðXÞð

c

HðXÞgk�1ðXÞvðdXÞ
withcX2c; (3)

where g0ðxÞ>0 is the initial probability density function on the
solution space c, and the performance function HðXÞ is greater than
0. Eq. (3) shows that the better the performance of HðXÞ, the greater
the probability that X has been chosen.

Multiplying both sides of Eq. (3) by H(x) and integrating sepa-
rately in the solution space, we obtain

Egk ½HðXÞ�¼
Egk�1

h
ðHðXÞÞ2

i
Egk�1 ½HðXÞ�

� Egk�1 ½HðXÞ�; (4)

where Egk ½ ,� is the expectation taken with respect to the distribu-
tion gk.

According to Eq. (4), when gk converges, limk/∞Egk ½HðXÞ� ¼
HðX*Þ.

Since it is extremely difficult to sample directly from gk, a
possible idea is to use an easily sampled distribution fq as an agent
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distribution of gk. Finally, the sampling distribution fq also con-
verges to the optimal solution.

fq can usually be independent multivariate normal distribution
or multivariate normal distribution. Our testing experience shows
that a multivariate normal distribution, which considers the cor-
relation between design variables, is more effective in complex
cases. fq is based on a problem-dependent choice. Therefore, the
multivariate normal distribution is selected as the sampling dis-
tribution in the QMC-CE algorithm. The corresponding probability
density function is

f ðx1; x2;/; xnÞ¼ ð2pÞ�n
2jCj�1

2 exp
�
� 1
2
ðX � mÞTC�1ðX�mÞ

�
;

(5)

where x1; x2…; xn are n design variables, C is the covariance matrix
of the variables, X is the vector of the design variables, m is the
expectation vector of the variables, and T is the transpose of the
vector.

To retain the convergence characteristics of gk, we minimize the
K-L divergence between fq and gk. The parameter vector function
mðqkþ1Þ is written as

mðqkþ1Þ¼
Eqk ½fðHðXÞÞIðHðXÞ;gkÞGðXÞ�

Eqk ½fðHðXÞÞIðHðXÞ;gkÞ�
; (6)

where fð ,Þ is a nondecreasing function, gk is a threshold, GðXÞ is
the parameter vector, Eqk ½ ,� is the expectation of , obeying sam-
pling distribution fqk , and

IðHðXÞ;gkÞ¼
�
1ifHðXÞ � gk;
0ifHðXÞ<gk:

(7)

The estimation accuracy of mðqkþ1Þ has a crucial effect on the
iterative convergence of the CE algorithm. The QMC-CE algorithm
uses the QMCmethod (Lei, 2003) to evaluate the expectation in Eq.
(6).
2.2.1. Estimation accuracy of the MC method
Caflisch (1998) proposed that the integral of the Lebesgue

integrable function is expressed as the expectation of the function
of independent variables obeying the sampling distribution,
namely,

G¼
ð
c

hðXÞdX¼ Eq½hðXÞ�; (8)

where hðXÞ is a Lebesgue integrable function.
Then, the unbiased estimate of hðXÞ is

M¼ 1
N

XN
i¼1

hðXiÞ: (9)

According to the strong law of large numbers,

lim
N/∞

M/G: (10)

Since M is unbiased, the expectation of M is equal to G, that is,

G¼ E½M�: (11)

The integration error of theMCmethod is defined as εMC ¼ jG �
Mj.

When hðXÞ has variance VarðhðXÞÞ, the approximate error is
characterized by the central limit theorem. We have
117
M � Eq½hðXÞ�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NVarðhðXÞÞ

p : Nð0;1Þ; (12)

where VarðhðXÞÞ is approximated by the sample variance, that

VarðhðXÞÞ¼ 1
N � 1

XN
i¼1

ðhðXiÞ �MÞ2: (13)

According to Eq. (12), the error order of the MC method is
OðN�1=2Þ.
2.2.2. Estimation accuracy of the QMC method
The integral expression of the QMC method is

ð
c

hðXÞdXz
1
N

XN
i¼1

hðXiÞ ¼ M; (14)

where X1;X2;…;XN2c is a set of quasi-random sequences.
According to the Koksma-Hlawka inequality,

εQMC ¼
�����
ð
c

hðXÞdx� 1
N

XN
i¼1

hðXiÞ
����� � VarðhðXÞÞD*

N ; (15)

where D*
N is the star deviation of sample set fX1;X2;…;XNg and is

used to measure the uniformity of the spatial distribution of the
sample. The star deviations of the pseudorandomnumber sequence
and the quasi-random number sequence are Oð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lnðlnðNÞÞ=N

p
Þ and

OðN�1log nðNÞÞ, respectively.
Eq. (15) shows that the error of the QMCmethod is related to the

sample star deviation, and its error order approaches OðN�1Þ. The
use of quasi-random numbers with smaller star deviations will
improve the estimation accuracy of the QMC method. Therefore,
the key content of the QMC method is to construct a quasi-random
number sequence. Sobol sequence is a widely used quasi-random
number sequence.
2.2.3. Generation process of Sobol sequence
The Sobol sequence is a deterministic infinite set, and its

continuous truncated subsequences remain uniform. This feature is
the key to the successful application of the QMC-CE algorithm to
solve high-dimensional optimization problems. In the early Sobol
sequence, the upper limit of the dimension to approximate the
integration is 40 (Sobol et al., 2011). As computer performance
increases, the existing Sobol sequence approaches higher dimen-
sional integration.

The generation process of the Sobol sequence in the paper is as
follows.

1) Determination of primitive polynomials
To generate the jth component of the Sobol sequence, we

need to choose a primitive polynomial of sj, which has the form

s s �1
Psj;aj ðxÞ¼ x j þ a1;jx j þ…þ asj�1;jxþ 1; (16)

where sj is the order of the corresponding dimension parameter of
component j, and aj is the decimal value of the binary number
ða1;ja2;j…asj�1;jÞ2.
2) Determination of direction numbers

Define direction numbers fv1;j; v2;j;…g and mk;j as



Algorithm 1
Generate Sobol sequences obeying the multivariate normal distribution procedure
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mk;j
Input: X, E(expectation), C(covariance matrix)
Output: X
1: X ¼ ðx ;…; x Þ // X is a Sobol sequence between 0 and 1
vk;j ¼ 2k
; (17)

2 s �1
 1 n

2: for j ¼ 1 to n do
3: yj ¼ F�1ðxjÞ // FðxjÞ is the cumulative function of xj , xj satisfies the

standard normal distribution, and F�1ðxjÞ is the inverse function of FðxjÞ
4: end
5: end
6: Y ¼ ðy1;…;ynÞ
7: C ¼ AAT //Perform Cholesky decomposition. A is the lower triangular matrix
8: E ¼ ðm1;…;mnÞ
9: X ¼ Eþ AY
10: return X
mk;j ¼2a1;jmk�1;j42 a2;jmk�2;j4/42 j

asj�1;jmk�sjþ1;j42sjmk�sj;j4mk�sj;j;
(18)

where k � sj þ 1, and 4 is the bit-by-bit exclusive-or operator. The
initial values m1;j;m2;j;…;msj ;j can be chosen freely provided that

each mk;j, 1 � k � sj, is odd and less than 2k.
3) Generation of the Sobol sequence

The jth component of the ith sample in the Sobol sequence is
given by
xi:j ¼ b1v1;j4b2v2;j4…; (19)

where bl is the lth digit from the right when i is written in binary.
Therefore, the sample set of the kth iteration Lk is fXðk�1ÞNþ1;

Xðk�1ÞNþ2;…;XkNg, where Xi ¼ ðxi;1;xi;2;…;xi;nÞ.
The updated equations of the expectation and covariance matrix

in the QMC-CE algorithm are given by

N

Ckþ
mkþ1 ¼ak

P
i¼1

½fðHðXðk�1ÞNþiÞÞIðHðXðk�1ÞNþiÞ;gkÞXðk�1ÞNþi�

PN
i¼1

½fðHðXðk�1ÞNþiÞÞIðHðXðk�1ÞNþiÞ;gkÞ�

þ ð1�akÞmk;
(20)
1 ¼ak

PN
i¼1

h
fðHðXðk�1ÞNþiÞÞIðHðXðk�1ÞNþiÞ;gkÞðXðk�1ÞNþi � mkþ1ÞðXðk�1ÞNþi � mkþ1ÞT

i

PN
i¼1

½fðHðXðk�1ÞNþiÞÞIðHðXðk�1ÞNþiÞ;gkÞ�
þ ð1�akÞ

�
Ck þðmk �mkþ1Þðmk � mkþ1ÞT

	

(21)

Table 1
List of algorithm parameters.

Notations Descriptions

m0i Initial expectation of the ith variable xi
s0i Initial standard deviation of xi
gk 1� r quantile at iteration step k
Nk Number of samples per iteration
NMax Maximum number of iterations
a Smoothing parameter
ε Optimization precision
where a is a smooth parameter, usually a2ð0;1�.
In each iteration, the samples extracted are uniformly distrib-

uted. Among iterations, the samples are different. This is why the
QMC-CE algorithm has better convergence than the CE algorithm.

3. Development of the QMC-CE algorithm code

To develop the QMC-CE algorithm program suitable for solving
simulation-based hull form optimization problems, several key
technical issues need to be implemented: 1) extracting sample
points that obey the specified sampling distribution, 2) deter-
mining the value of algorithm control parameters, and 3) building
an effective algorithm framework. The development of the QMC-CE
algorithm is based on the C þþ Visual Studio 2012 platform.

3.1. Generation of Sobol sequences obeying specified distribution

In this paper, we use the multivariate normal distribution (see
Eq. (5)) as the sampling distribution. The algorithm for generating
Sobol sequences obeying the multivariate normal distribution is as
follows.
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3.2. Determination of related parameters of the QMC-CE algorithm

There are many parameters that affect the global optimization
performance of the QMC-CE algorithm. In this section, first, an
adaptive initial expectation and variance selection method is pro-
posed; second, the empirical values of several main control pa-
rameters are introduced; and finally, an effective stopping criterion
is added to the QMC-CE algorithm. The list of algorithm parameters
is shown in Table 1.

3.2.1. Initial expectation and variance in sampling distribution
Although the initial expectation and variance in the sampling

distribution are not sensitive to the convergence of the QMC-CE
algorithm, they will affect the optimization efficiency to some
extent. In the actual optimization problem, the value range of each
variable is usually quite different. Therefore, in the CE algorithm, it
is not effective to take the initial expectation and variance as
constants.

Because the selected multivariate normal distribution is sym-
metrical, the initial expectation is taken as the middle value of the
variable range. Let

m0i ¼ðmaxðxiÞþminðxiÞÞ =2; (22)

where m0i is the initial expectation of the ith variable xi and maxðxiÞ



Fig. 2. 6s Normal distribution.

Algorithm 2
General Framework of QMC-CE

Input: m0i , s20i , r, fð ,Þ, Nk , NMax , a, ε
Output: ðX*;HðX*ÞÞ
1:k ¼ 1, t ¼ 1, c ¼ 1 //Initialization
2: for k ¼ 1 to NMax do//Sampling
3: for t ¼ 1 to Nk do
4: for c to NC do// NC ¼ 106

5: Xc)Xc

6: if Xc2c then
7: Xt)Xc

8: c ¼ cþ 1
9: break
10: else
11: c ¼ cþ 1
12: continue
13: end
14: Hkt ¼ HðXtÞ
15: end
16: Sort Hkt from small to large, and then obtain the 1� r quantile gk

//Updating
17: Update mkþ1 and Ckþ1 //According to Eq.s (20) and (21)
18: If NMax ¼¼ k or Sε ¼ 0 //Stopping
19: break
20: else
21: continue
22: end

* *
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and minðxiÞ are the maximum and minimum of xi, respectively.
The selection of the initial variance in the sampling distribution

refers to the concept of the Sigma (i.e., s) design level. Fig. 2 shows
the 6s normal distribution. The area enclosed by the normal dis-
tribution curve and different s levels corresponds to the occurrence
probability of the s level.

The value of the initial variance is given by

s20i ¼ððmaxðxiÞ �minðxiÞÞ=aÞ2; (23)

where s0i is the standard deviation of xi, and a usually takes an
integer between 2 and 4.When a ¼ 2, the probability of the feasible
variable being sampled (i.e., “pass rate”) is 68.27%.When a ¼ 4, the
“pass rate” is 95.45%. In the former case, for each variable, the
difference in probability density within the variation range is
smaller than in the latter case.
23: return ðX ;HðX ÞÞ
3.2.2. The control parameters
The control parameters in the QMC-CE algorithm include the 1�

r quantile, number of samples per iterationNk, maximum number
of iterations NMax, smoothing parameter a, and optimization pre-
cision ε. The values of these parameters are usually determined
based on the optimization problem size and testing experience.
Usually, r ¼ 0:1 and ε ¼ 10�6 are suitable. The larger the optimi-
zation problem size, the larger the values of the number of samples
per iteration and the maximum number of iterations. The

smoothing parameter is given by a ¼ b=ðkþ 100Þ0:501, where b is
an integer between 1 and 9. The larger the value of b, the faster the
convergence rate of the QMC-CE method, but the more easily the
QMC-CE algorithm diverges. It should be noted that the values of
the parameters are not independent of each other.
3.2.3. Stopping criterion of the QMC-CE algorithm
An effective stopping criterion decreases the total number of

iterations while ensuring convergence. In the QMC-CE algorithm,
we add an alternatively proactive stopping criterion in addition to
the specified total number of iterations.

Considering that the quantile gk in the QMC-CE algorithm is
monotonically increasing, we recommend that before stopping, the
residual values of the quantile in W consecutive iterations should
be less than the specified small constant. Therefore, the added
stopping criterion Sε is defined as

Sε ¼
�
0if ½gkðXÞ � gk�1ðXÞ � ε�W ;
1else; (24)

where 0 means the stopping criterion is satisfied, 1 means not
satisfied, and ½,�W means consecutive W times of ½ ,�.
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3.3. Optimization process of the QMC-CE algorithm

To apply the proposed algorithm to practical optimization
problems, it is important to design an efficient iterative process.
The optimization goal is to maximize the objective function HðXÞ in
Eq. (1).
4. Test and result analysis

4.1. Test on numerical functions

Six typical numerical functions (see Appendix) are chosen to
test the performance of the proposed QMC-CE algorithm. The 2-
dimensional performance space structures are shown in Fig. 3.
The Weighted Sphere function has a single-peak structure, and the
value of the objective function varies widely. The structure of the
Trigonometric function is a weak, irregular “multimodal” structure.
The Rosenbrock function has multiple extremes near the minimum
value, which makes it difficult to find the optimal solution. The
Griewank function has a regular “multimodal” structure. The Levy
function has a unimodal structure, but the objective value varies in
a small range. The Pinter function presents a strong, irregular
“multimodal” structure. As the dimension increases, the spatial
complexity of the numerical function increases dramatically.

To convert the maximum to minimum, precede the function
expression with a minus sign. The dimension of the test function is
10. The same values of control parameters are used in the QMC-CE
algorithm and the CE algorithm. The number of samples per iter-
ation is 80, the total number of iterations is 60, and the value of the

smoothing parameter ak is 5:0=ðkþ 100Þ0:501. In addition, in order
to compare with well-known heuristic algorithms, we use the
NSGA2 (Non-dominated Sorting Genetic Algorithm II) in ISIGHT
software (Van der Velden and Koch, 2010) as a representative. The
population size is 80, the number of generations is 60, and other
control parameters remain default.

It is time consuming to solve simulation-based design optimi-
zation, and most of the time is spent evaluating the objective



Fig. 3. 2D structures of the six numerical functions.
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function. The evaluation of the same function takes almost the
same time, so we use the function evaluation number, which is a
commonly used indicator, to measure the performance of the
optimization algorithm. That is, with the same function evaluation
number, the closer the optimization result is to the real optimum,
the better the performance of the algorithm. To achieve the same
accuracy, the lower the function evaluation number, the better the
performance of the algorithm.

Six numerical functions (see Appendix) were tested by the
QMC-CE algorithm， the CE algorithm, and the NSGA2. The opti-
mization results are shown in Table 2. The results of the CE algo-
rithm and the NSGA2 are based on 100 independent replications.
Note that only one test is required for the QMC-CE algorithm. For all
6 test functions, the theoretical optimal is 1, and the total number of
function evaluations is 4800.

According to Table 2, for the six test functions, the optimal value
of the QMC-CE algorithm is better than the means of the CE algo-
rithm and the NSGA2. For functions H1, H3, H4, H5, and H6, the CE
algorithm searches for a better solution than the NSGA2. For
function H2, the mean of the NSGA2 algorithm is smaller than that
of the CE algorithm. For functions H3 and H6, the standard devia-
tion of the optimal values searched by NSGA2 is larger than that of
the CE algorithm.

Fig. 4 shows the iterative history of the six test functions. The
Table 2
Test results of algorithm performance.

QMC-CE CE

Best Mean

H1 1þ 1:7e� 6 1þ 2:5e� 6 1þ 5:9e� 6
H2 1þ 7:1e� 6 1þ 9:0e� 6 1þ 0:47
H3 1þ 3:75 1þ 3:09 1þ 5:60
H4 1þ 7:7e� 7 1þ 6:1e� 7 1þ 5:8e� 3
H5 1þ 5:8e� 5 1þ 1:9e� 4 1þ 4:2e� 4
H6 1þ 1:6e� 4 1þ 4:7e� 4 1þ 1:2e� 3
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solid line indicates the QMC-CE algorithm, the dashed line indicates
the CE algorithm, and the dotted line indicates the NSGA2. The
convergence curves of the CE algorithm and the NSGA2 are drawn
based on the means. The horizontal axis is the function evaluation
number, and the vertical axis is the objective function value.

According to Fig. 4, for the six test functions, the convergence
speed of the QMC-CE algorithm is faster than the CE algorithm and
the NSGA2. For function H1, the advantage of the QMC-CE algo-
rithm is less obvious than that of the CE algorithm. For function H3,
although neither algorithm searched for the global optimal solu-
tion, in the latter stages of the optimization, the QMC-CE algorithm
searched for better solutions than the CE algorithm and the NSGA2.
For functions H2, H4, H5 and H6, the convergence speed of the
QMC-CE algorithm is significantly faster than that of the CE algo-
rithm. For functions H2 and H4, the convergence of the CE algo-
rithm is similar to that of the NSGA2. For functions H1, H3, H5, and
H6, the NSGA2 shows poor convergence.

In addition, due to the random nature of the CE algorithm and
the NSGA2, an independent repeated test is required. In practical
applications, especially for simulation-based optimization, the
evaluation of the objective is expensive, and it is often difficult to
carry out multiple trials. In comparison, the deterministic QMC-CE
algorithm is more advantageous in solving simulation-based hull
form optimization.
NSGA2

Std Best Mean Std

2:0e� 6 1þ 1:5e� 2 1þ 4:9e� 2 2:4e� 2
0:71 1þ 5:7e� 3 1þ 0:12 0:27
1:18 1þ 5:36 1þ 23:57 25:81
7:0e� 3 1þ 1:5e� 2 1þ 4:5e� 2 2:1e� 2
1:7e� 4 1þ 0:22 1þ 0:74 0:34
7:5e� 4 1þ 6:54 1þ 82:44 62:16



Fig. 4. Optimization convergence histories.

Fig. 5. Simulation optimization framework.

Table 3
Main dimensions of the 5100TEU container ship.

Lpp(m) LWL(m) B (m) D(m) d(m) D(t) Cb

284.16 288.66 32.2 21.8 13.5 82,885 0.681
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4.2. Application in hull form optimization

The QMC-CE algorithm, the CE algorithm, and the NSGA2 were
used to optimize the wave-making resistance of a 5100 TEU
container ship. The CAESES software (Harries and Abt, 2019) was
used to establish the fully parametric model of the 5100TEU
container ship, and the potential flow module in the SHIPFLOW
code (Saha and Miazee, 2017) was used to calculate the wave-
making resistance. The optimization framework based on inte-
grated simulation is shown in Fig. 5.

4.2.1. Fully parameterized model of a 5100TEU container ship
The fully parametric model facilitates quick modification of the

hull form. Parametric surfaces are created as the following process:
1) F-Spline is used to describe the characteristic cross-section lines
and parameter control curves; 2) Macro files are used to describe a
series of continuous cross-section lines; 3) The meta-surface
method is used to create a smooth hull surface.

The main dimensions of the 5100TEU container ship are shown
in Table 3. The 3D model of the 5100TEU container ship is shown in
Fig. 6.

10 deformation parameters at the bow are selected as the
optimization variables. The variables and physical meanings are
shown in Fig. 7. The initial values and the ranges are shown in
Table 4.
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4.2.2. Calculation of wave-making resistance
The Rankine source method is used to calculate the flow field

velocity potential. The pressure distribution of the flow field is
calculated according to the Bernoulli equation. The fluid pressure is
integrated along the wet surface to obtain the force exerted on the
hull. The projection of this force in the direction of motion takes a
negative value, which is the desired wave-making resistance value.

The scale ratio of the calculation model is 50, the density of the
fluid is 999:34kg=m3, the acceleration of gravity is 9:81m=s2, and
the Froude number is 0.26. The computational domain is 1.05 Lpp in
width, 0.5 Lpp forward from the bow, and 1.15 Lpp behind the stern.
Sinkage and trim are free. The total surface element number is
10,482. The computation domain and mesh are shown in Fig. 8.

The wave-making resistance of the initial 5100TEU container
ship is Rw ¼ 9:245N.
4.2.3. Optimization problem
The problem addresses the minimization of the wave-making

resistance (Rw)

8>>>>>>>>><
>>>>>>>>>:

minimizeRw;

subjectto
D� Dopt

D
� 1%;

andto
L� Lopt

L
� 1%;

andto
S� Sopt

S
� 1%

(25)

where D, L, and S are the displacement, the longitudinal position of



Fig. 6. 3D model of the 5100TEU container ship.

Fig. 7. Schematic diagram of the physical meaning of the design variables.

Table 4
Information on the design variables.

Variables Physical meanings Initial value Range

1 CpcBulbTopH Bulb peak height 0.667 0.600e0.750
2 CpcBulbTopL Length of Bulbous bow 0.019 0.014e0.030
3 WaterParalL Length of DW parallel middle section 0.524 0.513e0.536
4 WaterRightAngl Half the inflow angle of DW 0.101 0.073e0.122
5 p19DownHyperY Distance of SN19L low IP to LS 0.193 0.167e0.217
6 p19DownHyperZ Distance of SN19L low IP to BL 0.419 0.377e0.451
7 p19UpHyperY Distance of SN19L up IP to LS 0.121 0.099e0.142
8 p19UpHyperZ Distance of SN19L up IP to BL 0.858 0.815e0.888
9 p20DownHyperY Distance of SN20L low IP to LS 0.175 0.143e0.205
10 p20DownHyperZ Distance of SN20L low IP to BL 0.633 0.593e0.666

where IP is the inflection point, LS is the longitudinal section, DW is the design waterline, SNiL (i ¼ 1, 2, 3, …, 20) is the station number i line, and BL is the baseline.

Fig. 8. Computation domain and mesh quality.
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the buoyancy center, and the wet surface area of the initial hull
form respectively, The subscript opt stands for the optimal hull
form.
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We use the acceptance-rejection method (Asher and McDonald,
2009) to deal with the inequality constraints. The values of the
control parameters of all the algorithms used are the same as those



Table 5
The optimal hull form case.

Variable Initial value Optimal value Variable Initial value Optimal value

CpcBulbTopH 0.667 0.651 p19DownHyperZ 0.419 0.414
CpcBulbTopL 0.019 0.030 p19UpHyperY 0.121 0.123
WaterParalL 0.524 0.531 p19UpHyperZ 0.858 0.849
WaterRightAngl 0.101 0.090 p20DownHyperY 0.175 0.179
p19DownHyperY 0.193 0.193 p20DownHyperZ 0.633 0.628
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of the algorithms in Section 4.1, except for the optimization preci-
sion (ε ¼ 10�4 here). In addition, the W in Eq. (24) takes 5.

4.2.4. Optimization results
The CAD/CFD integrated simulation and optimization platform

was established in Cþþ language with Visual Studio 2012. The
system was Win7 64-bit, and the processor was i5-3470 CPU @
3.20. The time required for a single wave-making resistance per-
formance evaluation was approximately 4.5 min.

All the three algorithms performed only one test and found the
global optimal solution. The optimal wave-making resistance was
Rw ¼ 8:765N, which was lower than the initial’s by 5:2%. Before
finding the optimal solution, the QMC-CE algorithm performed
1680 evaluations, the CE algorithm performed 1920 evaluations,
Fig. 9. Optimization convergence histories.

Fig. 10. Comparison o
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and the NSGA2 performed 2400 evaluations. Compared to the CE
algorithm and the NSGA2, the proposed QMC-CE algorithm saved
240 evaluations (i.e., 18 h) and 720 evaluations (i.e., 54 h)
respectively.

Table 5 shows the initial and optimal hull form cases.
The convergence histories of the QMC-CE algorithm, the CE al-

gorithm, and the NSGA2 are shown in Fig. 9. The horizontal axis is
the function evaluation number, the vertical axis is the wave-
making resistance.

The comparison of waveform before and after optimization is
shown in Fig.10. The upper and lower graphs are thewave contours
of the initial and optimal hull forms, respectively. The comparison
of the wave height at the hull surface is shown in Fig. 11. The solid
f wave contours.

Fig. 11. Comparison of wave height.



Fig. 12. Comparison of body sections.

Fig. 13. Comparison of bow lines.
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and dotted lines represent the wave heights of the initial and
optimal hull forms, respectively. According to 10 and 11, it can be
seen that the decrease of the bow wave height of the optimal hull
form causes a reduction in the bow wave-making pressure,
resulting in a 5.2% drop in wave-making resistance.

The comparisons of the body sections and bow lines before and
after the optimization are shown in Fig. 12 and Fig. 13, respectively.
The solid line represents the initial hull form, and the dotted line
represents the optimal hull form.

According to Figs. 12 and 13, the bulbous bow length of the
optimal hull form reaches the maximum value allowed by the
variable, and the bulbous bow height decreases slightly. The wave
system generated by the bulbous bow and by the body produced a
Table 6
Numerical test functions

No. Function names Expressions

1 Weighted Sphere
H1ðxÞ ¼ Pn

i¼1
ix2i þ 1

2 Trigonometric
H2ðxÞ ¼ Pn

i¼1
½8sin 2ð7

þ 6sin 2ð14ð
3 Rosenbrock

H3ðxÞ ¼ Pn�1

i¼1
100ðxiþ1

4 Griewank
H4ðxÞ ¼ 1

4000

Xn
i¼1

x2i

5 Levy
H5ðxÞ ¼ Pn�1

i¼1
100x2i ð1

þ 10sin 2ðp
6 Pinter

H6ðxÞ ¼ Pn
i¼1

20isin2ðx

þ Pn
i¼1ilog

þ Pn
i¼1

ix2i þ
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favorable interference, which reduces the wave height at the bow.
5. Conclusions and future work

The optimization efficiency of the global optimization algorithm
is one of the important factors restricting the development of
simulation-based high-dimensional ship optimization technology.
A CE optimization algorithm that has appeared in recent years has
the potential to solve high-dimensional problems. This CE algo-
rithm uses the MC method to evaluate high-dimensional integrals
in the parameter update, leading to a large number of samples to be
extracted. To improve the effectiveness of sampling, we proposed a
QMC-CE algorithm, where the Sobol sequence was adopted to the
QMC method to replace the role of the MC method. Theoretical
analysis shows that the QMC-CE algorithm has a faster convergence
than the CE algorithm. In addition, since the QMC-CE algorithm is
deterministic, repeated trials were avoided. Through tests on the
commonly used numerical test functions and an application on a
5100 TEU container ship wave-making resistance optimization
based on integrated simulation, the QMC-CE algorithm proposed
has higher optimization efficiency than the CE algorithm and the
NSGA2, which shows good application prospects in the field of
engineering simulation optimization.

Further work will address how to improve the search efficiency
of the proposed algorithm. A feasible idea is to make full use of the
samples that have been drawn before the parameters update, use
meta-model or other techniques to explore the structure of the
problem space, and combine with local search algorithms to find
the global optimal solution as soon as possible.
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APPENDIX

The function names, expressions, and optimal solutions are
shown in Table 6. For each numerical function, the dimension is 10,
the range of each variable is [-10, 10], and the optimal value is 1.
Optimal solutions

ð0;…; 0ÞT

ðxi � 0:9Þ2Þ

xi � 0:9Þ2Þ þ ðxi � 0:9Þ2� þ 1

ð0:9;…; 0:9ÞT

� x2i Þ
2 þ ðxi � 1Þ2 þ 1 ð1; …; 1ÞT

� Qn
i¼1 cos



xiffiffi
i

p
�
þ 2

ð0; …; 0ÞT

þ 10sin 2ðpxiþ1ÞÞ

x1Þ þ 100ðxn � 1Þ2 þ 1

ð0; …0; 1ÞT

i�1 sin xi � xi þ sin xiþ1Þ

10ð1 þ iðx2i�1 � 2xi þ 3xiþ1 � cos xi þ 1Þ2Þ

1，x0 ¼ xn;xnþ1 ¼ x1

ð0;…; 0ÞT
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