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ABSTRACT. This paper is devoted to the study of a nonlinear Kirchhoff-Carrier wave
equation in an annulus associated with Robin-Dirichlet conditions. At first, by applying
the Faedo-Galerkin method, we prove existence and uniqueness results. Then, by con-
structing a Lyapunov functional, we prove a blow up result for solutions with a negative
initial energy and establish a sufficient condition to obtain the exponential decay of weak
solutions.

1. Introduction

In this paper, we consider the following nonlinear Kirchhoff-Carrier wave equa-
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tion on an annulus

1

2 2

(1'1) Utt — M(tv u(lvt)v ||u(t)||0 ) ”uw(t)Ho)(uww + Euw) = f(.%‘,t, uvuwvut)v
O<zx<l, 0<t<T,

associated with Robin-Dirichlet conditions

(1.2) u(p,t) = uzy(1,t) + Cu(l,t) =0,
and initial conditions

(1.3) u(z,0) = uo(x), ui(z,0) = a1 (z),

where p, f, tg, @1 are given functions; and p € (0,1) and ¢ > 0 are given con-
stants. In Eq. (1.1), the nonlinear term u(t, u(1,t), ||u(t)||(2) , ||um(t)||§) depends on
the integrals |[u(t)|§ = [ 2u? (2,t) do and [l (t)[|g = [) 2u? (2,) da.

Eq. (1.1) above is the bidimensional nonlinear wave equation describing non-
linear vibrations of the annular membrane Q1 = {(z,y) : p* < 2% +y* < 1}.
In the vibration processing, the area of the annular membrane and the ten-
sion at various points change in time. The condition u,(1,t) + Cu(1,t) = 0 on
the boundary T'y = {(x,y) : 2% + y> = 1} describes elastic constraints where
the constant ¢ has a mechanical signification. With the boundary condition on
T, = {(z,y) : 2% + y? = p*} requiring u(p,t) = 0, the annular membrane is fixed.

Eq. (1.1) has its origin in the nonlinear vibration of an elastic string (Kirchhoff
[6]), for which the associated equation is

2
dy) Ugzs

Eh [*
1.4 huy = | Po + —
( ) phutt < 0 27 /0
here u is the lateral deflection, L is the length of the string, h is the crosssectional
area, F is Young’s modulus, p is the mass density, and Py is the initial tension.

In [3], Carrier established the equation which models vibrations of an elastic
string when changes in tension are not small

ou
8_y(y’ t)

EA [T
1.5 14+ == 2y, )dy | ugs =0,
(1.5) putt < + T J, u”(y,t) y) U

where u(z,t) is the z-derivative of the deformation, Tp is the tension in the rest
position, F is the Young modulus, A is the cross-section of a string, L is the length
of the string and p is the density of the material. Clearly, if properties of a material
vary with « and ¢, then there is a hyperbolic equation of the type ([7])

1
(1.6) Ugg — [ (w,t,/ u? (y, 1) dy) Uz = 0.
0
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The Kirchhoff-Carrier equations of the form Eq. (1.1) have received much at-
tention. We refer the reader to, e.g., [1], [2], [4], [5], [7], [8], [11] - [14], [19] - [21],
[23], [24] for many interesting results and further references. In these works, the re-
sults concerning local existence, global existence, asymptotic expansion, asymptotic
behavior, decay and blow-up of solutions have been examined.

In [14], Messaoudi established a blow-up result for solutions with negative ini-
tial energy and a global existence result for arbitrary initial data of a nonlinear
viscoelastic wave equation associated with initial and Dirichlet boundary condi-
tions.

In [11], [23], [24], the existence, regularity, blow-up, and exponential decay esti-
mates of solutions for nonlinear wave equations associated with two-point boundary
conditions have been established. The proofs are based on the Galerkin method as-
sociated to a priori estimates, weak convergence, and compactness techniques and
also by the construction of a suitable Lyapunov functional. The authors in [23],
[24] proved that any weak solution with negative initial energy will blow up in finite
time.

The paper consists of four sections. Preliminaries are done in Section 2, with
the notations, definitions, list of appropriate spaces and required lemmas. The main
results are presented in Sections 3 and 4.

In Sections 3, by combining the linearization method for nonlinear terms, the
Faedo-Galerkin method and the weak compact method, we prove that Prob. (1.1)
- (1.3) has a unique weak solution.

In Sections 4 and 5, Prob. (1.1) - (1.3) is considered in the case

(1.7) ¢=0, f==Aus+ f(u) + F(x,t),

with constant A > 0. In Section 4, with F(z,t) = 0 and a negative initial energy,
we prove that the solution of (1.1)-(1.3) and (1.7) blows up in finite time. In
Section 5, we give a sufficient condition, in which the initial energy is positive and
small, any the global weak solution is exponential decaying. In the proof, a suitable
Lyapunov functional is constructed. Our results can be regarded as an extension
and improvement of the corresponding results of [10], [11], [15] - [18], [23], [24].

2. Preliminaries

First, put Q = (p,1), Qr = Q x (0,T7), T > 0. We omit the definitions of
the usual function spaces and denote them by the notations LP = LP(Q2), H™ =
H™(Q). Let (-,-) be a scalar product in L?. The notation ||-|| stands for the norm
in L? and we let |||y denote the norm in the Banach space X. We call X' the
dual space of X. We let L?(0,T; X), 1 < p < oo denote the Banach space of real
measurable functions w : (0,7") — X such that [lul|, o 7, x) < +00, with

1/p
(o ey ae) ™, it 1 <p<oo,

u . =
| HLP(O,T,X) esssup [[u(t)||y , if p=oo.
0<t<T
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With f € CF([p,1] x Ry x R3), f = f(z,t,y1,92,¥3), we put Dif = %,
Dof =%, Diyaf = L withi=1,--- 3, and D*f = D" --- D& f, o = (a1, -+,
as) EZ5, |a| =1+ -+ a5 =k, DO 0 f = f;

With po € C*([0,7*] x Rx R2), it = pu(t, 51, y2,y3), we put Dy = %, Dy =
B with i = 1,--+,3, and Dy = D" ---Df'p, B = (B1,---, Ba) € Z4, || =
Br+- 4 Ba=k, DO 0p=p.

On H!', H?, we shall use the following norms

1
2 2\ 2
(2.1) ol = (Il + loal?)
and
1
2 2 2\ 2
(22) ol = (ol + el + llowel?)
respectively.

We remark that L2, H', H? are the Hilbert spaces with respect to the corre-
sponding scalar products

(2.3) (u,v) = / zu (z) v (z) de, (u,v) + (Ug, Vg, (U, V) + Uz, Ve) + (Usa, Vaa)-

The norms in L?, H' and H? induced by the corresponding scalar products
(2.3) are denoted by |||y, [|]l; and ||-[|5 -
Consider the set

(2.4) V={veH":v(p)=0}.

It is obvious that V is a closed subspace of H' and on V two norms ||[v|
and ||v,|| are equivalent norms. On the other hand, V is continuously and densely
embedded in L?. Identifying L? with (L?)" (the dual of L2), we have V < L? < V.
We note more that the notation (-, -) is also used for the pairing between V and V”.

We then have the following lemmas, the proofs of which can be found in the
paper [17].

Lemma 2.1. The following inequalities are fulfilled
©)  vellvll < lvlly < [lv]l for all v e L?,
() /B vl < llolly < ol for all v e HY.
Lemma 2.2. The embedding V — C° (ﬁ) is compact and for all v € V, we have
0 lollosmy < VI lvell.
i) ol < 22 ol
(i) lollo < 72 llvally
(i) loallg +v* (1) 2 ol
(

v) @< V3]l -
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Remark 2.3. On L?, two norms v — ||v|| and v — |[v||, are equivalent. So are
two norms v — |[v|| ;7 and v — [Jv||; on H?, and five norms v — [[v|| ;1 , v+ |||,

v = vzl v [|og]ly and v/ H’UIH(Q) +v2(1) on V.

Lemma 2.4. We have

(2.5) ||’UH00(§) <ag|[v||g forallve H,

14+4/1+16(1—p)?

where oy = S0=p)

Proof. Since C* () is dense in H', we only show that (2.5) holds for all v € C* (Q) .
For allv € C! (ﬁ) ,and z, y € Q, we have

v? (2) = v* (y) + 2/ v (2) vy (2) dz.
y
Integrating over y from p to 1 to get

- p)e* (@) = ||v||2+2/dy/””v(z)vx(z)dz

= ||v||2—|—2/pldy/:v(z)vx(z)dz—Z/pldy/pyv(z)vx(z)dz

||v||2+2<1—p>/ o (2) vy (2)] dz

p

IN

+ 2/ (1=2)|v(2)vs (2)|dz

1
(2.6) < ol +aa-p) [ PG Gl
p
Note that o} = W satisfies 1 +4 (1 — p) Elg = (1 —p) a3, applying

2 a
the inequality 2ab < —a® + 73172’ for all a, b € R, we deduce from (2.6), that
Qg

(1= p)v*(2)

IN

2 2 2, 2
Jol? 21~ o) (5 ol + 5 ol
4(1-0p) 2 2
(14 2552 ol + 1= gy o
0

2
= (I-p) a% ||U||H1 .

Hence (2.5) holds. Lemma 2.4 is complete. O
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Now, we define the following bilinear form
1
(2.7) a(u,v)=Cu(l)v(l)+ / Uy () vy (z) dz, for all u, v €'V,
P

where ( > 0 is a constant.

Lemma 2.5. The symmetric bilinear form a (-,-) defined by (2.7) is continuous on
V x V and coercive on V, i.e.,

@) la(u,v)] < Crllully ol
(i) a(v,v)>Cololf,
for all u, v €'V, where Cy= %min{l, ui—’;)z} and C; =1+ 3C.
Lemma 2.6. There exists the Hilbert orthonormal base {w;} of the space L*
consisting of eigenfunctions w; corresponding to eigenvalues A; such that
(1) O<A1SA2§"'SAJ’SAJ’+1S"'7limj‘>+ooAj:+oo7
(i) a(wj,v) =X (w;,v) forallveV, j=1,2,---.
Furthermore, the sequence {w;/+\/A;} is also the Hilbert orthonormal base of
V' with respect to the scalar product a(-,-) .

On the other hand, we also have w; satisfying the following boundary value
problem

(2.8) { Aw; = — (Wjza + Fwja) = =5 55 (2wjz) = Ajwj, in Q,

w; (p) = wjz(1) + Cw;(1) = 0, w; € C* ([p,1]).
The proof of Lemma 2.5 can be found in [[22], p.87, Theorem 7.7], with H = L?,
and a(-,-) as defined by (2.7). O

We also note that the operator A : V' — V’ in (2.8) is uniquely defined by the
Lax-Milgram Lemma, i.e.,

(2.9) a(u,v) = (Au,v) for all u, v € V.

Lemma 2.7. On V N H?, three norms v — ||[v| ;2 ,

2 2 2 / 2 2 )
U= HU”Q = \/HUHO + ||UzH0 + HUMH() and v ”’UHQ* = HUIHO + HAU”() are equiv-

alent.
The proof of Lemma 2.7 can be found in [17].

Remark 2.8. The weak formulation of the initial-boundary value problem (1.1)-
(1.3) can be given in the following manner: Find u € Wy = {u € L>(0,T; VN H?) :
uw' € L>®(0,T; V), u"” € L>°(0,T; L?)}, such that u satisfies the following variational
equation

(2.10) (" (t),v) + plu] () a(u(t),v) = (flu] (t) ,v),
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for all v € V) a.e., t € (0,T), together with the initial conditions
(2.11) u(0) = g, u'(0) = a1,
where a(-,-) is the symmetric bilinear form on V' defined by (2.7) and

(2.12) plul (1) = pltu(L,e), [u@)l;  lua®)]F),
flul(z,t) = f(z,t,u(z,t), us(z,t),u'(z,1)).

3. The Existence and Uniqueness Theorem
Now, let T* > 0. We shall consider Prob. (1.1)-(1.3 ) with the constant ¢ > 0
and make the following assumptions.
(Hl) aoEVﬂHQ, u € V;
(Hz) peC([0,7*] x R x R2) and there exists the constant 1, > 0
such that pu(t, y1,v2,93) > s > 0, V(t,y1,92,93) € [0, 7] x R x R3;
(H3) fe€C®(Qx[0,T%] x R3) such that
f(pvta 07927 0) = Oa V(tva) € [OvT*] xR
and D;f € CO(Q x [0,T*] x R?) , i =1,3,4,5.
Let M > 0, we put

. 4
Ku(p) = sup (u(t,yl,yz,ys) + Z._l IDiu(t7y1,yz,y3)|) ,
(t,1,y2,y3) €A (M) =
Ky (f) = Hf”ct)(A*(M)) + HDl.f”CU(A*(M)) + Z ||Dif||CO(A*(M)) )
3<i<5
HfHCO(A*(M)) = Sup{|f(xat7ylay27y3)| : (xvtaylayQayb’) S A* (M)}v

where

- 1_
Ay (M) = {(t7y17y27y3) €0, T* ] x RxRE : |y1] < U—'DM, 0<y; <M i=273}7
P
_ f1—
A*(M):{(:(,*7t7y17yz,yg)EQX[0,T"]><]R3:yz|<0coM7 lyi| < TpM, i:1,3}.

Also for each M > 0 and T € (0,T*], we set

W(M,T) = {velL>(0,T;VNH?):v e€L®(0,T;V),
v//eLQ (QT)) H’U”TSM}a
Wi (M, T) = {veW(MT):v"eL>(0,T;L%)},
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where [|v]|7 = max{||v]| Lo . 7vm2) 1V Lo 0,7:v) > 107 | 12000 -
We choose the first term ug = 0. Suppose that

(31) Um—1 € Wl(M, T),

and associate with Prob. (1.1)-(1.3) the following variational problem: Find w,, €
Wi (M, T) (m > 1) so that

(U (1), 0) + pm () a(um(t),v) = (Fin (1) ,v), Yo €V,
(3.2) { Um(0) = o, ul,(0) = a1,
where
(33) i () = prlum—1](t) = p(t, -1 (1,8), [tm -1 (B)][5, |Vem—1(£)]13),
Fo(z,t) = flum-1](z,t)=f (x,t,um,l(:z,t), Vum,l(x,t),uinfl(x,t)) .

Then we have the following result.
Theorem 3.1. Let the assumptions (Hy) — (Hsz) hold. Then there exist positive
constants M, T such that the problem (3.2), (3.3) has a solution u,, € Wi (M,T).

Proof. The proof is similar to the arguments in [17]. Tt consists of three steps.
Step 1. The Faedo-Galerkin approzimation (introduced by Lions [9]). Consider
the basis {w;} for V as in Lemma 2.5. Put

ke
(3.4) ) (6) = ey,

(k)

where the coefficients c,,; satisfy the system of linear differential equations

(6 0). ) + s (0) ) (1), 105) = (B (1) ).

(35) (k) (k)
Um, (0) = UQk, ’LLm (O):u1k7 ]:17 ,k7
with
= Yoy — ly in V.0 H?
(3.6) Uok = )5 @ wj — Ug strongly in ,
Uik = E?:l ﬂj(k)wj — 17 strongly in V.

The system of the equations (3.5) can be rewritten in form

57 { Gy () + At (£)eb) (8) = P (1)

: k k) .(k k )
cgn;(O) = ag- ), cfn;(o) = BJ(. )1 <j<k,

in which

(38) ij(t>:<Fm(t)awj>a 1§j§k
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Note that by (3.1), it is not difficult to prove that the system (3.7), (3.8) has a
unique solution ¢! )( t), 1 < j <k on interval [0, 7], so let us omit the details.
Step 2. A priori estzmates. We put

o ([l

st = o]+ o o)

(3.9) +/Ot Hiiﬁfi)(S)

where we denote ||v||, = /a(v,v), Vv € V.
Then, it follows from (3.5), (3.9), that

(3.10) SM(1) = SS,?(OH/J%(S) [H“%)(S) 2+HA“$)(S)H3 ds

+ 2/t<Fm(s),u ()>ds+2/ (Fm(s),u;?(s))ds
A

We shall estimate the terms I; on the right-hand side of (3.10) as follows.

First term I;. It is known that

fm (t) = Diptfun—1](t)
+  Dapifum—1](t)up,—1(1,) + 2Dspfum—1](t) (um—1(t), up,_1 (1))
+ 2D4,Uz[um71](t)<vumfl( ) Vum l(t)>7
with Diﬂ[um—l](t) = Di/"(tvum—l(lvt)v Hum—l(t)”O ) ||vum—1(t)||(2))v =1, 4,1t
implies from (3.1) that

(3.11) |1t ()]
< K () [T a1 (L8] + 2 [[um—1 (8) g [|um—1(®)]] + 2 1Vm-1(®)llo || Vum-1®)|,]

|:1+\/7M+4M:|_QMKM()

where ¢y =1+ pM—i—4M2
p

IN

By the following inequality

SO0 2 o @) | [0+ 4 0]}] 2 0 [

m

2 2
+ HAufﬁ)(t)Ho] ’

we have

(3.12)

n= [ s [

z+ HAu&’i’(s)Hﬂ ds < iqu(M () /Ot S (s)ds
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Second term I5. By the Cauchy-Schwartz inequality, we have

(3.13) || = 2‘/; <Fm (s),us,’f)(s)>ds‘ < 1_”2TK§4 (f)+/0t S¥)(s)ds.

2

Third term I3. Similarly, we have

(3.14)  |I] =2 /Ota(Fm(s),uS,]f)(s)) ds

t t
< [ 1Bz ds+ [ sis)as
0 0

Note that
(5.15) ol < ool < o (U2 el + o)
= a —;-pp2) ||Uz||(2J for all v €V,
SO
(3.16) ()12 < ) ).

We also have
(317) me(t) = le[um,l] + Dgf[um,l]Vum,l(t)
+Da f[um—1]AUpm—1(t) + Ds f[tm—1]Vuy, (1),

where D; flum—1] = D; f (x,t, Up—1(t), Vi —1(t), u;n_l(t)) ,i=1,---,5.
From (3.1) and (3.17) we get
2

(3.18) |Fm<t>||os< 2 +3M> K ().

Combining (3.14), (3.16) and (3.18), we obtain

2
1 2 1— 2 t
(3.19) ] < ¢y ¢ ;rp” ) <\/ 2” +3M> TK?, (f)+/0 S (5)ds.

Fourth term I;. Eq. (3.5); can be rewritten as follows

(38:20) (@B (6),w;) + o () (Au (0,05 ) = (Fon (1) 105), =1, k.

Hence, it follows after replacing w; with k) (t), that

G21) [0 = 0 (405D O) + (B ), 3D 0)

0
[ ) [ 4uD |+ 1Fw @] [0 0,
202, () [ 4P @) +21Fm O

< 2K () SE(8) + (1= p%) K3y (f).

IN

IN

A
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Integrating in ¢ to get
t 2 ~ t
G2 L= [ i) ds < 0= THE ()4 2R0r ) [ S s)ds
0 0

The term S\ (0). By means of the convergences in (3.6), we can deduce the
existence of a constant M > 0 independent of k£ and m such that
(3.23)

2 2 ~ ~ 112 ~ 2 2 2 1
SU(0) = unelly + w3+ (0, (1), olly, iow 1) [[luorll? + N AuorlF] < 5242

for all m, k € N
It follows from (3.10), (3.12), (3.13), (3.19), (3.22) and (3.23), that

1 t
(3.24) S (1) < 3 M2+ TDy(M) + Dy(M) / S (5)ds,
0
where

2
) — 2
oy ) D00 §<1—p2>+cl<1;5><\/1 5 +3M> ISHER

Dy (M) =2 [1 + (1 + ﬁfJM) Ku (M)} :

Therefore, we can choose T' € (0,T*], such that

(3.26) <%M2 + TDl(M)> exp (TDo(M)) < M?,
and
1 _ qu Kar (1)
3.27 kr = (14— | VauVTexp |T [ 1+ 2220 <1,
(3.27) T ( + T*Cb) a VT exp < + 2
where
2 2
(3.28) qM—( 1_—”+2M> M2K2, () + K% (f) (1+ﬂ>
P) M M \/%
Finally, it follows from (3.24) and (3.26) that

t
(3.29) S (#) < M2 exp (—TDa(M)) + Da(M) / S (s)ds.

0

Using Gronwall’s Lemma, (3.29) yields

(3.30) S (t) < M? exp (=T Dy(M)) exp (tDo(M)) < M?,
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for all t € [0,T1, for all m and k. Therefore, we have
(3.31) ul® € W(M,T), for all m and k € N.

Step 3. Limiting process. From (3.31), there exists a subsequence of {usylf)}, still
so denoted, such that

uin) = in  L*(0,T;V N H?) weakly*,
(3.32) u%g — i L°°(0,T; V) weakly*,

iim” — U, in  L*(Qr) weakly,

U € W(M,T).

Passing to the limit in (3.5), we have u,, satisfying (3.2), (3.3) in L?(0,7T). On
the other hand, it follows from (3.2); and (3.32)4 that u!l, = —pm, (t) Auy, + F,, €
L*(0,T; L?), hence u,, € Wi(M,T) and the proof of Theorem 3.1 is complete. [J

In order to get the existence and uniqueness, we introduce the Banach space
(see [9])

Wi(T) = {v e L>®(0,T;V) :v' € L*(0,T; L?)},
with respect to the norm ||v]ly, 7y = [Vl e o.7,v) + 1V Lo (0,7;22) - O

By the result given in Theorem 3.1 and by the compact imbedding theorems,

we prove the main results in this section as follows

Theorem 3.2. Let (Hy) — (H3) hold. Then, there exist positive constants M, T
satisfying (3.23), (3.26)-(3.28) such that Prob. (1.1)-(1.3) has a unique weak solution
u € W1(M,T). Furthermore, the linear recurrent sequence {u,,} defined by (3.2),
(3.3) converges to the solution u strongly in the space W1(T') with the estimate

M
(3.33) um = ully, () < mk}”, for all m € N.

Proof.
(a) The existence. First, we shall prove that {u,,} is a Cauchy sequence in W1 (7).
Let wy = Um+1 — . Then w, satisfies the variational problem

<w;7/1 (t)v U> + Hm41 (t) a(wm (t)v U) + [Mm-‘rl (t) — Km (t)] <Aum(t)= U>
(3.34) = (Fsr () — F(t),0), Yo €V,
wm (0) = w/,(0) = 0.

Taking v = w), in (3.34);, after integrating in ¢, we get

N
3
=

I

/ Honr (5) [l (3|5 ds - 2/ [1m1 (8) = pm (8)] (Aum(s), wy, (s))ds
0 0

42 [ (Bnia(5) = Fls), 0] (5) ds
0
(335) = Jl + JQ + Jg,
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where

2 2 2 2
(3:36)  Zm(t) = [lwr, (D)llg + smy1 () [lwm @)l]g = [[win (D)l + 1+Co wm (D]l -
All integrals on the right — hand side of (3.35) will be estimated as below.
First integral J;. By (3.11) and (3.36), we have

t 1 B t
B30 2 [ Dt O laom @) ds < ani s () [ Zo(o)ds,
0 * 0

Second integral J>. By (Hz), it is clear to see that

(3:38) [m+1(t) — pm ()]
< K (1) [lwm-1 (1O + [[um D15 = lum—1 OI5| + [[Vum 1§ = IVum-1(£)15]]

T—p 2
< ( T+2M) Kr (1) llwm—1llyy, 7y -

Hence
1l = 2| [ s (5) = o (9] i 5], 0 )
2 t
330 = (L) R 0 ol + [ Znods

Third integral Js. By (H3) it yields

[Fmi1(t) = Fn@®)llg < Kar (f) (lwm-1®)llg + [Vwm—1®)]lo + [lwr—1®)]|,)
1— ’
< Kw(p) (7: Vw2 () + V01 (0)]p + me(t)HO)
1-—p
(3.40) < Kum(f) (HW) lwm—1llw, () -
Hence
t
(341)  |Js| = 2 / (Frs1(5) = Fun(s), ) (s)) ds
0

IN

* 1- 14 2 !
T*K3; (f) <1 + ﬁ) w113y, () +/0 Zm(s)ds.

Combining (3.35), (3.37), (3.39) and (3.41), we obtain

_ qu(M (1) '
(3.42) Zon(t) < QT w13y, () +2 (1 + T) /0 Zm(s)ds,
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where gpr as in (3.28). Using Gronwall’s Lemma, we deduce from (3.42) that
(3.43) il ry < b lom sl ry ¥m € N,
where kr as in (3.27). It implies that

(3.44) e = sl ey < Mo = wnllypy oy (1= k)~ R
M

L )L .
< 1_kaT VYm,p € N

It follows that {u.,,} is a Cauchy sequence in W1 (T'). Then there exists u €
W1 (T) such that

(3.45) U, — u strongly in Wy (T).

Note that u,, € W1(M,T'), then there exists a subsequence {uy,, } of {u,,} such
that

Um; — U in  L°(0,T;V N H?) weakly*,
(3.46) u;nj — in  L>(0,T;V) weakly™*,
' Upy,, — 0! in  L?(Qr) weakly,
ueW(M,T).

We also note that
(3.47)
1-p

I (®) = 7t W my < K () (1252 ) o = -
Hence, from (3.45) and (3.47), we obtain
(3.48) Fo(t) = f(-,t,u, up,u') strongly in L>(0,T; L?).

On the other hand, we have

(3.49) | (8) — plu](8)] < ( 1;/)/’ + 2M> K (1) llum—1 = ully, o7y

Hence, it follows from (3.45) and (3.49) that
(3.50) tm — plu] strongly in L°°(0,T).

Finally, passing to limit in (3.2), (3.3) as m = m; — o0, it implies from (3.45),
(3.46)1,3 (3.48) and (3.50) that there exists u € W (M, T) satisfying the equation

(3.51) (W' (t),v) + plul()a(u(t),v) = (flul(t),v),
for all v € V and the initial conditions
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Furthermore, from the assumptions (Hz), (Hs) we obtain from (3.46)4, (3.48),
(3.50) and (3.51), that

(3.53) W = —plu] () Au(t) + FTul(t) € L(0,T; L?),

thus we have u € W1 (M, T). The existence of a weak solution of Prob. (1.1) - (1.3)
is proved.

(b) The uniqueness. Let uy, ug € Wi (M, T) be two weak solutions of Prob. (1.1)
- (1.3). Then u = uy — ug satisfies the variational problem

(W’ (t),v) + p1 () a(u(t),v) + [ (1) — p2 (8)] (Aua(t), v)
(3.54) — (F\(t) — Ba(t),0), Yo € V,

where Fy(x,t) = f(z,t,wi, wig, ul) , pi (t) = plu](t), i = 1, 2. We take w = o' in
(3.54); and integrate in t to get

t
Z(t) < K;Q/ Z(s)ds, for all t € [0,T7,
0

where
Z(t) = @l + @) lu@)]?,
. 1-p\ (1, L
Kar = 2(”@)(”@)““

e en () 2]t

Using Gronwall’s Lemma, it follows that Z = u; — us = 0. Therefore, Theorem 3.2
is proved. O

4. Blow Up Result

In this section, Prob. (1.1) — (1.3) is considered with ¢ = 0, f(z,t,u, ug, us) =
—Aug + f(u) + F(z,t), as follows

we = 1 (e (O)) (o + Lua) + Nt = f(u) + Fla, 1),
p<zr<l 0<t<T,

u(p,t) = uzx(1,t) =0,

u(z,0) = to(x), u(x,0) = a1 (x),

(4.1)

where A > 0, 0 < p < 1 are given constants and g, %1, i, f, F' are given functions
satisfying conditions specified later.
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In this section, we assume that
(H;) p € C'(R) and there exists the constant p, > 0 such that
u(y) > pe >0, Vy € R;
(H3) feC'(R), f(0)=0;
(H;) F, F' € L*(Q x (0,T")).
Then we obtain the following theorem about the existence of a weak solution.

Theorem 4.1. Suppose that (Hy), (H3) — (H}) hold. Then Prob. (4.1) has a
unique local solution

(4.2) u € C(0,T;V)nC' ([0,T];L*) N L™ (0,T;V N H?),
u € L™(0,T;V), v € L™ (0,T;L?),
for T >0 small enough.
Proof. The proof is similar to those of Theorem 3.1 and Theorem 3.2. O
First, in order to obtain a blow up result, we make the following assumptions.

(H3) peC'(Ry), and there exist the constants p, > 0, fiy > 0
such that
() w(y) = pe>0,vy =20,
(i) yuly) < [ [ w(z)dz, ¥y = 0;

(H3) fel! (R), f(0) = 0 and there exist the constants p > 2,
dy > 2, d; > 0 such that

() yfly) = d [§ f(2)dz, ¥y €R,

(i) Jfy f(z)dz>dilyl", Yy € R;
() P =0 -
(H;) dy > 2ju1, with dy, i1 as in (H;)(’LZ), (H;)(Z)

We present an example of the functions p, f satisfying (H3), (Hz), (HZ) as
below

(4.3) py) = pet+y? Yy =0,
fw) = duff?uln™(e+u?),

where p,, >0,d>0,¢g>1,p>2g+2,n>1 are constants.
It is obvious that p € C! (R ) and (H3)(4) holds.

Moreover

e+l 1 1

> —— (py+ 9yt = — vy > 0.
q+1_q+1(uy+y ) q+1yu(y), y >

Yy
/ p(z)dz = py +
0

Hence, (H3)(ii) holds with fi; = ¢ + 1.
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With the function f, it is clearly that f € C' (R), f(0) = 0.
Using integration by parts, it gives

y Y|P
(4.4) /0 f(z)dz = %yf(y) - 2%1 /0 elz_'l_; In" (e + 2?)dz.

Y P
Note that / |Z_i|_ Z2 In""!(e + 2%)dz > 0, Vy € R, so we obtain
0 etz

(4.5) yF) > p /0 " (2)dz, vy € R.

Hence, (H2)(i) holds, with di = p.
With the condition (H3)(i7) :

Note that the function f(y) = [; f(z)dz=d [ |2[P72 2In" (e + 22)dz satisfies
(4.6) f(=y)=f(y) =0, Yy e R.

Let y > 0, by In" (e + 22) > 1, Vz € [0, ], we have

_ y y y
4.7) fly) = / f(z)dz = d/ 2] 2In" (e + 22)dz > d/ |2|P7% 2dz = d ly|” .
0 0 0 p

By (4.6), we have

(48) i) = / ' )z > 2l vy e R

. - d
Hence, (H3)(it) holds, with d; = —.
p

It is obvious that (ﬂg) holds, because dy — 2ji; =p—2g—2 > 0.
Put

1.5 1 ll o113 1 o (x)
(4.9) H(0) = ~3 a1 |lg — 5/ w(z)dz +/ xdaz/ f(2)dz.
0 P 0

Theorem 4.2. Let (Hj)— (HZ) hold. Then, for any (o, @) € (VNH?) x V such
that H(0) > 0, the weak solution u = u(z,t) of Prob. (4.1) blows up in finite time.

Proof. Tt consists of two steps, in which, the Lyapunov functional L(t) is constructed
in step 1 and then the blow up is proved in step 2.
Step 1. We define the energy associated with (4.1) by

R G 1 u( 1)
@) B =@l [ @ [ el [ fe
0 P 0
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and we put H(t) = —E(t), Vt € [0,7*). Multiplying (4.1); by zv/(z,t) and inte-
grating the resulting equation over [p, 1], we have
2
(4.11) H'(t) = Al (t)]lp = 0
Hence, we can deduce from (4.11) and H(0) > 0 that
(4.12) H(t) > H(0)>0, Vt€[0,T),

SO

1 u(x,t)
0<H()<H(@) < / xdaj/ f(2)dz;

(4.13) llua (0113 u(z,t)
Hu()HO / dz<2/ xdaj/

vt € [0, T)

Now, we define the functional

(4.14) L(t) = H'7"(t) 4+ e¥(t),
where
(115) W(t) = (1), u(t)) + 5 O3,

for € small enough and
(4.16) 0<2n<1, 2/(1-2n)<p.

In what follows, we show that, there exists a constant §; > 0 such that

(4.17) L'(t) = 01 [H(t) + o/ (0)llg + ()70 + a5

Multiplying (4.1); by zu(z,t) and integrating over [p, 1], it leads to

(418) W) = WO — Nue®lF (e @)F) + (F (b)), u(®)).
Therefore
(4.19) L'(t) = (1 —n)H "(t)H'(t) + V' (t) > W' (t).
By (H3), (HZ), we obtain
eta )15 1 (e ) < i fo 1% g2z,

(4.20) (F (u(t) u(t)) > dy [} wda [0 f(2)dz,
[} wd [0 f(2)dz > dipfu(t)]]}, -
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Hence, combining (4.10), (4.18) and (4.20) give

(4200 (t) = (@Ol e 0 (lua(®F) + (F (@) ,u®)
llua (E)115 1 u(w,t)
WOl = [ )+ d / wde [ p)iz

, e (D13 ! w(o)
[’ (®)llo — ﬂl/ dz+d151/ :cd:c/ f(z)dz
wt)
+di(1—467) / ;vd:b/

2 llwa (0113 1 u(z,t)
= WOl [ s [ads [ s

P 0

1, | llue ()13
HO+ 5 W@l +5 [ e
0
dq
= (- ) + (1 v 8- m) o)
llue ()13
—|—d151/ a:da:/ z)dz 4+ = [d1—2u1 —51d1]/ w(z)dz
0

a1 -0 + 1+ ‘é - m) o)

Y

+di(1—6y)

Y

i ) s (D112
+did1dip [Ju(t)||7, + 3 [dh — 241 — 51d1]/ u(z)dz.
0

By di > 21, we can choose ¢; € (0,1) such that
(422) di — 201 — d1dy > 0.

By using the inequalities (4.19), (4.21), (4.22), we obtain (4.17) with choosing
#1 > 0 small enough.
From the formula of L(¢) and (4.14), we can choose € small enough that

(4.23) L(t) > L(0) >0, YVt € [0,T).

Using the inequality (23:1 xz) 31 Z oqxp, for all r > 1 and zq,---,
x3 > 0, we deduce from (4.14) - (4.16) that

- 1/(1=mn) 2/(1—
(4.24)  LYU=M(1) < Const (H(t)—|—|<u(t),u’(t)>| 4 ()2 77)).
Step 2. The estimates. Using Young’s inequality, we have

(4.25) (), /()Y < Const (Ilu®) 5 + Il DI )
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where s = 2/(1 — 2n) < p by (4.16). O
Now, we shall need the following lemma

Lemma 4.3. Let s =2/(1 —2n) < p, we obtain
s _ 2
(126) ol + ol < = (lallg + ol1s) » for any v € V-

Proof of Lemma 4.3 is straightforward, so we omit the details.
Step 3. Blow up. It follows from (4.24)-(4.26) that
(4.27)

_ 2
LYU=(4) < Const (H(t)+Hu'(t)llo+IIUm(t)HﬁJrllu(t)Hip), vt €00, 7).
Using (4.17), (4.27) yields
(4.28) L'(t) > 0, LY =), vt € [0,T),

where 5 is a positive constant. By integrating (4.28) over (0, 1), it gives

1 1
4.29) LV (1) > ___ 0<t<—(1—n)L "0=1(0).
(4.29) (t) > L) By S 9277( n) (0)

Therefore, L(t) blows up in a finite time given by T, = ﬁ (1 —n) L=7/0=m(0).
Theorem 4.2 is proved completely. ([

5. Exponential Decay of Solutions
This section investigates the decay of the solution of Prob. (1.1) — (1.3) corre-

sponding to with ¢ =0, f(x,t, u, us, ur) = —Aug + f(u) + F(x,t), as follows

win = p (e ()15 (o + L) + N = f(w) + F(a,1),
(5.1) p<xz<l1,t>0,

where u, f, F, 6o, 41 are given functions and A > 0, 0 < p < 1 are the given

”ﬂOIH(Q) 1 o ()
constants. We prove that if / w(z)dz — p/ xdaz/ f(z)dz > 0 and if
0 P 0

the initial energy, || F'(t)||, are small enough, then the energy of the solution decays
exponentially as t — 4o00. For this purpose, we make the following assumption

(H$°) f e CH(R), f(0) =0 and there exist the constant dy > 0

and a nondecreasing function F* : Ry — R, with lirgl F*(z) = 0 such that
z—04
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() v/ () < do / Cf(2)dz, for all y € R,

y
(ii) / f(2)dz < y*F*(|y|), for all y € R;
0
(H®) FelL®™ (R+;L2) nL! (R+;L2) , FleL? (R+;L2) and there exist
two constants Co > 0, 5o > 0 such that ||F(t)[|, < Coe™ !, for all ¢ > 0.

We will show that the example of f in Section 4 also satisfies (H$®).
We consider the following function

(5.2) f(u) =dulP?uln"(e + u?),
where d > 0, p > 2, n > 1 are constants, with p > max{2q + 2,2n}, with ¢ > 1 as
in (4.3).

With the condition (H$®)(4) :
By (5.4), we have

Y 1 2nd
(53) | 1= Surw) - 2260,
0 p p

Y |Z|p z n—1 2 . .
where G(y) = Py In""" (e + z*)dz. Note that the function G(y) satisfies

o € z
(5.4) G(-y) =G(y) 20, Vy €R.

Let y > 0, by
1 < In"e+23) <In"(e+2%) <In"(e+1?),
2" 2 p—2
0 < <27z V2 € [0,9),

e+ 22

we have

1 2
Gly) = /06+221n (e + 2%)dz

IN

y
1n"(e+y2)/ 2P 72 zdz
0

1
= —[yf"I"(e +y?), ¥y > 0.
p
By (5.4), we have

1 P1.n 2\ _ i
(5.5) G(y) < ; lyl" In" (e +y~) = pdyf(y), vy € R.
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It follows from (5.3) and (5.5) that

(5.6) /Oyf(Z)dz > %yf(y)—z%ip—ldyf(y)

p—2n
o yf(y), Yy e R.

p2

H HS$°)(i) holds, with do = .
ence, (H$°)(i) holds, with dy o —on

With the condition (HS$®)(i7) :

y [P
By G(y) = /0 e|z_||_ ZZQ In" (e 4 2%)dz > 0 for all y € R and (5.3), it yealds

(5.7) / " )z < LuF ) = Sl e +1) = A F o)

where F*(z) = %z]”*2 In"(e+22) = 0asz — 0.
Thus, (H$°)(i4) holds.

First, we construct the following Lyapunov functional
(5.8) Li(t) = E(t) + 6¥(t),

where ¢ > 0 is chosen later and

IR TP e Ol 1 u( 1)
69 B0 = FW@l+s [ s / e [ pepas

2
Loy (1 1)/'%“)'0 1
= - JJwW@®|g+lz—- w(z)dz + =1(t),
1o+ (5-5) ()= + (1)

(5.10) W(t) = (u'(t), u(t)) + %Hu(t)l\%,

where

llua (E)11E 1 u(,t)
(5.11) I(t) = I(u(t)) = /0 w(z)dz —p/ :vdac/o f(z)dz.

Then we have the following theorem.
Theorem 5.1. Assume that (H3), (HS®), (H{®) hold. Let (i, 1) € (VNH?) xV
such that I(0) > 0 and the initial energy E(0) satisfy

* 1 * 1_p
(5.12) N = s — Q—pp(l )1 = p)F ( TR*) >0,
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where
WE, 1/2
=
1
P = HF||L1(R+;L2)'
Let ug, = ng)}(%zu(z) <0t + 0 with i, do as in (H3), (HS?)(4).

Then, for all the global weak solution of Prob. (1.1)-(1.3) is exponential decay-
ing, i.e., there exist positive constants C, 7 such that

(5.13) [’ ()15 + lua()]2 < C exp(—7t), for all t > 0.

Proof.
First, we need the following lemmas.

Lemma 5.2. The energy functional E(t) defined by (5.9) satisfies

A

(5.14) 6O B0 < SIF@l+5IF Ol O,

@ B0 < -(A-2)WOk+ 5 PO,

IN

for all e1 > 0.
Proof. Multiplying (5.1)1 by zu/(z,t) and integrating over [p, 1], we get

(5.15) E'(t) = =X ()5 + (F(t), (1))
On the other hand
(5.16) (F(t), /(1)) < ; IF (®)l, + ; 1F (Bl I’ (®)]l5 -

It follows from (5.15) and (5.16), it is easy to see (5.14)(;) holds.
Similarly,

1 £ 2
6AT) (F@0) < 5 IF @I+ 5 v O, for all >0,

It follows from (5.15) and (5.17), it is easy to see (5.14)(;;) holds.
Lemma 5.2 is proved completely. (|

Lemma 5.3. Assume that (Hj), (HS®), (H$®) hold. Then, if we have I(0) > 0
and (5.12) holds. Then I(t) > 0, Vt > 0.

Proof. By the continuity of I(t) and I(0) > 0, there exists T3 > 0 such that

(5.18) I(t) = I(u(t)) > 0, Vt € [0, T1],
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this implies

1 5 1 1 llue (E)115
519 B@) = g+ (5-1) [ e
2 2 p)Jo
1 2 (p—2)p 2 -
> Gl + P2 a0l vee 0.7
Combining (5.14);, (5.19) and using Gronwall’s inequality to obtain
2p 2pFE, 9 ~
5.20 u ()P < —=E—EB(t) < —— =R vt e[0,T4],
620) Ol < e B < 25 0.7

where E, as in (5.12).
Hence, it follows from (Hg$®, (#4)) and (5.20) that

1 u(x,t)
p/ xdw/ f(z)dz
P 0

1
/xu2(x,t)F*(|u(x,t)|)d:C

IN
iS]

< 50010 ) [uOl2ng) F* (Ol oo
< 3= () ol 2 (V=L o)
(5:21) < gorli= A= 0F (LR el

Therefore I(t) > n* Hum(t)||(2), Vt € [0,T)], where n* as in (5.12).

Now, we put Too = sup{7T >0:I(t) >0, Vt € [0,T]}. If Too < 400 then, by
the continuity of I(t), we have I(Tw) > 0. By the same arguments as above, we
can deduce that there exists Th, > Tno such that I(t) > 0, V¢ € [0, Ts]. Hence, we
conclude that I(t) > 0, V¢t > 0.

Lemma 5.3 is proved completely. 0

Lemma 5.4. Assume that (Hj), (HS®), (Hg®) hold. Let I(0) > 0 and (5.12) hold.
Put

llua (0115
2
(5.22) Eu(t) = W ()2 + /O w(z)d= + 1(0).
Then there exist the positive constants By, Ba such that
(5.23) B1E1(t) < Ly(t) < BoEr(t), Yt >0,

for ¢ is small enough.

Proof. 1t is easy to see that

llue (0115
G24) L) = IO+ (% —%)/O p(e)dz + 1)

FO (1), u(t)) + % lu(®)lly-
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From the following inequalities

) 1—p)?
(5.25) Sl @ u)] < S O] + 6! 4;’) lus ()12,
llua (8)]I3 9
/0 Wz > pe I,
we deduce that
1 9 1 1 lluz (8)]I3
> — S
Lo = gl (3-5) [ wea
1 0 / 2 (1_/))2 2
4210 = 5 [ O = 552 s (0
1 9 1 1 lluz (8)]I3
> — S
> Sl (3-3) [ e

4ppis

= Ol

_ 2 pllue@®If
10 - 31wl - U2 [ eya:

1 1 (1 _ p)2 llue (113 1
N ( 1 _57> [ e+ 2w

(5.26) > BiE(t),
where we choose
(5:27) e R L T
. = min , = — —— , =
' 2 p Apps p
with ¢ small enough that 0 < § < min{1; ﬁ}
—p

Similarly, we can prove that

llwa ()11
629 L) < gWOR+(5-1) [ w10

2 2
(1—p)* (1-p)°
4p 4p

1 2
+58 11/ (#)lg +9 s (8115 + 02

s ()2

883
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< S0 (3-2) [ s o
b NI
< o
Uy 2
o (b ) [ a0 <
where (5 = max{l%é7 i » >+ —6(13\3& p)2}
Lemma 5.4 is proved completely. O

Lemma 5.5. Assume that (Hj), (HS®), (H$®) hold. Let I(0) > 0 and (5.12) hold.
The functional V(t) defined by (5.10) satisfies

1 51d2
() < | @ +— -2
O < IO+ 5 IFO1E - 210
dy { piis S1dom* Lo o211 sl
(529) _ “2 pbu +77*_MR* 9 27 —82( p) _/ u(z)dz,
p \ do D 4p KR, Jo

for all ea >0, 61 € (0,1).

Proof. By multiplying (5.1); by zu(z,t) and integrating over [p, 1], we obtain
(5:30) W' (&) = ' (8)]5 — a2 (o) + (F(u()), () + (1), u(t).
By the following inequalities
@11 (e @) < e eI
L puten
(f(u(t),ult) < / vde / f(2)dz

;2 [ Huz(t ”0 s - I(t )] 7

7 s ]2
S ) el + 5= [FOI Ve >0,

~
—~
—
NS
vV

(5.31) (F'(t), u(t))

IN
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we deduce that

W) = O~ el o (@) + ), u) + E0), u)

o L dy [ lue®I3
< WO - @+ 2 | [ s - 10
(1-p)? 2, 1 2
+e i O+ o PO
2
, | — dy [lu=O13
= WO - (- el + 2 [ e
01do (1 —01)ds 1 9
—=I(t) — ——=1I(t — || F'(¢t
% 1 )+ 5= IFOI3
2
, (1— p)? dy [lu=O12
< WO - (- ol + 2 [ s
01ds (1 —01)d> 2, 1 2
—=I(t) — ——=n" ||uy, (¢ + —||F(¢
% 1) - LB o )+ o PO
2 (1-"51)ds (1-p)? 2
= Wl - (e + CE R - B o
2
do /|Uz(t)||o S1ds 1 9
+— z)dz — —=1I(t) + — || F(¢
RO CR = LUl

IN

1—6))dy 1_ )2 1 llua ()15
o @1 = (s + S0 -, U2PE) L [
p P KR, Jo

dy [l 013 51ds 1 ,
— dz — —=I(t) + — || F(t
+2 [ s = 2210+ - 1O

Il (815

d . S1don* 1-,)27 1 llua ()15
| %2 (DPH 0t —pur ) — 1a2n 52( p) o / () dz
p \ d2 p 4p HR. Jo
51d2

(5.32) ~2210) + 5 PO

Hence, the Lemma 5.5 is proved by using some simple estimates. O

Now we continue to prove Theorem 5.1.
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Then, we deduce from (5.8), (5.14)(¢4) and (5.29) that
/ €1 / 2
< = _ = —
B < (A= -0) ol

d . 51don™ 1 _ )2 1 llua ()13
— 5[?2(1):2 +77*_,UR*)_ oy’ ( p)]—/o p(z)dz

p 4p | pr.
551d2 1 1 5 2
5.33) — —I(t - —+—) || F(t
639 - P50+ 5 (24 2)IF0N;
for all 6, €1, €2 > 0, d1 € (O, 1)
Because of ur, < n*+ % and
2
) da ( ppis » ) d1dam” (1- P)T 1
I e - - —
51—>0+17122—>0+ |:p ( do TR p . 4p HR.
d *
= : (pu +77*_MR*)>07
PR, \ d2
we can choose d; € (0,1) and 2 > 0 such that
d X d1dom* 1-p)2] 1
(5.34) Ul_{_2<li+n*_um>_ 1dan _52( P)}_>O'
p o\ do p 4p ] pr.

Then, for 1 small enough such that 0 < % < A and if § > 0 such that

2011 2
(5.35) UQ_A—E—;—5>0,0<5<mm{1;(1”“ <1——)},

it follows from (5.23), (5.33)-(5.35) that

(5.36) L(t) < —3L(t) + Coe™ 27",
_ - (B _ . > . 551d2 ~
where 0 < 7 < mln{B—z, 250} with f3 = min{doy, o2, } and Cy =
p
N ERAY:”
s (Era)a
On the other hand, we have
5. 2
(5.37) L1(t) > Brmin{t, e} (Il @)+ e (8)]7)

Combining (5.36) and (5.37) we get (5.13). Theorem 5.1 is proved completely. O
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