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ABSTRACT. Let {R;}icr be an infinite family of rings and R = Hie] R; their product. In
this paper, we investigate the prime spectrum of R by F-limits. Special attention is paid
R;) use

to relationship between the elements of Spec(R;) and the elements of Spec([],;

F—lim, also we give a new condition so that []._; R; is a zero dimensional ring.

il
1. Introduction

Let R be a commutative ring with an identity element. We also denote by
Maz(R), B(I), respectively the collection of all Maximal ideals of R, the set of all
ultrafilters on I. We recall that R is a zero-dimensional ring if all prime ideals are
maximal.

Let {R;}ics be a nonempty family of rings and R = [],.; R; their product.
Several articles in the literature have dealt with the problem of characterization of
the prime ideals of R with purely algebraic methods [2]. Particularly, it investigated
the ultraproducts of {R;};c;. There has been a great deal of work concerning the
relationship between ultrafilter on I and maximal ideals in products of {R;}ier (see
[3]). On the other hand, the notion of F—lim of a sequence of prime ideals is related
to a construction proposed by S. Garcia-Ferreira and L. M. Ruza-Montilla in [4] by
giving some properties on the prime spectrum of a commutative ring. The purpose
of the present work is to give a characterization of the ideals on Spec([],.; R:) by
F—lim, and give a relationship between the elements of Spec(R;) and the elements
of Spec(][,c; Ri) use F—lim, we finish by giving a new condition for a product of
zero-dimensional rings to be a zero-dimensional ring.

The paper is organized as follows, in the first section, we define the F — lim
of a collection of ideals for a commutative ring R and give some basic properties.
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Thereby, we characterize the maximal ideals of Hie ; B with F—lim. While in the
second section, we give a relation between the maximal and prime ideals of R; and
the maximal ideals of [],.; R; use F—lim.

Now we state without proof some well-known properties (see [3]).

2. Notation and Preliminaries

We begin by giving some notation and preliminary results. If {R;};cs is a
nonempty family of rings indexed by a set I, their product will be denoted by
[I;c; Ri. Elements of this product are frequently considered in two different ways.
The most rigorous way is to consider [],.; R; as the set of all functions f : I —
Uies Ri such that f(i) € R; for each i € I. An alternate approach is to regard
elements of [[;.; R; as tuples {r;}ics, where r; € R; for each i. We are interested
in the first perspective.

We will work in at least ZFC, that is, Zermelo-Frankel set theory with the axiom
of choice. We will in certain cases use additional axioms. We recall that JF is a filter
on [ if it is a subset of the power set of I that satisfies the following conditions:

1. 0¢Fand I e;
2. If A,B€3JF then ANB €T,
3. fAeFand AcC A C I, then A’ € F;

A filter F on I is called an ultrafilter if F is maximal with respect to being a
filter, or equivalently, if whenever A C I, then either A € For I\ A € F. An
ultrafilter F is called principal if there exists an element iy € I such that F consist
of all subsets of I that contain ig. Other ultrafilters are called non-principal. We
denote the collection of all ultrafilters on a set I by S(I). Now we state without

proof some well-known properties (see [3]).

Remark 2.1. Let {R;}ic; be a nonempty family of commutative unitary rings
indexed by a set I and let R = [[,.; R;. For f € R, let Y(f) :={iecl : f(i) e
R\ U(R;)}, where U(R;) denotes the set of all unit elements of R;. For an ideal J
of R, let Y(J) ={Y(f) : feJ}.

1. If J is a proper ideal of R, then Y(J) is a filter on [I; if J is prime, Y(J) is an
ultrafilter on I;

2. If each R; is quasilocal and ¥ is a filter on I, then Jy = {f € R : Y(f) € F}
is an ideal of R and Y(J5) = F. Thus Jg is the unique largest ideal of R such
that Y(J) = F;

3. If each R; is quasilocal, then the map M — Y(M) is a bijection between the
set of maximal ideals of R and the set of ultrafilter on I, this map restricts
to a bijection between the set of maximal ideals of R that contain an ideal P
and the set of free ultrafilter on I. Moreover, each P € Spec(R) is contained
in a unique maximal ideal of R.
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In the following definition, we give a construction of the ideals of [],.; R; starting
from the ideals of R; using the ultrafilters.

Definition 2.2. Let R = Hiel R;, where [ is an infinite set and each R; is nonzero

rings, recall ¢ denotes the principal ultrafilter on I generated by {i}, we define for
any ideal N; of R; the set (¢, N;):={r € R : r; € N;}.
It is easy to show that (z, N;) is also an ideal of [],.; R;. Notice that

(i, N)y={reR : {jel :r;eN;}ci}.

Example 2.3. Let f € Hie[ R; such that f(k) = 1if k # ¢ and f(:) = 0. Then
(2,0) = (f)-

Definition 2.4. Let A be a set, S(A) be the set of all subsets of A and let I be a
set, F an ultrafilter on I, and {S; : i € I} C S(A), we define

?—lier?Si::{aeA:{iEI:aGSi}fo}.

We note that the set F — lim;e; S; is a subset of A.
Example 2.5.

1. Let R be ring and let I be an infinite set. If P; € Spec(R), for each i € I,
and F is an ultrafilter on I, then

S"—I_ier?Pi::{aeR:{ieI:aePi}eCF}.

is a prime ideal. We check the prime property.

Let P; € Spec(R) and suppose that ab € F — lim;e; P;, then A = {i € T :
ab € P} € 9.

Then A={iel:a€P}U{iel:be P} and, since F is an ultrafilter,
then a € F — lim;er P; or b € F — lim;ey P, then & — lim;e; P; is a prime
ideal.

2. Let K be a field, let A be a ring contained in K, and let Zar(K|A) denote
the set of valuation domains containing A with quotient field K, suppose that
Zar(K|A) ={V; : i € I} and that ¥ is an ultrafilter on I, then

Sr—lierIIlVi::{aER:{iEI:aEVi}fo}.

is a valuation ring.

Indeed, let z € K. If x ¢ F —lim;er V;, then {i € I : x € V;} ¢ F. Since
F is an ultrafilter and each V; is a valuation ring with quotient field K, then
Niel :zeVy={iel :xz¢Vi}={iel:z!eV}ed then
z~ ! € F —lim;cs V;, form where F — lim;er V; is a valuation ring.
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Next, we start by the basic theorem of the 3 — lim of a collection of subsets.
Theorem 2.6. Let I be a set, F an ultrafilter on I, and {S; : i € I} C S(A), then:

1. k—limielSi:Sk for each k € 1, withl;:{XQI ke X}k
2. If J € F, then
.’f—th’lz.’f|J—th’l
i€l icJ

3. Let T be an infinite set, and let o : A — T be a surjective function. For each
jeTl putT; =8; if o(i) = j. Then,

F— th'l =C- hmTJ
i€EA jer

where o(F) = {o[F] : FeJF}=_¢C.

Proof.
1. Is immediate form definition of principal ultrafilter;

2. aeF-lime;S;={iel:aecS}teF=>{icl :acS}teTF|;.

=a€TF|;—limS;.
eJ

Thus, F— 1im1-€1 Sz g F |J —1iml-€1 Sl

Suppose that a € F |y —lim;ec;S; and that {i € I : a ¢ S;} € .
Then {i € J : a € S;} € Flyand {i € J : a ¢ S;} € F|; which is
impossible. Therefore,

F |y —limicsS; € F — limierSi;
3.aceF-limeaSie{icA :aeS}teFe{jel :acT;}cC

& a € C—limTj.
JET

O

In the following proprieties, we give a characterization of the ideals by ultrafilter
that allows us to give results already known with a simpler method.

Definition 2.7. If J and J are ideals in R, their ideal quotient is (J: J) = {x € R :
xd C I}

In particular, (0 : J) is called the annihilator of J and it is also denoted by Ann(J).
In th]i)s notation, the set of all zero-divisors in R is D = |J,,, Ann(x)(see [1, Chap-
ter.1

Proposition 2.8. Let R = [[,.; Ri, where I is infinite and each R; is nonzero
quasilocal rings and F is an ultrafilter on I, then
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1. For (f1,..., fn) € R, we have

((fla'-'vfn)RJ5 :RJ?) = St_lllen}(dv (fl(z)vvfn(z))Rl)7

2. An prime ideal P in R is contained in a unique mazimal ideal Jy if only if
F— limie](i,O) C P;

3. (0:Ry,) =9 — limer(z,0);
4. Jy =F —limer(i, R \ U(R;)).

Proof.

h ¢ Jy < {iel, h(i)isanonunitof R;} ¢ F
s {iel, h(i)isaunitof R;} € F

On the other hand,

g € (fi,-, fn)Ry, : Ry,) & Ir € R\Jy such that gr € (f1,..., fn)R.
Then g¢(i) € (f1(3),..., fn(?))R; for each i such that r(i) is a unit of R;
and X = {i € I;g(i) € (f1(),..., fn(i))R;} € T, form where g € F —
limger (2, (f1(2), .oy fn(2)) Rs). K

Conversely, if ¢ € F — limer(s, (f1(2),..., fu(i))R;), then X € F with
X ={iel;g@) € (fi(@),.... fu(®))R;}. Let (i) =1if i € X and r(¢) =0
if i ¢ X. Then r € R\Jy and (¢gr)(i) = 0 for each ¢ € I\X. Therefore
g(i)r(@) € (f1(9), ..., fu(?))R; for each i € I, which means gr € (fi, ..., fn)R.

Then g € ((f1,..s fu) Ry Ryy ).
2. If P € Spec(R) is not contained in Jo, then exist an ultrafilter G on I distinct
from F (§ = Y(P)). Hence there exist a subset X of I such that X €

F and I\X € G. The characteristic function ex € F — lim;es(i,0)\P, so
F — lim;e (2, 0) is not contained in P.

3. Is immediate form (1) following by taking (f1, ..., fn)R = (0).
4. Is immediate from the Definition 2.2, Definition 2.4 and Remark 2.1.
O

Corollary 2.9. Let Q the field of rational numbers and N the natural number, then
QY is a zero dimensional ring.
Proof. In Proposition 2.8(4) Let R; = Q and I = N, we have that R; \ U(R;) = 0.
Then A

Jy=F— lz'lenll(l’ 0).
According to Proposition 2.8(2) and [5, Theorem 1.3] the ring QY is a zero dimen-
sional ring O
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Corollary 2.10. Let R = Hz‘el R;, where A is infinite and R; is nonzero quasilocal
ring and F is an ultrafilter on I. If B € F such that Ry is a fields for each b € B,
then A

Jr=F— lilerrll(z, 0).

Proof. Let F an ultrafilter on I and B € &, then by Theorem 2.6 we have :

F— ll_lerrll(z,O) =F|p— %161%(19, 0).
On the other hand, R
Jy =T —lim(i, B, \ U(R;))

=J|s - ll)ielg(l;, Ry \U(Rs))

=5 |5 —lim(b,0)
Then: R
Jy = F —lim(s, 0).

i€l
O

Remark 2.11. We do not necessarily have that an ¥ —1lim of maximal ideals will be
a maximal ideal. For example, for each F on Spec(Z), one has F — limyez(p) = (0)
is a prime ideal but not maximal.

In the following property, we give a type of maximal ideal which is stable by
the F — lim.

Proposition 2.12. Let R = [[,; Ri, where I is infinite set and each R; is quasilo-
cal rings and let F be an ultrafilter on I. If (Jg,)ier is a collection of maximal ideal
of R, then

F—lim Jg, = J5_timic; 5,

iel
Proof. If a € F — lim;es Jg,, then:
A={iel:aecJs}={iel :{jel : a(j)e Rj\U(R,)} €F,} T

Ifa¢ Jy,,then {j €I : a(j) € Rj\U(R;)} ¢ F —lim;e; F;, hence B={i eI :
{JeIl : f(j) e R\NUR;)} ¢ F.} e F;butifi € ANB, then {j € I : a(j) €
R\URj)}eF,and {j €I : a(j) € Rj \U(R,;)} ¢ F,, which is a contradiction.
Thus, we must have that a € Jy_iim,.,; 5,- Therefore, I —lim;er J5;, C J5_tim,;c; 7-
Now, we suppose that f € Jy,. Then, {j € I : a(j) € R; \U(R;)} € F. By the
previous definition of maximal ideal, we have that:

{iel:{jel:aj)eR;\UR;)}eF}t={iel :acJs}eTF
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Thatisa € F — Z’L’ITLJQ;1 Thus, we get that J’J"*limiEI 7, € F—limicr Jg,. O

3. Relationship Between Max(R;) and Max(]],.; R;)

In this section, we will give some theorems that allow you to find the maximum
ideals of R; from the maximum ideals of [],.; R; and vice versa using the notion
of ¥ — lim

el

Theorem 3.1. Let R = Hz‘el R;, where I is infinite and each R; is nonzero
commutative ring and P is a prime ideal of R, then there is an infinite set K and
an ultrafilter € on K such that for each k € K, there are prime ideals of R of the
form J; = Fy — limief(z, Jik) where Fy is an ultrafilter on I and J;j are prime
ideals in R;, such that:
P =¢&— lim J.
keK

To prove this result, we need the following Lemma.

Lemma 3.2. Let R = [[,c; Ri. Foray,..,ap € Randx € R, if x ¢ (a1,...,ap),
then there is an ultrafilter F on I and ideals {P;}icx for some X € F such that
(@1,...,ap) CF — 1imi€1(%,Pi) and x ¢ F — 1imi€1(%,Pi).

Proof. Clearly, x € (a1, ...,ap) if and only if there are r1,...,r, € R such that
{i el : z() = rma1(d) + ... +a1pn(d))} = I'if and only if {i € I : z(i) €
(a1(2), ..., ap(i))} = I. Thus, by hypothesis X = {i € I : z(i) € (a1(4), ..., ap(i))} #
I. On the other hand, F is an ultrafilter, then Y = I\ X € F. Now for i € Y
we can by our remark find ideals P; of R; maximal with respect to the property
that z(i) ¢ P; and (a1 (i), ..., a,(i)) € P;. So F — lim;er (i, P;) is an ideal of R and
(@1,...,ap) CF — 1imi€1(%,Pi) and x ¢ F — limiel(%,Pi). O

Proof of Theorem 8.1.

Let P be a prime ideal of R and define T'= P x (R\ P). Let K be the set of all
nonempty finite of T'. For k € K, say k = {(y1,21), .., (Yp, Tp)}, where y; € P and
x; ¢ P for each i =1,...,p. Clearly, z = z1...2p ¢ (y1,....yp) € P and by Lemma
3.2 we can find an ideal J; = F;, — limiel(i, Ji k) where F, is an ultrafilter on I and
Ji i are ideals of R; for all ¢ in I such that (y1,...,yp) C J; and ¢ J;. On the other
hand, fort € T'let { = {k € K : t € k} and let G = {{ : t € T}. Obviously, G has
finite intersection property. Thus, G' can be extended to a nonprincipal ultrafilter
F on J. We claim that P = € — limge i Ji. For let y € P. So (y,1) € T and hence
(9,1) € Gwith (9,1) ={k e K : (y,1) € k}. So for k € (y,1) we have that y € Jj.
Thus, {k€ K : y€ Jy} € F. Hence y € & — limgex Jr. Then P C & — limyex Ji.
Now, suppose z ¢ P and so (0,x) € T. Let k € (0,z) then « ¢ Ji. Thus,
{ke K : ze J;}(0,z) = @. But (0,z) €« Fandso{ke K : ye J} ¢ F.
Then, © ¢ & — limgex Ji. Thus € — limgex Ji C P. O

Theorem 3.3. Let R = Hiel R;, where I is infinite and each R; is nonzero
commutative rings. If J;p are mazimal ideals for all i € I and k € K such that
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for someY C I, fori € Y and all a € R;, if O; = {M € Max(R;) : a; ¢
MY # 0. Then, for some t; € (O; and r; € R;, 1;a; +t; = 1 in R;, and let Fy,
are nonprincipal ultrafilters on I for each k € K, € is a nonprincipal ultrafilter
on K, then there are ideals of R; of the form J, = T — lim;er J; i such that
& — 1imk€K(l;:, Jk) is mazimal ideal of R.

Proof. According to the above results, & — limkeK(lAf, Ji) is an ideal of R. Suppose
a ¢ & —limkeK(l%,Jk). Then {k € K : a € Fy — limjer Jix} ¢ € and so
Y={keK :a¢Fy—limerJix} €& Now,forkeY,{ieY : a; € Jix} ¢ Fs.
So,for ke Y, Fp\{i €Y : a; € Jix} € Fi (because Fy, is an ultrafilter), then
{ieY : a ¢ Jix} € Fp. We choose Z C I, then for i € Z, we can find a
t; € ﬂ{Jiﬁk Doa; % Ji,k Nk € K} if {J1,k Doag % Ji,k Nk € K} # ? and r; € R; such
that TiCLi—l—ti =1. 1Ifq ¢ Z or {Jl,k Loag ¢ Jlﬁk/\k S K} = @, then we set ti =1
andr; =0. Let k€Y. Sofori e {i €Y : a; ¢ Jix}(Z, t; € Jir and hence
t; € F—lim;es J;  since rya;+¢; = Lforalli € I. Then (ra—1) € E—limkeK(lAc, Jk)
and & — limkeK(lAﬂ, Ji) is a maximal ideal of [],.; R;. O

Corollary 3.4. Suppose {R;}icr is a nonempty family of zero dimensional rings
and let R = [[,c; Ri such that for some Y C I, for i € Y and all a; € R;, if
O; ={M € Max(R;) : a; ¢ M} # 0, then for some t; € (1O; and r; € R;,
ria; +t; = 1 in R;, then dim(R) = 0.

Proof. Let P be a prime ideal of R, then by Theorem 3.1 P = & — limgex Ji
such that J; = F — limiej(%, Ji k) and J; i, are prime ideals of R;, as R.s are zero
dimensional rings J; ; are maximal ideals, according to the Theorem 3.3 P is a
maximal ideal of R. From where, the ring R is a zero dimensional ring.
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